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Exercises: Bernoulli and FK-percolation

Exercise 2.1. Consider Bernoulli percolation on Z2. Assuming that 6(p) > 0, use the FKG
inequality to prove that

P,[{n} x [-n,n] TN o] =1 asn— oo.
Using the uniqueness of the infinite cluster and the self-duality of Py 5 prove that
0(1/2) = 0.

Combine this with the lower bound on p. > 1/2 (Exercise 1.5) to conclude that p. = 1/2 for
Bernoulli percolation on Z?, and that the phase transition is continuous.

Exercise 2.2. Consider Bernoulli percolation on Z%. The goal of this exercice is to prove
continuity of p — 6(p) for all p # p.. Recall from Exercise 1.6 that this function is right-
continuous. Thus, we only need to prove left-continuity for p # p..

Fix p is such that 6(p) > lim, », 0(u). In particular 6(p) > 0 and p > p..

(a) Consider the increasing coupling P of Bernoulli percolation using uniforms (Ue)ccp-
Argue that

P[0 <% 00 but 0 & oo for all u < p] > 0.

(b) Argue that, conditionally on wy, (Ue)ecw, are ii.d. uniforms on [0,1 — p]. Conclude
that a.s. for any n there exists u < p such that w, = w, on A,.

(¢) Call a vertex v fragile (for some configuration (U,)e) if v <% oo but v <% oo for
all w < p. Prove that if 0 is fragile, then a.s. all vertices of the infinite cluster are
fragile.

(d) Deduce that, for any u < p, Pp[there exists no infinite cluster] > 0. Show that this
implies p < p. and conclude.

Exercise 2.3. Consider Bernoulli percolation on Z¢ and p > p.(Z?). Using the supercritical
sharpness and the uniqueness of the infinite cluster, prove that

0(p)? < Pylz > y] < O(p)? + e~ <Plz=vl for all z,y € V,

for some c(p) > 0.

Exercise 2.4. Fix d > 2 and ¢ > 1. Prove that, for all p,
. 0 _ 1: 1 _ .0 . 0 _ 13 1 _ 1
lm g, = lmol, =¢b, and  lmol, = lmel, = o,

in the sense that, for all A depending on finitely many edges lim,, », qﬁg’q[A] = ¢g7q[A].



Exercise 2.5. Fixd>2,¢g>1and p € (0,1).

(a) Show that for any sequence of boundary conditions (&), the following limit exists and
does not depend on the sequence

f(p.q) = lim f3(p.q) = lim 35 log Z55 -

(b) Show that p fzgv(p, q) is convex, and conclude that p — f(p,q) is also a convex
function.

Indication: compute the differential of ff\, (p,q).

(c) Prove that 9, f(p,q) = ¢ ,le open] and 8, f(p, q) = ¢}, ,[e open].

(d) Conclude that, when p — f(p,q) is differentiable, (bg’q[e open] = (bll,’q[e open]. Using
g Sst bpg, deduce that ¢y = ¢p ..

Exercise 2.6. Consider FK-percolation on Z¢ with ¢ > 1 and some p. Prove that for any
n < N and A an increasing event depending only on the edges in A,

0 < dp 4] — 8 [A] < b, [An < OAN],
Indication: explore the cluster of 0Ax under QS}XN. If it does not reach A,,, prove that the

probability of A is then smaller (b%N [A].
Deduce that if p is such that ¢'[0 «+ co] = 0, then ¢" = ¢'.

Exercise 2.7. Consider FK-percolation on Z? with ¢ > 1. Use duality to show that
qﬁin [A;, crossed from left to right by open path] = ¢,

for all n, where £ is the b.c. where the left and right sides are wired, while the top and
bottom are free. Why is ¢ # 1/27
Assuming the sharpness of the phase transition and the uniqueness of the infinite cluster,
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Why can’t we conclude that the phase transition is continuous?

proceed as in Exercise 2.1 to prove that p.(d) =

Exercise 2.8. Consider FK-percolation on Z? with some ¢ > 1 and p € [0, 1]. Assume that
we are in the case (b) of Theorem 3.1, that is the RSW regime. Show that there exists ¢ > 0
such that

ent < gbin [0 OA,) <n™¢ for all n > 1.

Deduce that ¢[|Cy|] = oo, where Cy is the cluster of 0, and ¢ is the unique infinite volume
measure with this set of parameters (here it is used as an expectation).

Exercise 2.9. Consider FK-percolation on Z? with some ¢ > 1 and p € [0, 1]. Assume that
we are in the case (c) of Theorem 3.1, that is the discontinuous phase transition regime,

where ¢V # ¢!
(a) Using ¢° = (¢!)*, show that, for any fixed edge e, ¢°[e open] < 1/2.



(b) Write ¢Re; for the FK-percolation measure on the square torus of side-length 2n. Prove
that, for any fixed edge e, d)iir [e open] = 1/2.

(c) Assume that the only Gibbs measures? of FK-percolation on Z? which are invariant
under translations and rotations by 7/2 are the linear combinations of ¢° and ¢! (this
may be proved using relatively soft tools). Prove that

R — 200 + o' as n — 0o,
in the sense that the probabilities of any event depending on finitely many edges con-

verges.

(d) Is lim, ¢} ergodic?

Exercise 2.10. Fix ¢ > 1 and p € [0,1]. Let ¢ be an ergodic Gibbs measure for FK-
percolation on Z? which is invariant under translations and rotations by 7/2. Use the same
construction as in Exercise 2.1 to prove that a.s. there exists no infinite primal cluster or a.s.
there exists no infinite dual cluster.

Deduce that the only Gibbs measures of FK-percolation on Z? which are invariant under
translations and rotations by 7/2 are the linear combinations of ¢° and ¢!,

Exercise 2.11. Fix ¢ > 1 and p € [0, 1]. Let ¢ be a Gibbs measure for FK-percolation on Z?
which is invariant under translations and rotations by 7/2. Assume that there exists ¢ > 0
such that

qb[w contains a horizontal crossing of [0, 2n] x [0, n]} >c and

qb[w* contains a horizontal crossing of [0, 2n] x [0, n]] >c for all n > 1.

Prove (without using the quadrichotomy theorem) that

2k

qb[w contains a horizontal crossing of [0, kn] x [0, n]] >c and

d < ¢p[Hp) <1-90 for all n > 1,

and the same for the dual, for some ¢ > 0.
Does this imply that ¢{0 > 8An] — 07

2For the purpose of this exercise, Gibbs measures should be understood as the potential limits of finite
volume mesures
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