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The Model

Consider the following stochastic differential equation.
dX(t) = w(X(t))dt +dB(t), X(0)=0,
where B; is 2d-Brownian motion and
x = w(x) = (wi(x), w2(x))
is the curl of a smoothened Gaussian Free Field. That is
(wWi(x), w2(x)) = (O, U % £(x), =05 U x £(x)) ,

where U is a radially symmetric smooth bump function and £ is a 2d GFF.
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Superdiffusivity

Theorem ([CHST22])

Ast — o0
E[X?] ~ t\/log t

where =~ is in a Tauberian sense.

This was conjectured by Toth and Valko in [TV12].
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Markov process

The environment as seen from the particle

ne(x) = w(Xt + x)

is a stationary Markov process. Its generator can be written as

L=Lo+Ar+A_.
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Wiener Chaos Decomposition

Let
1*(w) = @5 He
k>0
be the Wiener Chaos decomposition. We identify random variables in H
with their symmetric Fourier kernels in LSym ((Rz)”).

The generator £ = Lo + A4 + A_ satisfies
Lo: H,— H,,
Ay H,— Hpi1, and
A_: H, — H,—1

and acts on a kernel ¥, € H, as

£o¢n P1: n) _lzpl‘ wn pln

n+1 n+1

A+1/)n(P1;n+1) = ’ pl n+1\/
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Laplace transform

Let ¢(w) = w1(0) € Hi. Considering the SDE in integral form

Xi(t) = / ¢(ns)d

The Laplace transform of E( [ ¢(ns)ds)? satisfies

o] e i B 2 _
| e Bl stmastae = 55 63— £)70)
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Cut Resolvent equation

Lemma (Lemma 2.1 in [LQSY04])

Let T, be the projection onto @Z:o Hy and L, = N,LM,. Further let
Y = (\—L,)"1p. Then

(6, 9%7) < (8,(A = L)1) < (¢, 9™Y).

Furthermore (¢, (") and (¢,12"+1)) are increasing and decreasing
respectively, and both converge to (¢, (A — L) 1¢).
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System of Equations

We want to solve 1" = (A — L)1, this leads to a system of equations:

(A = Lo)n = Asp1 =0
(A= Lok — Ay — At 1 =0
(A= LoJyf —A-¢3 =9

Solving this leads to ] = H,¢ where H, is defined by

H1=0
Hk+1 == Ai()\ - £0 + Hk)_l.A+.
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Iterative estimates

All H,. are positive self adjoint operators which map H,, into H,. If S is
another positive self adjoint operator then:

Hi <S = M1 > AN — Lo+ S) 1A,

The goal is to estimate each operator Hy from above or below by a
simpler operator Sk.
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Diagonal Operators and Integrals

A diagonal operator S with Fourier multiplier (ox)x>0 is an operator that
acts on Y, € Hy as:

Swn(pl:n) = O'k(pl:n)¢n(p1:n)-

Lemma

Let S and 8 be diagonal operators with Fourier multipliers o and &
respectively. If for every p1., s.t. Y i1 pi # 0 it holds that:

/RZ V(q) Sin(9)20n+1(p1:na q)dq < &n(Pl:n)

then y
(1, ALSALD) g < (8, (~L0)SV)

for every 1.
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Some functions

Define the following functions
L(x,z) = z +log(1 4+ x71)

_ (%Iog L(x,z)j B L(x, z)
LBk(X7Z) = Z J—| and UBk(X,Z) = m
0<<k

and further

UBr2(x,z), if kis even,
2
LBi1(x,z), if k is even.

and finally

zi(n) = Ki(n+ k)" and  fi(n) = Kar/(2k(n)
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Diagonal operators

Let Sk be defined as:

S, — fu(mok(A — Lo, zx(N)) if k is even and
. 7t Tk (X = Lo, 2k(N) — fi(m)) if k is odd,

where N is the number operator.

For any € > 0, for suitable K1, Kz, for any 0 < A <1 and k > 1 we have

Hok—1 > cok—1(—Lo)Sa2k—1
Hok < cak(—Lo)S2x,

where ¢y and cpi+1 are both converging to finite positive values.
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Development

e Evolving field: [FW22]

@ Stochastic homogenization: [CMOW?23]

@ Brownian Polymer: See Harry's talk
Open Problems

@ Weak coupling CLT

o Diffusivity to 0

@ Quenched behaviour
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