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Abstract. The critical 2D Stochastic Heat Flow (SHF) is a universal measure-valued process
providing a notion of solution to the ill-defined 2D stochastic heat equation. We investigate
the SHF in the regime of large time and large disorder strength, proving a sharp form of local
extinction: we identify the rate at which the distribution collapses to zero. We also identify the
spatial scale governing the transition from vanishing to diverging mass, and from extinction to
an averaged behavior. Corresponding results are established for the partition functions of 2D
directed polymers, which yield precise free energy estimates. Our proof refines classical change
of measure and coarse-graining techniques, introducing new ideas of independent interest.

Our findings provide novel insight into the 2D stochastic heat equation regularized via
space-time discretization: for any regime of supercritical disorder strength β, including the case
where β > 0 is kept fixed, the solution exhibits fluctuations on a superdiffusive scale.

1. Introduction and main results on the Stochastic Heat Flow

The critical 2D Stochastic Heat Flow (SHF) with disorder strength ϑ ∈ R is a stochastic process
Z ϑ = (Z ϑ

s,t(dx, dy))0≤s≤t<∞ of random measures on R2 × R2. It was introduced in [CSZ23a] as
the universal scaling limit of 2D directed polymer partition functions, which we recall below,
under a critical rescaling of disorder strength. It is also the limit of solutions of the 2D stochastic
heat equation with mollified noise, see [Tsa24], where an axiomatic definition is provided.

The fact that space dimension two is critical for the stochastic heat equation and directed
polymers makes the SHF especially interesting, as a rare example of a non-Gaussian scaling limit
in the critical dimension and at the critical point. A brief overview of the literature on the SHF
is presented in Section 1.2. We refer to the lecture notes [CSZ24] for an extended discussion, as
well as additional background and connections to singular SPDEs.

1.1. Overview of our contribution. We focus on the one-time marginal of the SHF:

Z ϑ
t (dx) := Z ϑ

0,t(R2,dx)

which is a random measure on R2. We investigate both regimes of strong disorder ϑ → ∞ and
large time t → ∞, where a phenomenon of local extinction occurs, i.e. Z ϑ

t (dx) → 0 locally.
Our main results identify the decay rate of the SHF distribution (see Theorem 1.1) as well as

the growth rate of the spatial scale at which a transition in the mass of the SHF occurs, from a
regime of vanishing mass to a regime of diverging mass (see Theorem 1.5). Both rates are shown
to be exponential in time t and doubly-exponential in the disorder strength ϑ.

We present in the next Section 2 corresponding results for 2D directed polymers, which have
an independent interest as they are valid across all regimes of disorder strength (see Theorem 2.2).
This allows us to derive refined estimates on the free energy (see Theorem 2.8) which improve
on the best available bounds in the literature [Lac10, BL17].
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We also discuss in Section 2.2 the implication of our results for the 2D stochastic heat
equation regularized through space-time discretization. We allow the disorder strength β to
vary arbitrarily in the super-critical regime, including the case where β > 0 is kept fixed as the
regularization is removed. We show that the solution exhibits a transition from local extinction
to an averaged behavior at an explicit superdiffusive scale (see Theorem 2.3). This identifies the
regime where non-trivial fluctuations of the solution can be observed.

The strategy of our proof builds upon the by-now classical approach based on change of
measure and coarse-graining, introduced in the seminal works [DGLT09, GLT10a, GLT10b] and
subsequently applied in various contexts. A key difficulty in successfully implementing this
strategy lies in the choice of a suitable proxy for the random variable of interest, in our case the
partition function of 2D directed polymers, which must be tractable enough while remaining
sufficiently close to the original partition function.

The core novelty of our approach is the identification of a new proxy, arising from a coarse-
grained chaos expansion (see Section 4.3), for which we only need moment bounds at fixed (large)
ϑ ∈ R, despite ultimately deriving results in the strong-disorder regime ϑ → ∞. This allows us
to implement somehow optimal change of measure and coarse-graining arguments. The main
ideas are illustrated in Sections 3 and 4, where we also develop change of scale arguments of
independent interest. We believe that our strategy is sufficiently robust and transparent to be
broadly applicable, and we expect it to be useful in other contexts.

1.2. A quick overview of the SHF literature. Many features of the SHF have been
investigated, in particular its moments. The second moment was first studied in [BC98] in
the context of solutions to the 2D stochastic heat equation, exploiting a connection with the
delta-Bose gas from [ABD95]; refined results, also in the setting of directed polymers, were later
obtained in [CSZ19a]. The third moment was obtained in [CSZ19b], and all integer moments
were later derived in [GQT21]; see also [Che24] for further connections with the delta-Bose gas.

The asymptotic analysis of moments is challenging, due to their intricate structure. Important
progress has been obtained recently in [GN25], where a sharp lower bound on their growth rate
was established through a novel connection between moments of the SHF and the Gaussian Free
Field; note that the moments grow with a doubly-exponential rate, a feature that also appears in
our results. Let us also mention [LZ24], where small-scale asymptotics were derived, extending
the approach developed by [CZ23] in the sub-critical regime.

Concerning the properties of the SHF as a random measure, estimates on its singularity and
regularity were obtained in [CSZ25]. It was also proved in [CSZ23b] that the SHF is not a
Gaussian Multiplicative Chaos (GMC) on R2 via comparison of moments. Very recently, the
SHF was shown in [CT25] to enjoy a conditional GMC structure on path space, which yields as
corollaries the full support property (strict positivity), also obtained independently in [Nak25b],
and the local extinction of mass for strong disorder, discussed below.

Other features of the SHF include a Chapman–Kolmogorov property and the construction
of associated polymer measures [CM24], continuity in time and the already mentioned char-
acterization [Tsa24]. Let us also mention the black noise property [GT25] and an enhanced
noise sensitivity property for directed polymer partition functions [CD25], which both yield
independence between SHF and white noise. Recent progress on a martingale description of the
SHF has also been obtained [Nak25a, Che25].

These results mostly refer to the SHF with a finite time-horizon and fixed disorder strength
ϑ ∈ R. Some results are also available in the weak-disorder regime ϑ → −∞, such as Edwards-
Wilkinson (Gaussian) fluctuations [CCR25, Theorem 1.2] and an asymptotic log-normality for
small scales [CSZ25, Theorem 1.2]. Corresponding results, and many others, hold for directed
polymers and the stochastic heat equation in the sub-critical regime, for which we refer again
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to [CSZ24]. Here, on the other hand, we investigate the properties of the SHF in the large time
t → ∞ or strong disorder regime ϑ → +∞.

1.3. Main results for the SHF. The first moment E[Z ϑ
t (dx)] = dx of the SHF is simply the

Lebesgue measure on R2. In particular, using the functional notation

Z ϑ
t (φ) :=

∫
R2
φ(x) Z ϑ

t (dx) ,

we have E[Z ϑ
t (φ)] = 1 for any probability density φ on R2 (we call φ the initial condition).

It turns out that the second moment diverges for strong disorder: for any probability density φ

lim
ϑ→∞

E[Z ϑ
t (φ)2] = ∞ .

This implies that higher moments diverge quickly: namely, one can easily deduce by size-biasing
and Jensen’s inequality (see [CSZ25, Remark 1.14]) that

∀h > 2: E[Z ϑ
t (φ)h]

E[Z ϑ
t (φ)2]

h
2

−−−−−→
ϑ→∞

∞ ,

which expresses a form of intermittent behavior. Similar asymptotics also hold as t → ∞.

1.3.1. Strong disorder and local extinction. In view of the intermittent behavior described above,
it is natural to expect that Z ϑ

t (φ) vanishes for strong disorder or large time:

Z ϑ
t (φ) −−→ 0 in probability as t → ∞ or ϑ → ∞ . (1.1)

The large-time convergence was obtained in [CSZ25], while the strong disorder convergence was
very recently proved in [CT25], as a consequence of a conditional GMC structure.

We establish in this paper a quantitative version of this convergence, valid in any regime of
strong disorder ϑ → ∞ and/or large time t → ∞. We allow for varying initial conditions φ with
possibly diverging support, and we establish optimal bounds, displaying an exponential decay
rate in time t and a doubly-exponential decay rate in the disorder strength ϑ. Let us denote by
M1(r) the set of probability densities with support in the ball of radius r:

M1(r) =
{
φ : R2 → [0,∞) s.t.

∫
R2
φ(x) dx = 1, φ(x) = 0 for |x| > r

}
. (1.2)

We can now state our first main result, which we prove in Section 7.

Theorem 1.1 (Strong disorder and large time for the SHF). There exist universal constants
c0, c1, c2 ∈ (0,∞) such that, for any t > 0 and ϑ ∈ R,

1
c1

e−c1 t eϑ ≤ sup
φ∈M1

(
ec0 t eϑ √

t
)E[Z ϑ

t (φ) ∧ 1
]

≤ 1
c2

e−c2 t eϑ
. (1.3)

The same bounds hold replacing E
[
Z ϑ

t (φ)∧1
]

by a fractional moment E
[
Z ϑ

t (φ)γ
]

with γ ∈ (0, 1),
for suitable constants ci = ci(γ).

Correspondingly, we can bound the right tail probability of Z ϑ
t (φ): for any ε ∈ (0, 1) there are

constants C1,ε, C2,ε ∈ (0,∞) such that

C1,ε e−c1 t eϑ ≤ sup
φ∈M1

(
ec0 t eϑ √

t
)P(Z ϑ

t (φ) ≥ ε
)

≤ C2,ε e−c2 t eϑ
. (1.4)

The core of Theorem 1.1 is the upper bound in (1.3), which we derive from a corresponding
result for 2D directed polymers; see Theorem 2.2 below. The upper bound in (1.4) follows by
Markov’s inequality, since P(Z ≥ ε) ≤ (ε ∧ 1)−1 E[Z ∧ 1] for any random variable Z ≥ 0, while
the lower bounds in (1.3) and (1.4) are obtained via the second moment method.
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Remark 1.2 (Lower bounds and second moment). We prove the lower bounds in (1.3) and (1.4)
by the Paley–Zygmund inequality coupled with a variance upper bound; see Proposition 2.10
below. In both (1.3) and (1.4), the sup can be removed if we choose φ = U√

t to be uniform in
the ball of radius

√
t, where we set

Ur(x) := 1
π r2 1B(0,r)(x) with B(0, r) := {x ∈ R2 : |x| ≤ r} . (1.5)

Remark 1.3 (Truncated vs. fractional moments). The truncated mean E[Z ϑ
t (φ) ∧ 1] appearing

in (1.3) may also be written as P(Z ϑ
t (φ) > U) with U an independent uniform random variable

on (0, 1). This quantity can be compared with fractional moments E[Z ϑ
t (φ)γ ] with γ ∈ (0, 1)

(see Lemma 3.2 below) and it also measures the total variation distance between the law P and
its size-biased version with respect to Z ϑ

t (φ) (see Remark 4.2). In our proofs, we will use both
the truncated mean and fractional moments, since each quantity has its own advantages and
limitations; see Section 4 for a discussion.

Remark 1.4 (Scaling covariance, strong disorder and large time). The dependence of our bounds
(1.3), (1.4) on the parameters t and ϑ agrees with the scaling covariance property of the SHF
[CSZ23a, Theorem 1.2], which states that for any t, ϑ, φ we have the equality in distribution

∀a > 0: Z ϑ
at

(
φ√

a

) d= Z ϑ+log a
t (φ) where we set φ√

a(x) := 1
a φ
(

x√
a

)
. (1.6)

This property connects strong-disorder and large-time regimes: replacing t by t/a and setting
a = e−ϑ (resp. a = t) lets us set ϑ = 0 (resp. t = 1), which yields

Z ϑ
t

(
φ√

e−ϑ

) d= Z 0
t eϑ(φ) , Z ϑ

t (φ√
t)

d= Z ϑ+log t
1 (φ) . (1.7)

Since it was proved in [CSZ25, Theorem 1.4] that Z θ0
T (φ) → 0 in probability as T → ∞ for

fixed ϑ0, we could deduce from the first relation in (1.7) that Z ϑ
t

(
φ√

e−ϑ

)
→ 0 as ϑ → ∞. We

stress, however, that this property is much weaker than (1.1), and even more than (1.3), (1.4)
and (1.8), because shrinking the support of the initial condition φ helps convergence to zero∗.

Similarly, from property (1.1) and the second relation in (1.7), we could deduce that
Z ϑ

t (φ√
t) → 0 in probability as t → ∞ for fixed ϑ. However, our bounds (1.3), (1.4) are

much stronger, since the space scale is increased by a factor ec t eϑ .

1.3.2. Transition for the mass of the SHF on large spatial scales. From Theorem 1.1 we deduce
the behavior of the mass of the SHF in balls B(0, r) with large radius r → ∞. Even though
E[Z ϑ

t (B(0, r))] = π r2 → ∞, a transition occurs on the spatial scale r = ec t eϑ√
t as either

ϑ → ∞ or t → ∞: with high probability, the mass vanishes for small c > 0, while it diverges for
large c. The following is our second main result, proved in Section 7.

Theorem 1.5 (Transition for the SHF mass in large balls). There are constants δ > 0 and
0 < c′ < c′′ < ∞ such that the following holds for any t > 0 and ϑ ∈ R:

with probability at least 1 − 1
δ e−δ t eϑ:

Z ϑ
t

(
B
(
0, ec′ t eϑ√

t
))

≤ t e−δ t eϑ
,

Z ϑ
t

(
B
(
0, ec′′ t eϑ√

t
))

≥ t e+δ t eϑ
.

(1.8)

We prove the first line of (1.8) by exploiting the upper bound in (1.3), while for the second line
we use the second moment method with a variance bound from Proposition 2.10. We naturally
expect the transition to be sharp, in the following sense.

∗For instance, by [CSZ25, Theorem 1.1], we have Z ϑ
t (φ√

a) → 0 in probability as a ↓ 0 even for fixed t, ϑ.
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Conjecture 1.6. There exists some c̃ > 0 such that we have the following convergence in
probability: as t → ∞ and/or ϑ → ∞,

Z ϑ
t

(
B
(
0, ec t eϑ√

t
)) P−−−→

0 if c < c̃ ,

+∞ if c > c̃ .

Since E[Z ϑ
t (dx)] = dx, it is natural to compare the mass of the SHF on a large spatial scale

with the mass of the Lebesgue measure, somehow capturing the “escape of mass to infinity” of
the SHF Z ϑ

t (dx). Theorem 1.5 already shows that on scales ec t eϑ√
t with c < c′ the SHF mass

vanishes. On the other hand, by spatial ergodicity, we expect some averaging to occur on larger
scales. Let us thus define a spatially rescaled version of the SHF Z ϑ

t (dx):

Ẑ ϑ,c
t (dx) :=

Z ϑ
t

(
d
(
ec t eϑ√

t x
))

(
ec t eϑ

√
t
)2 for c ∈ (0,∞) , (1.9)

where the normalization ensures E[Ẑ ϑ,c
t (dx)] = dx. We then prove the following transition, from

extinction to an averaged behavior, proved in Section 7.

Theorem 1.7 (Supercritical rescaling of SHF). There are constants 0 < c′ < c′′ < ∞ (possibly
different from those in Theorem 1.5) such that, for any t > 0 and φ ∈ Cc(R2) with

∫
φ = 1, we

have as t → +∞ and/or ϑ → +∞,

Ẑ ϑ,c
t (φ) =

∫
R2
φ(x) Ẑ ϑ,c

t (dx) d−−−→

0 if c < c′ ,

1 if c > c′′ .
(1.10)

As in Conjecture 1.6, we expect that this transition is sharp.

Conjecture 1.8. There exists a critical constant ĉ ∈ (0,∞) (possibly different from c̃ in
Conjecture 1.6) such that the convergence in distribution (1.10) still holds with c′, c′′ both replaced
by ĉ. For this critical choice of c = ĉ, we have the following convergence in distribution (possibly
after lower order corrections to the rescaling in (1.9)): for any t > 0 and φ ∈ Cc(R2)

Ẑ ϑ,c
t (φ) d−−−−−→

ϑ→∞

∫
R2
φ(x) Ut(dx) (1.11)

where Ut(dx) is a non-trivial ( i.e. random) measure-valued process on R2.

We may interpret Theorems 1.5 and 1.7 as manifestations of an intermittent behavior of
the SHF. The mass of the SHF vanishes on scales ec t eϑ√

t with c < c′, ensuring that there
are typically no “high peaks” in the distribution at this scale; however, since E[Z ϑ

t (dx)] = dx,
high peaks could occur, but with very small probability. On the other hand, at larger spatial
scales ec t eϑ√

t with c > c′′ an averaging behavior occurs, meaning that we have encountered
sufficiently many of the (rare but high) peaks. Theorems 1.5 and 1.7 thus give information on
the spatial scale at which the high peaks appear. With this picture in mind, and in view of
the exponential scaling, we expect the limit Ut in (1.11) to be a suitable Poisson Point Process
on R2, corresponding to the location of (very high) peaks in the SHF.

1.4. Structure of the paper. In Section 2 we present our main results for 2D Directed
Polymers and the Stochastic Heat Equation, see in particular Theorems 2.2 and 2.3.

In Section 3 we describe the proof of Theorem 2.2: by coarse-graining and change of scale
arguments, we can reduce it to a key Proposition 3.1, which is the core of our paper.

Section 4 contains the main ideas for the proof of the key Proposition 3.1, which involve
size-biasing and change of measure arguments. This leads to some explicit moment estimates,
proved in the following Sections 5 and 6.
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Section 7 collects the proof of the other main results: Theorems 1.1, 1.5 and 1.7 on the SHF,
Theorem 2.3 on the Stochastic Heat Equation and Theorem 2.8 on Directed Polymers.

Further technical results (which follow well-established paths) are postponed to the appendices.

1.5. Notation. N denotes the set of non-negative integers. For a point x = (x1, x2) in R2 we let
|x| =

√
x2

1 + x2
2 and |x|∞ = max{|x1|, |x2|} denote its Euclidean and ℓ∞ norms. For technical

convenience, in the proofs we will slightly modify the families M1(r) and Mdisc
1 (r), see (1.2)

and (2.12), replacing | · | with | · |∞ in their definition; this only affects constants.
Given two positive sequences (aN )N∈N and (bN )N∈N, we write aN ∼ bN if limN→∞ aN/bN = 1

and aN ≪ bN if limN→∞ aN/bN = 0, aN ≫ bN if limN→∞ aN/bN = +∞. For M ≤ N ∈ N we
write JM,NK for the set {M,M + 1, . . . , N}. When A is a set we indicate with |A| its cardinality.

Acknowledgements. We are grateful to Rongfeng Sun and Nikos Zygouras for their comments
on a preliminary version of the manuscript, which helped us improve the presentation. We also
would like to thank Giuseppe Cannizzaro and Martin Hairer for insightful discussions.

F.C. and N.T. acknowledge the support of INdAM/GNAMPA. Q.B. acknowledges the support
of Institut Universitaire de France and ANR Local (ANR-22-CE40-0012-02).

2. Main results for 2D Directed Polymers and Stochastic Heat Equation

The SHF was obtained in [CSZ23a] as the limit of 2D directed polymer partition functions in
an appropriate critical window of disorder strength. We are going to derive our Theorem 1.1
from a corresponding result for the 2D directed polymer model, that we in fact prove in the
whole super-critical regime. We discuss afterwards some consequences on the 2D stochastic heat
equation regularized by space-time discretization, again in the whole super-critical regime.

2.1. Strong disorder for 2D directed polymers. Let us start by recalling the definition of the
directed polymer model. Let S = (Sn)n∈N be the simple (symmetric, nearest-neighbor) random
walk on Z2, and denote Px its law when S0 = x ∈ Z2; let Ex denote the corresponding expectation.
We simply write P,E for P0,E0. Additionally, consider a collection ω =

(
ω(n, x)

)
n∈N, x∈Z2 of

i.i.d. random variables, independent of S, with law denoted by P. With a slight abuse of notation
to denote by ω a generic random variable ωn,x, we assume that for some β̄ > 0

E[ω] = 0 , E[ω2] = 1 , λ(β) := logE[eβω] < +∞ for all 0 < β < β̄ . (2.1)

For N ∈ N and β > 0, the point-to-plane (1+2-dimensional) directed polymer model is defined
as the Gibbs measure with Hamiltonian (up to a sign) Hβ,ω

N (S) :=
∑N

n=1(βω(n, Sn) − λ(β)). We
are interested in the point-to-plane partition function started at x ∈ Z2, defined by

Zβ,ω
N (x) := Ex

[
eHβ,ω

N (S)
]

with Hβ,ω
N (S) :=

N∑
n=1

(βω(n, Sn) − λ(β)) . (2.2)

We view (Zβ,ω
N (x))x∈Z2 as a random field: for a function f ∈ ℓ1(Z2) we define

Zβ,ω
N (f) :=

∑
x∈Z2

f(x)Zβ,ω
N (x) , (2.3)

which is the integral of f with respect to the random measure
∑

x∈Z2 Z
β,ω
N (x) δx. The main

result of [CSZ23a] shows that this measure, diffusively rescaled, converges to a unique limit,
which they named Critical 2D Stochastic Heat Flow (SHF), provided the disorder strength β is
rescaled in the so-called critical window, which we now define.

Recalling (2.1), we define for β ≥ 0 and N ∈ N the key quantities

σ2(β) := Var
[
eβω−λ(β)] = eλ(2β)−2λ(β) − 1 , RN :=

N∑
n=1

P(S2n = 0) . (2.4)
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Note that σ2(β) ∼ β2 as β ↓ 0 and we can write, see [CSZ19a, Proposition 3.2],

RN = 1
π

(
logN + αN

)
with lim

N→∞
αN = α := 4 log 2 + γ − π ≃ 0.208 , (2.5)

where γ := −
∫∞

0 e−x log x dx ≃ 0.577 is the Euler–Mascheroni constant. Then, the critical
window corresponds to taking

β = βN (ϑ) ↓ 0 such that σ2(β) = 1
RN

(
1 + ϑ+ o(1)

logN
)
, (2.6)

where ϑ ∈ R is a fixed parameter, called the disorder strength in the critical regime.
We now recall the main result of [CSZ23a]. To match the random walk periodicity, we set

Zd
even := {x = (x1, . . . , xd) ∈ Zd : x1 + . . .+ xd is even} . (2.7)

Given an integrable function φ : R2 → R, we define its rescaled version φ(N) : Z2
even → R by

φ(N)(x) := N

2

∫
|y− x√

N
|1≤ 1√

N

φ(y) dy (2.8)

where | · |1 denotes the ℓ1 norm. We then have the convergence in distribution

∀ϑ ∈ R : ZβN ,ω
⌊Nt⌋ (φ(N)) d−−−−→

N→∞
Z ϑ

t (φ) for βN = βN (ϑ) as in (2.6) . (2.9)

In this article, we go beyond the critical window, i.e. we derive estimates which hold for
arbitrary β > 0 (small enough) and N ∈ N. This means that ϑ in (2.6) needs not be fixed, but
may vary with N and β. To this purpose, we refine the correspondence (2.6) as follows:

σ2(β) = 1
RN

(
1 − ϑ+ o(1)

πRN

)−1
= 1
RN − ϑ+o(1)

π

. (2.10)

Note that relations (2.10) and (2.6) are equivalent for any fixed ϑ ∈ R, in view of (2.5) (they
are also equivalent for |ϑ| = o(

√
logN), but not for |ϑ| ≥ constant

√
logN).

Remark 2.1. For β → 0 and N → ∞, we can rewrite (2.10) more elegantly as

σ2(β) = 1
R⌊N/eϑ⌋ + o(1) .

Given any β > 0 and N ∈ N, we therefore quantify the disorder strength by a parameter
ϑ = ϑ(N, β) that we extract from (2.10): ignoring the o(1) term, we define explicitly

ϑ(N, β) := πRN − π

σ2(β) . (2.11)

Intuitively, for β = βN (ϑ) in the critical window (2.6) we have ϑ(N, β) → ϑ as N → ∞, while
taking any regime of β > 0 beyond the critical window corresponds to ϑ(N, β) → ∞.

We introduce a discrete analogue of (1.2) for mass functions:

Mdisc
1 (r) =

{
f : Z2 → [0, 1] s.t.

∑
z∈Z2

f(z) = 1, f(z) = 0 for |z| > r
}
. (2.12)

We can now state our main result for 2D directed polymers. The strategy of the proof is
presented in Section 3, while the details are developed in the subsequent sections.

Theorem 2.2 (Strong disorder for 2D directed polymers). There are constants β0, c0, c1, c2 ∈
(0,∞) such that, uniformly over N ∈ N and β ∈ (0, β0), we can bound

1
c1

exp
(
−c1 eϑ(N,β)

)
≤ sup

f∈Mdisc
1

(
ec0 eϑ(N,β) √

N
)E[Zβ,ω

N (f) ∧ 1
]

≤ 1
c2

exp
(
−c2 eϑ(N,β)

)
, (2.13)

where we define ϑ(N, β) as in (2.11) (see also (2.10)). Note that, in view of (2.5), we have

eϑ(N,β) = eαNN e− π
σ2(β) = (1 + o(1)) eαN e− π

σ2(β) as N → ∞ . (2.14)
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In particular, for any sequence of mass functions fN ∈ Mdisc
1
(
ec0 eϑ(N,β)√

N
)
, we have the

convergence in distribution Zβ,ω
N (fN ) → 0 as N → ∞.

We will deduce Theorem 1.1 for the SHF from Theorem 2.2 by taking β = βN (ϑ) in the
critical regime (2.6) so that ϑ(N, β) → ϑ (see Section 7). We stress, however, that Theorem 2.2
is stronger since it allows for ϑ(N, β) → ∞. This lets us also deduce interesting information on
the free energy, which we discuss in Section 2.3 below.

2.2. On the supercritical 2D Stochastic Heat Equation. The 2D stochastic heat equation
(SHE) is the singular stochastic PDE formally given for t > 0 and x ∈ R2 by∂tu(t, x) = 1

2∆u(t, x) + β ξ(t, x)u(t, x)

u(0, x) = 1 (for simplicity)
(2.15)

where ξ is space-time white noise and β > 0 tunes the disorder strength. In mild formulation,
this reads as

u(t, x) = 1 +
∫ t

0

∫
R2
gt−s(x− y)u(s, y)β ξ(s, y) dsdy (2.16)

where gt(x) = 1
2πte

− |x|2
2t is the heat kernel. Let us stress that this equation is ill-defined in

dimension two and higher, since the solution u is expected to be a genuine distribution, hence
the singular product u · ξ has no clear meaning.

A natural way to remove the singularity is to suitably regularize the equation, so that a
well-defined solution uβ

1 (t, x) exists (the subscript 1 indicates the regularization scale). Many
regularizations are possible including mollification in space, discretization in space or space-time,
truncation in Fourier space, etc. We focus on space-time discretization, as in [CSZ23a], turning
the integrals in (2.16) into Riemann sums on the even lattice (see (2.7))

T1 := (N0 × Z2)even .

Replacing white noise by i.i.d. random variables and the heat kernel by the random walk
transition kernel∗, the solution uβ

1 (t, x) is nothing but the partition function Zωt
t (x) from (2.2)

with time-reversed environment ωt: upon piecewise constant extension, we have for t ≥ 0, x ∈ R2,

uβ
1 (t, x) = Z

β,ω[t]
[t]

(
[x]
)

with ωm = (ωm(n, z) := ω(m− n, z))n∈N,z∈Z2 , (2.17)

where we denote by ([t], [x]) the closest point in T1 to (t, x) ∈ [0,∞) × R2.
We are interested in the large-scale scaling properties of uβ

1 (t, x). In view of the parabolic
nature of the SHE, it is natural to consider for N ∈ N the diffusively rescaled solution

uβ
N (t, x) := uβ

1 (Nt,
√
Nx) = Z

β,ω[Nt]
[Nt]

(
[
√
Nx]

)
, (2.18)

so that the regime N → ∞ corresponds to zooming out space and time. Also note that uβ
N (t, x)

is the solution of the SHE (2.16) discretized on the finer lattice

TN :=
( 1

N N0 × 1√
N
Z2)

even

which approximates space-time [0,∞) × R2 as N → ∞. For this reason, finding a non-trivial
(random) limit of uβ

N (t, x) as N → ∞ provides a notion of solution to the ill-defined 2D SHE.
This is the viewpoint taken in [CSZ23a], where it was shown that for β = βN (ϑ) in the critical
window (2.6) the solution uβ

N (t, x) converges to the SHF Z ϑ
t (dx), see (2.9).

A natural question is the behavior of uβ
N (t, x) beyond the critical window, that is for disorder

strength β = βN such that ϑ(N, β) → ∞, see (2.11). We call this range of (β,N) the supercritical

∗More precisely, for (t, x) ∈ T1 we replace β ξ(t, x) by eβω(t,x)−λ(β) − 1 and gt(x) by qt(x) := P(St = x).
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regime∗, which includes in particular the case when β > 0 is kept fixed as N → ∞. A direct
consequence of our Theorem 2.2 is the local extinction of uβ

N (t, x) averaged in space:

∀t > 0 , ∀φ ∈ Cc(R2) :
∫
R2
φ(x)uβ

N (t, x) dx d−−−−→
N→∞

0 . (2.19)

We now present quantitative refinements of this result.
Since rescaling space-time diffusively in (2.18) leads to the degenerate limit (2.19), we expect

the solution uβ
1 (t, x) to display non-trivial fluctuations on a super-diffusive scale. To capture

this phenomenon, it is natural to modify the space rescaling in (2.18), replacing
√
N therein

by
√
DNN for a suitable diverging factor DN → ∞, with the aim of finding a non-trivial limit.

This viewpoint was taken, for instance, in [CMT25], where the regularized 2D stochastic Burgers
equation was shown to admit non-trivial fluctuations for the choice DN ∝ (logN)2/3.

In our setting of the 2D SHE, it turns out that the space rescaling in (2.18) needs to be
modified by an exponential factor :

ûβ,c
N (t, x) := uβ

1
(
Nt , ρβ,c

Nt

√
Nt x

)
with ρβ,c

Nt := ec eϑ(Nt,β)
, c ∈ (0,∞) . (2.20)

In the supercritical regime ϑ(N, β) → ∞ we have ρβ,c
Nt → ∞ for any t > 0 (note that by (2.10)

we have ϑ(Nt, β) = ϑ(N, β) + log t+ o(1)). Also note that, by (2.14), we can write

ρβ,c
Nt = ec eα Nt fβ(1+o(1)) with fβ := e− π

σ2(β) , (2.21)

which shows that ρβ,c
Nt grows exponentially in N for fixed β > 0 (see Remark 2.5 for β ↓ 0).

The following result, proved in Section 7, shows that a transition from extinction to an
averaged behavior takes place for the rescaled solution ûβ,c

N , as the constant c is varied.

Theorem 2.3 (Supercritical 2D Stochastic Heat Equation). There are constants β0 > 0 and
0 < c′ < c′′ < ∞ such that the following holds: given N ∈ N and βN ∈ (0, β0) in the supercritical
regime ϑ(N, βN ) → ∞, for any t > 0 and φ ∈ Cc(R2) with

∫
φ = 1 we have

∫
R2
φ(x) ûβN ,c

N (t, x) dx d−−−−−→
N→∞

0 if c < c′ ,

1 if c > c′′ .
(2.22)

This holds, in particular, if βN ≡ β ∈ (0, β0) is kept fixed as N → ∞.

Let us discuss the significance of this result for the 2D SHE (2.15)-(2.16) regularized by
space-time discretization. While the critical regime (2.6) is the correct rescaling of β to obtain
a non-trivial limit, the SHF [CSZ23a], it is natural to ask what happens beyond this critical
window (including the case when β > 0 is fixed, i.e. not rescaled at all). Theorem 2.3 shows
that non-trivial fluctuations of the solution can only be observed on the super-diffusive scale
ρβ,c

Nt

√
N from (2.20), for some c ∈ (c′, c′′). We expect a similar phenomenon to occur also for

the SHE in one spatial dimension, see Remark 2.7.
Checking that the scale ρβ,c

Nt

√
N provides an upper bound for space fluctuations is not difficult:

a variance computation yields the second line of (2.22), which shows that an averaged behavior
takes place for suitable (large) c > 0. However, in view of the intermittent nature of the solution,
it is not at all clear whether the spatial scale identified by the variance is of the correct order.
Our result shows that this is indeed the case, for suitable (small) c > 0, thanks to a lower bound
on the scale of space fluctuations provided by the first line in (2.22).

Analogously to Conjecture 1.8, we expect that the transition in (2.22) is sharp.

∗The subcritical regime when β ≪ βN (ϑ) is rescaled below the critical window (2.6) has been studied in depth
in the literature, see e.g. [CSZ17, CSZ20, CZ23, CZ24, CCR25, CD25, CNZ25].
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Conjecture 2.4. There exists a critical constant ĉ ∈ (0,∞) such that the convergence in
distribution (2.22) still holds with both c′, c′′ replaced by ĉ. For this critical choice of c = ĉ,
we have the following convergence in distribution (possibly after lower-order corrections to the
scaling in (2.20)): for any t > 0 and φ ∈ Cc(R2)∫

R2
φ(x) ûβN ,ĉ

N (t, x) dx d−−−−−→
N→∞

∫
R2
φ(x) Ut(dx) (2.23)

where Ut(dx) is a non-trivial ( i.e. random) measure-valued process on R2 (possibly the same
process which appears in Conjecture 1.8).

We conclude with a few remarks.

Remark 2.5 (Stretched exponential scale). The rescaling factor ρβ,c
N in (2.21) is truly exponential

in N when β > 0 is kept fixed, while it is slower than exponential for vanishing β. A natural
way to interpolate between the critical regime (2.6) and the fixed β > 0 case is to consider

β ∼ β̂√
RN

such that σ2(β) = β̂2

RN
for β̂ ∈ (1,∞) .

This choice yields the stretched exponential scale

ρβ,c
N = ec (eαN)1−β̂−2

which recovers the pure exponential scale as β̂ → ∞.

Remark 2.6 (On the mollified 2D Stochastic Heat Equation). We can also consider the 2D SHE
regularized by mollification in space, whose solution is known to converge to the SHF in the
critical window, see [Tsa24]. Adapting the techniques of the present paper, we can establish a
version of Theorems 2.2 and 2.3 in this setting, which we will do in a forthcoming work.

Remark 2.7 (1D Stochastic Heat Equation). In space dimension d = 1, the SHE (2.15)-(2.16)
has a well-defined solution uβ(t, x) (with no need of regularization). Defining, as in (2.18),

uβ
N (t, x) := uβ(Nt,

√
Nx) ,

one can check from (2.15) that uβ
N (t, x) d= uβN1/4(t, x). It follows that there is a critical regime

β ∼ β̂ N−1/4 which leaves uβ
N invariant in law.

In the supercritical regime β ≫ N−1/4 we expect the same result as in Theorem 2.3 for an
exponentially rescaled solution ûβ,c

N , defined as in (2.20)-(2.21) with fβ replaced by β4:

ûβ,c
N (t, x) := uβ

(
Nt , ρβ,c

Nt

√
Nt x

)
with ρβ,c

Nt := ec Nt β4
, c ∈ (0,∞).

We can give a heuristic explanation for the need of an exponential rescaling as follows. Let us
assume the conjectured convergence of the KPZ solution log uβ(t, x) to the Airy process A1(·),
which we may write as follows (we set β = 1 for simplicity): for some constants F, a, b > 0

uβ=1(t, x) d≈ exp
(
−F t + a t1/3A1

(
x

b t2/3

)
+ o(t1/3)

)
as t → ∞ . (2.24)

The Airy process has a light tail P(A1(z) > u) ≈ exp(−c u3/2) and good spatial mixing properties,
which yield slow spatially growing extrema: max|z|≤R A1(z) ≈ (logR)2/3. This implies that we
need exponentially large |x| ≈ exp(Ct) for the second term t1/3A1

(
x

b t2/3

)
in (2.24) to overcome

the leading term −F t, in order to prevent uβ=1(t, x) from vanishing as t → ∞.
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2.3. Further results for directed polymers. In the space dimension d = 2, the point-to-plane
partition function Zβ,ω

N := Zβ,ω
N (0) converges a.s. to 0 as N → ∞ for any fixed disorder strength

β > 0, and it does so exponentially fast, as shown in [Lac10]. Its exponential decay rate to 0 is
called (up to a sign) the free energy (or pressure) and it is defined as

F(β) := lim
N→∞

1
N

logZβ,ω
N = lim

N→∞

1
N

E
[
logZβ,ω

N

]
∈ (−∞, 0] , (2.25)

where the limit is known to exist a.s. and in L1(P), see e.g. [Com17, Thm. 2.1]. We point out
that free energy is related to some localization properties of the polymer, see e.g. [CH06, CSY03].

It was shown in [Lac10] that F(β) < 0 for any β > 0 with some explicit bounds; a few years
later, [BL17] refined the bounds and showed that

F(β) = − exp
(
−(1 + o(1)) π

β2

)
as β ↓ 0 .

Our next result substantially improves these bounds: we identify the exact exponential decay
rate as π/σ2(β), rather than simply∗ π/β2, and we “bring the o(1) out of the exponential”.

Theorem 2.8 (Improved free energy bounds). There are constants c, c′ ∈ (0,∞) such that

∀β ∈ (0, 1) : − c′

σ2(β)4 exp
(
− π

σ2(β)
)

≤ F(β) ≤ −c exp
(
− π

σ2(β)
)

(2.26)

where we recall that σ2(β) = eλ(2β)−2λ(β) − 1.

The upper bound in (2.26) is the main novelty: we deduce it from Theorem 2.2, more precisely
from the upper bound in (2.13). We refer to Section 7 for the proof. The lower bound in (2.26)
follows closely the strategy of [BL17, §4] based on super-additivity and concentration arguments
for logZβ,ω

N ; a few new estimates are needed, see Appendix B for details.

Remark 2.9. We do not expect either bound in (2.26) to be optimal, but the upper bound
should be quite sharp (the prefactor σ2(β)−4 is due to a limitation of the current techniques).
As discussed in Appendix B, the precise asymptotic behavior might be

F(β) ∼ −c log
( 1

σ2(β)
)

e− π
σ2(β) as β ↓ 0 .

Our last result concerns variance estimates for the directed polymer partition function, which
will be used in Section 3 to prove the lower bound in (2.13). Let us focus on the initial condition
given by the uniform distribution on the discrete ball of radius ρ

√
N for some ρ > 0, namely

Udisc
ρ
√

N
(x) := 1

|B(0, ρ
√
N) ∩ Z2|

1B(0,ρ
√

N)∩Z2(x) . (2.27)

The proof is given in Section 5.3.

Proposition 2.10 (Variance estimates for directed polymers). Define ϑ(N, β) as in (2.11).
There is a constant c3 > 0 such that, uniformly over N ∈ N, β ∈ (0, 1) and ρ ∈ (0,∞), we have

Var
[
Zβ,ω

N (Udisc
ρ
√

N
)
]

≤ c3
exp

(
c3 eϑ(N,β))
ρ2 . (2.28)

This can be sharpened for N → ∞, β ↓ 0 such that ϑ(N, β) → ∞: in this regime, there is
o(1) → 0 such that, uniformly over ρ ∈ (0,∞), we have

Var
[
Zβ,ω

N (Udisc
ρ
√

N
)
]

≤
exp

(
(e−γ + o(1)) eϑ(N,β))

ρ2 (2.29)

where γ := −
∫∞

0 e−x log x dx ≃ 0.577 is the Euler–Mascheroni constant.
∗Note that λ(β) = 1

2 β2 + κ3
3! β3 + κ4

4! β4 + O(β5) as β ↓ 0, where κ3, κ4 are the third and fourth cumulants of
the disorder distribution. It follows that we have e−π/β2

∼ (cst.) e−π/σ2(β) only when κ3 = 0.
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Remark 2.11. We believe the upper bound (2.29) to be sharp. In other words, for (say) ρ = 1,
one should also be able to prove that as N → ∞, β ↓ 0 with ϑ(N, β) → ∞ we have

Var
[
ZβN ,ω

N (Udisc√
N

)
]

≥ exp
(
(e−γ + o(1)) eϑ(N,β)) .

Since this lower bound is not useful to us, we have decided to skip its proof. One could also try
to improve these estimates by “bringing the o(1) out of the exponential”.

3. Strategy of the proof of Theorem 2.2

In this section, we present the strategy of the proof of Theorem 2.2. We first discuss the
upper bound in (2.13) which is the core of the paper, see Section 3.1. We then prove the lower
bound exploiting the variance estimates in Proposition 2.10, see Section 3.2.

3.1. Strategy of the upper bound in Theorem 2.2. Our proof for the upper bound in
Theorem 2.2 follows three main steps.

(1) First, we formulate a key result, Proposition 3.1, which is suboptimal (with respect to
Theorem 2.2) in several senses: (i) the starting point is on the basic diffusive scale

√
N

without the factor ec0 eϑ in (2.13); (ii) the parameter ϑ ∈ [3,∞) is fixed so Proposition 3.1
is proved only in the critical window; (iii) the bound we obtain is polynomial in ϑ instead
of doubly-exponential.

(2) Second, we use coarse-graining techniques to extend the previous bound to any β > 0
(small) and N ∈ N, meanwhile also obtaining an exponential decay in N , see Proposi-
tion 3.3. By now, this is a well-established method, which dates back to [Lac10] (in the
context of directed polymers); technical details are postponed to Appendix A.

(3) Third, we use a change of scale argument to quantify the effect of enlarging the scale of the
starting point: this leads to Proposition 3.6, which completes the proof of Theorem 2.2.

As a consequence, the upper bound in Theorem 2.2 is reduced to the key Proposition 3.1, whose
proof is given afterwards in Section 4. Let us now give some details on the steps outlined above.

Step 1: Key (suboptimal) result. We first state a weaker version of Theorem 2.2 formulated
in the next key proposition. This is actually the core of the paper; we will present the key ideas
of its proof in Section 4.

Proposition 3.1 (Key proposition). There is a universal constant C > 0 such that, for any
given ϑ ∈ [3,∞), if we consider any βN = βN (ϑ) in the critical regime (2.10), we have

lim sup
N→∞

sup
f∈Mdisc

1 (
√

N)
E
[
ZβN ,ω

N (f) ∧ 1
]

≤ C

ϑ
. (3.1)

We view Proposition 3.1 as an estimate in the (upper) critical window, i.e. we will use it for ϑ
large but fixed, in order to apply a “finite-volume criterion” in the next step. Let us now deduce
from (3.1) a corresponding bound on a fractional moment of ZβN ,ω

N (f):

lim sup
N→∞

sup
f∈Mdisc

1 (
√

N)
E
[
ZβN ,ω

N (f)1/2
]

≤
√

2C√
ϑ
, (3.2)

thanks to the following general result.

Lemma 3.2. For any random variable Z ≥ 0 with E[Z] = 1 and any γ ∈ (0, 1) we have

E[Z ∧ 1] ≤ E[Zγ ] ≤ 2γ E[Z ∧ 1]γ∧(1−γ) .

In particular
E[Z ∧ 1] ≤ E[Z1/2] ≤

√
2E[Z ∧ 1]1/2 .
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Proof. The first inequality simply uses that x ≤ xγ for x ∈ [0, 1] to get that E[Z ∧ 1] ≤
E[(Z ∧ 1)γ ] ≤ E[Zγ ]. For the second one, consider first γ ≤ 1

2 . By Z = (Z ∧ 1)(Z ∨ 1) we have

E[Zγ ] = E
[
(Z ∧ 1)γ(Z ∨ 1)γ] ≤ E

[
Z ∧ 1

]γ E[(Z ∨ 1)
γ

1−γ
]1−γ

,

by Hölder’s inequality. Since γ
1−γ ≤ 1 for γ ≤ 1

2 we have by Jensen E
[
(Z ∨ 1)

γ
1−γ
]

≤ E[Z ∨ 1]
γ

1−γ

and note that E[Z ∨ 1] ≤ E[Z] + 1 = 2.
We next consider γ > 1

2 : since γ
1−γ > 1, by x

γ
1−γ ≤ x for x ∈ [0, 1] we can bound, again by

Hölder’s inequality,

E[Zγ ] = E
[
(Z ∧ 1)γ(Z ∨ 1)γ] ≤ E

[
(Z ∧ 1)

γ
1−γ
]1−γ E

[
Z ∨ 1

]γ ≤ E
[
Z ∧ 1

]1−γ E
[
Z ∨ 1

]γ
,

which completes the proof since E[Z ∨ 1] ≤ 2. □

Step 2: Finite-volume criterion via a coarse-graining procedure. Let us now upgrade
the result from the key Proposition 3.1, more precisely the fractional moment version (3.2), by
extending it to arbitrary N ∈ N and β > 0 small (i.e. not necessarily in the critical window)
and improving the bound with an exponential decay in N .

Recalling (2.11) and (2.5), for any β > 0 and ϑ ∈ R we define Nβ(ϑ) ∈ N which inverts
asymptotically the relation (2.10):

Nβ(ϑ) :=
⌊
e−α eϑ e

π
σ2(β)

⌋
= (1 + o(1)) e−α eϑ e

π
σ2(β) as β ↓ 0 . (3.3)

Proposition 3.3 (Improved bound). There exist constants β0, ϑ̂ ∈ (0,∞) such that the following
holds: defining N̂β := Nβ(ϑ̂) by (3.3), we have

∀β ∈ (0, β0) , ∀N ∈ N : sup
f∈Mdisc

1

(√
N̂β

)E[Zβ,ω
N (f)1/2] ≤ 3 e−N/N̂β . (3.4)

Proof. We first rewrite the relation (3.2) inverting the roles of β and N : if we let β ↓ 0, we have
that β satisfies (2.10) with N = Nβ(ϑ) → ∞ from (3.3). Then (3.2) can be rewritten as follows:

lim sup
β↓0

sup
f∈Mdisc

1 (
√

Nβ(ϑ))
E
[
Zβ,ω

Nβ(ϑ)(f)1/2] ≤
√

2C√
ϑ
.

In particular, given any ϑ ≥ 1, we can fix a suitable β̃(ϑ) > 0 small enough such that (say)

∀β ∈ (0, β̃(ϑ)) : sup
f∈Mdisc

1 (
√

Nβ(ϑ))
E
[
Zβ,ω

Nβ(ϑ)(f)1/2] ≤ 2
√
C√
ϑ
. (3.5)

We next improve this estimate allowing N ∈ N to be arbitrary. The core idea is the following
coarse-graining result, which gives a finite-size volume criterion for the exponential decay of
the partition function: it shows that if the fractional moment is small at some scale L, then it
starts decreasing exponentially in N/L. This result is somehow classical in the literature, but
we provide a self-contained proof in Appendix A below. We recall that Mdisc

1 (r) is defined in
(2.12), where we replace for convenience | · | with | · |∞.

Proposition 3.4 (Coarse-graining). If there exist L ∈ N, β > 0 such that

sup
f∈Mdisc

1 (
√

L)
E
[
Zβ,ω

L (f)1/2] ≤ 1
113 ,

then for all N ∈ N, we have

sup
f∈Mdisc

1 (
√

L)
E
[
Zβ,ω

N (f)1/2] ≤ 3 e−N/L . (3.6)
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Remark 3.5. It is enough to prove (3.6) for N ≥ L, since for N < L we have E
[
Zβ,ω

N (f)1/2] ≤
E
[
Zβ,ω

N (f)
]1/2 = 1. Also, let us stress that the constant 1

113 depends on the distribution of the
random walk (we have simply taken a number that works for the simple random walk).

Recalling (3.5), we now fix ϑ̂ = (2 · 113)2C so that 2
√

C√
ϑ̂

≤ 1
113 . If we correspondingly define

β0 := β̃(ϑ̂) > 0 and N̂β := Nβ(ϑ̂), then (3.5) yields

∀β ∈ (0, β0) : sup
f∈Mdisc

1 (
√

N̂β)
E
[
Zβ,ω

N̂β
(f)1/2] ≤ 1

113 .

It only remains to apply Proposition 3.4 with L = N̂β to complete the proof of Proposition 3.3. □

Step 3. The change of scale argument. We finally show that the scale of the starting point
in the bound (3.4) can be enlarged, to get the following result.

Proposition 3.6 (Large scale bound). In the same setting as Proposition 3.3, we have

∀β ∈ (0, β0) , ∀N ∈ N : sup
f∈Mdisc

1

(
e

1
2 N/N̂β

√
N
)E[Zβ,ω

N (f)1/2] ≤ 7 e− 1
3 N/N̂β . (3.7)

This completes the proof of Theorem 2.2. Indeed, if we define ϑ = ϑ(N, β) by (2.11), recalling
(2.14) and N̂β = Nβ(ϑ̂) from Proposition 3.3, with Nβ(·) defined in (3.3), we can bound

N

N̂β

≥ N eα e−ϑ̂ e− π
σ2(β) = eα−αN eϑ(N,β)−ϑ̂ ≥ c eϑ(N,β)−ϑ̂ with c := inf

N∈N
eα−αN > 0 .

Plugged into (3.7) and using Lemma 3.2, this yields (2.13) with c0 = c
2e−ϑ̂ and c2 = min{ c

3e−ϑ̂, 1
7}.

Proof of Proposition 3.6. The key tool is the following general result, which allows to control
fractional moments with starting points at two different scales.

Lemma 3.7 (Changing scales). For any 1 ≤ A ≤ B and any γ ∈ (0, 1), we have

sup
f∈Mdisc

1 (
√

B)
E
[
Zβ,ω

N (f)γ
]

≤
(

4 B
A

)1−γ

sup
g∈Mdisc

1 (
√

A)
E
[
Zβ,ω

N (g)γ
]
.

Proof. We can include the L∞ ball of radius
√
B in the union of K disjoint L∞ balls (Bi)1≤i≤K

of radius
√
A (we can estimate K ≤ 4B

A ). For any probability density f ∈ Mdisc
1 (

√
B), we can

decompose it as f =
∑K

i=1 αigi where αi :=
∫
f 1Bi and gi := 1

αi
f 1Bi is just f conditioned on

Bi. This way, we may write

Zβ,ω
N (f) =

K∑
i=1

αi Z
β,ω
N (gi) . (3.8)

For γ ∈ (0, 1), using the subadditive inequality (
∑

i zi)γ ≤
∑

i z
γ
i for zi ≥ 0, we obtain that

E
[
Zβ,ω

N (f)γ] ≤
K∑

i=1
αγ

i E
[
Zβ,ω

N (gi)γ] ≤ sup
g∈Mdisc

1 (
√

A)
E
[
Zβ,ω

N (g)γ] K∑
i=1

αγ
i ,

using also translation invariance. Now, using Hölder’s inequality, we can bound
∑K

i=1 α
γ
i ≤ K1−γ ,

so recalling that K ≤ 4B/A this concludes the proof. □

Thanks to Lemma 3.7, we deduce from Proposition 3.3 that for all β ∈ (0, β0) and N ∈ N

sup
f∈Mdisc

1

(
e

1
2 N/N̂β

√
N
)E[Zβ,ω

N (f)1/2
]

≤ 2
(
N

N̂β

eN/N̂β

)1/2
3 e−N/N̂β = 6

(
N

N̂β

)1/2
e− 1

2 N/N̂β .

This completes the proof of (3.7), since 6
√
x e− 1

2 x ≤ 7 e− 1
3 x for x ≥ 0. □
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3.2. Proof of the lower bound in Theorem 2.2. We consider the following inequality, in
the spirit of Paley–Zygmund: for any random variable Z ≥ 0

E[Z ∧ 1] ≥ E[Z]2

1 + E[Z2] = E[Z]2

1 + E[Z]2 + Var[Z] . (3.9)

The proof is simple: starting from the identity Z = (Z ∧ 1)(Z ∨ 1), we get by Cauchy–Schwarz

E[Z]2 ≤ E[(Z ∧ 1)2]E[(Z ∨ 1)2] = E[Z2 ∧ 1]E[Z2 ∨ 1] ≤ E[Z ∧ 1]
(
1 + E[Z2]

)
.

To prove the lower bound in (2.13), it suffices to apply (3.9) to Z = ZβN ,ω
N (f) with f = Udisc√

N
,

noting that E[Z] = 1 and plugging in the estimate (2.28) from Proposition 2.10 (with ρ = 1).
Overall, we see that the lower bound in (2.13) holds with c1 = c3 + 2. □

4. Proof of Proposition 3.1

We have shown in Section 3 how to reduce Theorem 2.2 to the weaker key Proposition 3.1.
This section is devoted to the proof of Proposition 3.1: we outline the strategy and formulate
general propositions, proved in the following subsections.

4.1. Size bias. We first introduce the key notion of size-biased measure.

Definition 4.1 (Size-biased measure). Denote by (Ω,F ,P) the probability space on which the
disorder ω is defined, and recall the point-to-plane partition function Zβ,ω

N (x) from (2.2). For
x ∈ Z2, we define the size-biased measure with starting point x by dP̃x = Zβ,ω

N (x) dP, i.e.

P̃x(A) = P̃β
x,N (A) := E

[
1A Z

β,ω
N (x)

]
for any A ∈ F . (4.1)

More generally, the size-biased measure with initial condition f (a mass function) is

P̃f (·) = P̃β
f,N (·) := E

[
1(·) Z

β,ω
N (f)

]
.

Let us note that there is a nice interpretation of the size-biased measure P̃x. Indeed, simply
using Fubini’s theorem and the definition (2.2)-(2.3) of Zβ,ω

N (f) we get that

P̃f (A) = Ef

[
E
[
e
∑N

n=1 βωn,Sn −λ(β) 1A

]]
= Ef

[
P̃(S)(A)

]
= Ef

[
P̃β,(S)

N (A)
]
, (4.2)

where we have denoted Pf =
∑

x∈Z2 f(x)Px the law of the simple random walk with initial
distribution f , and dP̃β,(s)

N =
∏N

n=1 eβωn,sn −λ(β) dP is the law of an environment tilted along the
path s. Hence the size-biased measure P̃f can be understood as a two-step procedure: first, draw
a simple random walk path S with starting distribution f ; then tilt the environment (up to
time N) by eβω−λ(β) along the path S. Such interpretation may be useful to build some intuition
when comparing P and P̃f , but in practice we will not use it in our proofs.

Remark 4.2 (Size bias and total variation distance). Fix any Z ≥ 0 with E[Z] = 1 and consider
the size-biased measure dP̃ = Z dP. For any event A ∈ F we have E[Z ∧ 1] ≤ P(A) + P̃(Ac) (just
bound Z ∧ 1 ≤ 1 on A and Z ∧ 1 ≤ Z on Ac) and the inequality is sharp, since we can take
A = {Z ≥ 1} to get equality. It follows that

E[Z ∧ 1] = inf
A∈F

{
P(A) + P̃(Ac)

}
= 1 − dTV(P, P̃),

where dTV is the total variation distance between probability measures. Therefore, showing that
E[Z ∧ 1] is small corresponds to showing that dTV(P, P̃) is close to 1.

Remark 4.3 (Divergence under the size-biased probability). Since E[Z∧1] = Ẽ[ 1
Z ∧1], Theorem 2.2

can also be interpreted as a result on the divergence of Zβ,ω
N (f) under the size-biased measure P̃f ,

more precisely giving a rate of convergence to 0 for 1/Zβ,ω
N (f) under P̃f .
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Remark 4.4 (Anomalous path detection). In view of Remark 4.2, showing that E[Zβ,ω
N (f)∧1] → 0

amounts to a statistical problem of being able to find an appropriate event A = AN to discriminate
between two environment distributions: P and P̃β

f,N . Such “anomalous path detection problems”
have been investigated (mostly in dimension 1), see for instance in [ACCHZ08, CZ18], or
[ABBDL10] for a discussion on similar hypothesis testing problems.

4.2. Strategy of the proof of Proposition 3.1. We need to give an upper bound on
E[Zβ,ω

N (f) ∧ 1] inside the critical window, i.e. for a fixed ϑ ∈ [3,∞), and for diffusive initial
conditions f , i.e. supported in a ball of radius

√
N .

We combine a change of scale argument, that we use to reduce (again) the initial diffusive
scale

√
N to a smaller scale

√
Ñ , with a change of measure argument. The first step is the

following result, proved in Section 4.4.

Proposition 4.5 (Change of scale and measure). For any β > 0, for any N, Ñ ∈ N with Ñ ≤ N ,
we can bound

sup
f∈Mdisc

1 (
√

N)
E
[
Zβ,ω

N (f) ∧ 1
]

≤ 8 sup
f∈Mdisc

1 (
√

Ñ)
E
[
Zβ,ω

N (f) ∧ N

Ñ

]
. (4.3)

Additionally, for any f ∈ Mdisc
1 (

√
Ñ) and any event AN (that may depend on f), recalling (4.1)

we have
E
[
Zβ,ω

N (f) ∧ N

Ñ

]
≤ N

Ñ
P(AN ) + P̃f (Ac

N ) . (4.4)

For the bounds (4.3)-(4.4) to be useful, we must find an event AN = AN (f) for which both
P(AN ) and P̃f (Ac

N ) are small, i.e. AN (f) is atypical under P but typical under the size-biased
measure P̃f , uniformly for f ∈ Mdisc

1 (
√
Ñ).

For this, we refine ideas developed for point-to-plane partition functions (see e.g. the proof of
Theorem 2.9 in [JL25]): this leads to the following result, which states that such an event AN

may be found.

Proposition 4.6 (Bounds for the event AN ). Fix 1 ≤ η < ϑ < ∞ with ϑ− η ≥ 1. For N ∈ N
set Ñ = e−ηN , and consider β = βN (ϑ) in the critical regime (2.6), or equivalently (2.10) (note
that P̃f depends on β, see (4.1)). Then, for any f ∈ Mdisc

1 (
√
Ñ) we can find for each N ∈ N an

event AN = AN (f) ∈ F such that

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)
P
(
AN (f)

)
≤ C1

ϑ− η

η
e−(ϑ−η) , (4.5)

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)
P̃f

(
Ac

N (f)
)

≤ C2
η
, (4.6)

where C1, C2 > 0 are universal constants.

The reason why the bounds (4.5) and (4.6) have the specified dependence on η, ϑ will be clear
below (they are determined by the mean and variance of a suitable random variable X). For the
moment, it suffices to note that plugging these bounds in (4.3)-(4.4) we obtain

lim sup
N→∞

sup
f∈Mdisc

1 (
√

N)
E
[
Zβ,ω

N (f) ∧ 1
]

≤ 8C1
ϑ− η

η
e2η−ϑ + 8C2

η
.

Then, if we choose η = ϑ/3, this concludes the proof of Proposition 3.1.
To prove Proposition 4.6, we need to find AN = AN (f) which is atypical under P, but

which becomes typical under the size-biased measure P̃f . One could in theory take AN (f) =
{Zβ,ω

N (f) > ε} for some ε > 0 small enough: this would easily yield P̃f (Ac
n(f)) ≤ ε by definition
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of P̃f , but the difficult part remains to show that P(AN (f)) = P(ZβN
N (f) > ε) is small, so this

does not simplify the original problem.
A more manageable solution is to find a simpler random variable X = X(f) which acts as a

proxy for Zβ,ω
N (f), for which we are able to estimate the expectation and variance under P, P̃f ,

uniformly in f ∈ Mdisc
1 (

√
Ñ). We clarify this strategy in the following lemma.

Lemma 4.7 (Choice of the event AN ). Consider some random variable X(f) = XN (f) such
that

E[X(f)] = 0 and Ẽf [X(f)] > 0

and define the event

AN = AN (f) =
{
X(f) ≥ 1

2 Ẽf [X(f)]
}
.

Then, we get that

P(AN (f)) ≤ 4 Var[X(f)]
Ẽf [X(f)]2

, P̃f

(
Ac

N (f)
)

≤ 4 Ṽarf [X(f)]
Ẽf [X(f)]2

.

The proof of the lemma follows directly by Chebyshev’s inequality, applied with threshold
1
2 Ẽf [X(f)] to X(f) under P and to X(f) − Ẽf [X(f)] under P̃f . It therefore only remains
to find a suitable X = X(f) such that Var[X(f)], Ṽarf [X(f)] ≪ Ẽf [X(f)]2 uniformly for
f ∈ Mdisc

1 (
√
Ñ).

The choice of X = X(f) is the most delicate point in the strategy and the main novelty of our
proof. We discuss this issue in Section 4.3, arriving at the explicit choice of X defined in the next
(4.14), which may be described as the first (linear) term in a coarse-grained chaos expansion of
the partition function over time intervals of length Ñ .

We finally state our main estimates on Var[X(f)], Ẽf [X(f)], Ṽarf [X(f)] that will be proved
in the next sections. The first two lemmas follow from second moment calculations and are
proven in Section 5. The last estimate is more difficult and will be proven in Section 6.

Lemma 4.8 (Variance bound). Let the assumptions of Proposition 4.6 prevail. Defining
X(f) = XN (f) by (4.14) below, we have E[X(f)] = 0 and

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)
Var[X(f)] ≤ C

η

ϑ− η
eϑ−η ,

where C < ∞ is a universal constant.

Lemma 4.9 (Size-biased mean bound). Let the assumptions of Proposition 4.6 prevail. Defining
X(f) = XN (f) by (4.14) below, we have

lim inf
N→∞

inf
f∈Mdisc

1 (
√

Ñ)
Ẽf [X(f)] ≥ c

η

ϑ− η
eϑ−η ,

where c > 0 is a universal constant.

Proposition 4.10 (Size-biased variance bound). Let the assumptions of Proposition 4.6 prevail.
Defining X(f) = XN (f) by (4.14) below, we have

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)
Ṽarf [X(f)] ≤ C ′ η

( 1
ϑ− η

eϑ−η
)2
,

where C ′ > 0 is a universal constant.
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Together with Lemma 4.7, these estimates readily show that

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)
P(AN (f)) ≤ Cc−2 ϑ− η

η
e−(ϑ−η) ,

and lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)
P̃f (Ac

N (f)) ≤ C ′c−2 1
η
,

which are the bounds announced in Proposition 4.6. (Of course, the reason why we stated the
bounds in the precise form (4.5) and (4.6) was dictated by the mean and variance of X.)

Remark 4.11 (Size bias, reprise). Another approach to bound P̃f (Ac
N (f)) would be to use the size-

biased representation (4.2), introducing some well-chosen (random walk) event B ∈ σ{Sn, n ≤ N}
and then writing P̃f (Ac

N (f)) ≤ Ef [P̃β,(S)
N (Ac

N (f))1B] + Pf (Bc). This is what is usually done in
this setting, see for instance [BL17, §3] or [JL25, §6.2]. The advantage of this idea is that, once
one has reduced to work on the event B, it possibly makes it easier to control Ẽβ,(S)

N [XN (f)] and
Ṽarβ,(s)

N

[
XN (f)

]
, and thus P̃β,(S)

N (Ac
N (f)). We will not need such a strategy, since our choice for

event AN (f) will already make the computation of Ẽf [XN (f)], Ṽarf

[
XN (f)

]
manageable.

The remainder of this section is devoted to the choice of the proxy X (see Section 4.3) and to
the proof of Proposition 4.5 (see Section 4.4).

4.3. Choice of a good proxy for the partition function. We next discuss the choice of the
proxy X(f) = XN (f) for the partition function Zβ,ω

N (f). Let us introduce some useful notation.
For n,N ∈ N, x ∈ Z2, we denote by qn(x) the simple random walk transition probability, that is

qn(x) = q(n, x) := P(Sn = x) .

We will also denote
q(f)

n (x) := Pf (Sn = x) =
∑

z∈Z2

f(z)qn(x− z) . (4.7)

A first approach: chaos expansion and L2 projections. Let us define

ξn,x = ξ(β)
n,x := eβω(n,x)−λ(β) − 1

and notice that the (ξn,x)n∈N,x∈Z2 are i.i.d. with E[ξn,x] = 0 and E[ξ2
n,x] = eλ(2β)−2λ(β)−1 =: σ2(β),

see (2.4). Rewriting the partition function as Zβ,ω
N (f) = Ef [

∏N
n=1(1 + ξn,Sn)] and expanding the

product, we obtain the following polynomial chaos expansion

Zβ,ω
N (f) = 1 +

N∑
k=1

∑
1≤n1<···<nk≤N

∑
x0∈Z2

f(x0)
∑

x1,...,xk∈Z2

k∏
i=1

qni−ni−1(xi − xi−1)
k∏

i=1
ξni,xi , (4.8)

where we set by convention n0 = 0. Let us notice that the terms
∏k

i=1 ξni,xi in the above expansion
are orthogonal in L2. Therefore, one can reinterpret the above as the L2 decomposition of
Zβ,ω

N (f) over the linear subspace of L2 generated by the orthogonal variables

ξ(A) =
∏
z∈A

ξz for A ⊂ N × Z2 .

Then, gathering the space-time points in a subset A = {(ni, xi) : 1 ≤ i ≤ k} ⊂ J1, NK × Z2, the
chaos expansion above can be rewritten more compactly as follows:

Zβ,ω
N (f) =

∑
A⊂ J1,NK×Z2

q(f)(A) ξ(A) , (4.9)

where we have set

q(f)(A) := Pf

(
A ⊂ {(i, Si)}i≥1

)
=

∑
x0∈Z2

f(x0)
k∏

i=1
qni−ni−1(xi − xi−1) , (4.10)
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with n0 = 0 by convention. Note that we have q(f)(∅) := 1 by definition; we also denote
q(A) = q(δ0)(A) for simplicity.

A simple choice for a proxy XN for Zβ,ω
N = Zβ,ω

N (0) is to take the first term in the chaos
expansion, namely

N∑
n=1

∑
x∈Z2

qn(x)ξn,x . (4.11)

This corresponds to the L2 projection of Zβ,ω
N on the linear subspace of L2 generated by the (ξn,x).

We refer for instance to [JL25, Section 6] where the functional (4.11) is used to show that the
martingale critical point is equal to 0 as soon as RN → ∞. In fact, one needs a slightly finer
strategy than simply use Chebyshev’s inequality to bound P̃(Ac

N ), but let us not dwell on details
here. The method can be pushed to show that Zβ,ω

N → 0 in probability as soon as σ2(β)RN → ∞.
(This is not optimal, since the point-to-plane partition function Zβ,ω

N is known to converge to 0
as soon as lim inf σ2(β)RN ≥ 1, see [CSZ17, Theorem 2.8].)

In [BL17] (and [BL18] for the disordered pinning model), the authors consider a more involved
functional, namely (a slightly modified version of) the k-th order term in the chaos expansion
(4.9) with f = δ0, that is ∑

A⊂ J1,NK×Z2,|A|=k

q(A) ξ(A) . (4.12)

They take k = kN → ∞ slowly (in fact kN = (log logN)2) to show that Zβ,ω
N → 0 in probability

as soon as lim inf σ2(β)RN > 1 (which is closer to the optimal result mentioned above). The
result of [BL17] is in fact stronger and the authors prove a bound on the free energy.

One could take an even more faithful approximation of Zβ,ω
N (f) than (4.12). A close to optimal

proxy would indeed be to keep in the chaos expansion (4.8) all orders 1 ≤ k ≤ logN , namely∑
A⊂ J1,NK×Z2,1≤|A|≤log N

q(f)(A) ξ(A) , (4.13)

since it bears a positive proportion of the variance of Zβ,ω
N (f) at criticality, i.e. when σ2(β)RN =

1+O( 1
log N ), see (2.6). However, this would make the analysis extremely technical: the calculations

in [BL17] are already difficult, so dealing with variance terms in (4.13) would quickly turn into
a computation nightmare.

A new approach: a coarse-grained version of the chaos expansion. Our new idea is
to introduce a coarse-graining on the intermediate scale Ñ = e−ηN (recall Proposition 4.6):
more precisely, to make expression (4.13) more manageable, we only consider subsets A with
time-width at most Ñ , and we further restrict the starting time of A to be larger than Ñ (to
forget about the initial condition) and smaller than N − Ñ . This leads to our proxy for Zβ

N (f):

X(f) :=
∑
A∈I

q(f)(A) ξ(A) with

I :=
{
A ⊂ J1, NK × Z2 : 1 ≤ |A| ≤ logN, width(A) ≤ Ñ , start(A) ∈ JÑ + 1, N − ÑK

} (4.14)

where for A = {(n1, x1), . . . , (nk, xk)} with 1 ≤ n1 < · · · < nk we have defined the quantities
start(A) := n1 and width(A) := nk − n1.

To give some more insight, let us explain why X(f) in (4.14) roughly corresponds to the
first (linear) term in a suitable coarse-grained version of the chaos expansion. Assuming for
simplicity that M := N/Ñ is an integer, we can write the Hamiltonian in (2.2) as a sum of terms
corresponding to time intervals of size Ñ :

Hβ,ω
N (S) =

M∑
j=1

Hβ,ω
j (S) with Hβ,ω

j (S) =
∑

n∈J(j−1)Ñ+1,jÑK

(βω(n, Sn) − λ(β)) ,
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so that we can write

Zβ,ω
N (f) = Ef

[
M∏

j=1
eHβ,ω

j (S)
]
.

Then, writing each term eHβ,ω
j (S) = 1 + (eHβ,ω

j (S) − 1) =: 1 + Ξj(S) and expanding the product,
we obtain a coarse-grained version of the chaos expansion:

Zβ,ω
N (f) = 1 +

M∑
j=1

Ef

[
Ξj(S)

]
+

∑
1≤j1<j2≤M

Ef

[
Ξj1(S) Ξj2(S)

]
+ · · · ,

where we omit higher-order terms to lighten notation. The inspiration for our proxy X(f) is
the first (linear) term

∑M
j=1 Ef

[
Ξj(S)

]
in this coarse-grained expansion (which may be viewed

as a generalization of the basic linear approximation (4.11) on the coarse-grained scale Ñ).
The actual choice (4.14) for our proxy corresponds to a slight modification of this idea, where
we consider a “sliding” strip of width Ñ . The restriction 1 ≤ |A| ≤ logN will be needed for
technical reasons, namely to obtain a good control on Ṽarf [X(f)].

4.4. Change of scale and measure: proof of Proposition 4.5. We start with a change of
scale for the starting point. To this purpose, we show an analogue of Lemma 3.7, except for the
truncated mean E[Zβ,ω

N (f) ∧ 1] rather than the fractional moment E[Zβ,ω
N (f)γ ].

Lemma 4.12 (Change of scale). For any A,B ∈ N with A ≤ B, we have

sup
f∈Mdisc

1 (
√

B)
E
[
Zβ,ω

N (f) ∧ 1
]

≤ 8 sup
f∈Mdisc

1 (
√

A)
E
[
Zβ,ω

N (f) ∧ B

A

]
(4.15)

The proof is a direct consequence of the following general lemma with K ≤ 4B
A , combined

with the same decomposition as in the proof of Lemma 3.7, see (3.8).

Lemma 4.13. Let (αi)1≤i≤K be non-negative numbers with
∑K

i=1 αi = 1, and let (Zi)1≤i≤K be
non-negative random variables. Then, if we set Z =

∑K
i=1 αiZi, we have

E[Z ∧ 1] ≤ 2 max
1≤i≤K

E
[
Zi ∧K

]
.

Proof. Define Ai := {Zi > K} and let B =
⋃K

i=1Ai. Then, bounding Z ∧ 1 ≤ 1 on the event B
and Z ∧ 1 ≤ Z on Bc, we have that

E[Z ∧ 1] ≤ P(B) + E[Z 1Bc ] ≤
K∑

i=1
P(Ai) +

K∑
i=1

αi E[Zi 1Ac
i
] ,

where we have used sub-additivity for the first term and Bc =
⋂K

i=1A
c
i ⊆ Ac

i for all i. Now,
since Ai = {Zi > K}, we have that P(Ai) ≤ 1

KE[Zi ∧K] by Markov’s inequality and E[Zi 1Ac
i
] ≤

E[Zi ∧K] by definition of Ac
i . Plugging this in the above gives that

E[Z ∧ 1] ≤
K∑

i=1

1
K

E[Zi ∧K] +
K∑

i=1
αi E[Zi ∧K] ,

which concludes the proof. □

We next use a change of measure argument to estimate the right-hand side of (4.15). We
state it both for the truncated mean E[Zβ,ω

N (f) ∧ N
Ñ

] and for the fractional moment E[Zβ,ω
N (f)γ ],

since the proof we have is simplified with respect to what we found in the literature.

Lemma 4.14 (Change of measure). Let Z ≥ 0 be a non-negative random variable. For any
L > 0 and any event A ∈ F , we have

E[Z ∧ L] ≤ LP(A) + E[Z1Ac ] .
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If additionally, E[Z] = 1 for any γ ∈ (0, 1), we have, for any event A ∈ F

E[Zγ ] ≤ P(A)1−γ + E[Z1Ac ]γ .

The above improves and simplifies [JL24, Lem. 2.2], which controls the moment of order 1/2;
in fact, we simplify its proof and get a general fractional moment (note that [JL25, Lem. 3.2]
also controls a fractional moment, but in a non-optimal way).

Proof. For the first inequality, we simply bound Z ∧ L ≤ L on A and Z ∧ L ≤ Z on Ac: this
gives the desired bound.

For the fractional moment, we write E[Zγ ] = E[Zγ1A] + E[Zγ1Ac ]. For the first term, we use
Hölder’s inequality to get E[Zγ1A] ≤ E[Z]γP(A)1−γ = P(A)1−γ . For the second term, we use
Jensen’s inequality to get E[Zγ1Ac ] ≤ E[Z1Ac ]γ . This concludes the proof. □

Proposition 4.5 is a simple combination of Lemma 4.12 (for (4.3)) with A = Ñ , B = N and of
Lemma 4.14 with L = N

Ñ
, Z = Zβ,ω

N (f) (for (4.4)), recalling that P̃f (Ac
N ) := E[Zβ,ω

N (f)1Ac
N

]. □

5. Second moment estimates

In this section, we prove Lemma 4.8 and Lemma 4.9, which mostly rely on second moment
estimates. (Proposition 4.10 requires third-moment-type estimates and we will prove it in
Section 6.) We also prove Proposition 2.10 in Section 5.3.

Throughout this section, we fix 1 ≤ η < ϑ < ∞ with ϑ− η ≥ 1, for N ∈ N we set Ñ = e−ηN ,
and we consider β = βN (ϑ) in the critical regime (2.6), or equivalently (2.10).

5.1. Preliminary notation and variance estimate. Let us rewrite our proxy X from (4.14)
in a way that will be more convenient for calculations: introducing the notation

Im :=
{
A ⊂ N × Z2 : start(A) = m, width(A) ≤ Ñ , 1 ≤ |A| ≤ logN

}
, (5.1)

we decompose X(f) into contributions of strips of width Ñ that start at time m:

X(f) =
N−Ñ∑

m=Ñ+1
Xm(f) with Xm(f) :=

∑
A∈Im

q(f)(A) ξ(A) . (5.2)

Remark 5.1 (Orthogonal projection). Denoting by ΠIm the orthogonal projection onto the linear
subspace of L2 generated by the ξ(A) with A ∈ Im, we can write Xm(f) = ΠImZ

β,ω
N (f) .

If (m, y) denotes the first point in A, we can write q(f)(A) = q
(f)
m (y) q(A′) with A′ = A− (m, y)

the set A translated by its first point (with this point being removed); see (4.10). This leads to
the following decomposition of Xm(f):

Xm(f) =
∑

y∈Z2

q(f)
m (y) ξm,y Ẑ

β,ω

Ñ
(m, y) , (5.3)

where, in view of (5.1), Ẑβ,ω

Ñ
(m, y) is a partition function starting from (m, y) with time-

width at most Ñ and restricted to chaos orders up to logN − 1. More precisely, denoting by
θm,yω = (ωn+m,x+y)n∈N,x∈Z2 the translated environment, we can write

Ẑβ,ω

Ñ
(m, y) = Ẑβ,θm,yω

Ñ
with Ẑβ,ω

Ñ
:=

∑
A⊂J1,ÑK×Z2,|A|≤log N−1

q(A)ξ(A) . (5.4)

We stress that Ẑβ,ω

Ñ
(m, y) depends only on (ξn,z : n ≥ m+ 1), hence it is independent of ξm,y.

Looking back at (5.3), it follows that the Xm(f) are (centered and) uncorrelated:

Cov(Xm(f) , Xm′(f)) = 1{m=m′} Var
[
Xm(f)

]
. (5.5)
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Similarly, recalling that E[(ξn,x)2] = σ2(β), we can write

Var
[
Xm(f)

]
=
∑

y∈Z2

q(f)
m (y)2 σ2(β)E

[
Ẑβ,ω

Ñ
(m, y)2] = q2m(f, f)σ2(β)E

[
(Ẑβ,ω

Ñ
)2] , (5.6)

where we have used translation invariance and introduced the collision kernel

q2m(f, g) :=
∑

x,x′∈Z2

f(x)q2m(x− x′)g(x′) =
∑

y∈Z2

q(f)
m (y) q(g)

m (y) , (5.7)

the last identity following from Chapman–Kolmogorov.
Notice that, by orthogonality of the ξ(A) in the definition (5.4) of Ẑβ,ω

Ñ
, we have

VÑ = VÑ (β,N) := E
[(
Ẑβ,ω

Ñ

)2] =
log N−1∑

k=0
σ2(β)k

∑
A⊆J1,ÑK×Z2 , |A|=k

q(A)2 . (5.8)

Then, we have the following estimate, whose proof is postponed to Section 5.3 below.

Lemma 5.2. Fix 1 ≤ η < ϑ < ∞ with ϑ−η ≥ 1. For N ∈ N set Ñ = e−ηN and take β = βN (ϑ)
in the critical regime (2.6), or equivalently (2.10). For N sufficiently large we have

c

ϑ− η
eϑ−η ≤ σ2(βN ) VÑ ≤ c′

ϑ− η
eϑ−η , (5.9)

where c, c′ ∈ (0,∞) are universal constants (we can take any c < π
4 e−2γ with γ the Euler–

Mascheroni constant and any c′ > π).

Remark 5.3. Even though we only need to apply Lemma 5.2 when ϑ is fixed, an inspection of
the proof shows that we could allow for ϑ = ϑN → ∞, as long as ϑN ≪

√
logN .

5.2. Variance and size-biased expectation: proof of Lemmas 4.8 and 4.9. Recall
the collision kernel q2m(f, g) :=

∑
x,x′ f(x)q2m(x− x′)g(x′), and introduce the weighted Green

function between time s ≤ t:

Gs,t(f, g) :=
t∑

m=s+1
q2m(f, g) . (5.10)

Since the Xm(f) are centered and uncorrelated (see (5.5)), recalling the computation (5.6), we
therefore end up with the following expression for Var[X(f)]:

Var[X(f)] =
N−Ñ∑

m=Ñ+1
Var

[
Xm(f)

]
= GÑ,N−Ñ (f, f)σ2(β) VÑ . (5.11)

As far as the size-biased expectation of X(f) is concerned, notice that by linearity we have
that Ẽf [X(f)] =

∑N−Ñ
m=Ñ+1 Ẽf [Xm(f)]. Recalling the definition (4.1) of Ẽf and the orthogonal

projection ΠIm from Remark 5.1 (recall that Xm(f) = ΠImZ
β,ω
N (f)), we can write

Ẽf [Xm(f)] = E[Xm(f)Zβ,ω
N (f)] = E[Xm(f) ΠImZ

β,ω
N (f)]

= E
[
Xm(f)2] = Var

[
Xm(f)

]
,

(5.12)

since Xm(f) is centered. In particular, we get that

Ẽf [X(f)] =
N−Ñ∑

m=Ñ+1
Var

[
Xm(f)

]
= GÑ,N−Ñ (f, f)σ2(β) VÑ = Var[X(f)] . (5.13)

We also have the following lemma, which controls GÑ,N−Ñ (f, f), uniformly for f ∈ Mdisc
1 (

√
Ñ).

Lemma 5.4. There are universal constants C,C ′ > 0 such that, for any 1 ≤ s < t

C log
( t
s

)
≤ inf

f∈Mdisc
1 (

√
s)
Gs,t(f, f) ≤ sup

f∈Mdisc
1 (

√
s)
Gs,t(f, f) ≤ C ′ log

( t
s

)
.
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Proof. The proof simply follows from the local central limit theorem. More precisely, there are
universal constants c, c′ such that, for any m ∈ N and z ∈ Z2 even (i.e. with z1 + z2 even) such
that |z| ≤ 2

√
m, we have c

m ≤ q2m(z) ≤ c′

m . In particular, for m > s we get that

c

m
≤ inf

|x|,|x′|≤
√

s
x−x′ even

q2m(x− x′) ≤ sup
|x|,|x′|≤

√
s

x−x′ even

q2m(x− x′) ≤ c′

m
, (5.14)

from which one easily deduces that c
2m ≤ q2m(f, f) ≤ c′

m uniformly for f ∈ Mdisc
1 (

√
s). Summing

over m ∈ Js+ 1, tK gives the desired conclusion. □

Combining the bounds in Lemmas 5.2 and 5.4, the formulas (5.11)-(5.13) then yield that

cC log
(N
Ñ

− 1
) eϑ−η

ϑ− η
≤ inf

f∈Mdisc
1 (

√
Ñ)

Ẽf [X(f)] ≤ sup
f∈Mdisc

1 (
√

Ñ)
Var[X(f)] ≤ C ′c′ log

(N
Ñ

) eϑ−η

ϑ− η
,

which concludes the proofs of Lemmas 4.8 and 4.9. □

Remark 5.5. Let us stress that since we have Ẽf [X(f)] = Var[X(f)], going back to Lemma 4.7
we get

P(AN (f)) ≤ 4
Var[X(f)] = 4

GÑ,N−Ñ (f, f)σ2(βN ) VÑ

.

The role of Lemmas 5.2 and 5.4 is simply to make this bound more explicit — in fact, only lower
bounds on σ2(βN )VÑ and inff∈Mdisc

1
GÑ,N−Ñ (f, f) are actually needed here.

5.3. Second moment estimates: proof of Lemma 5.2 and Proposition 2.10. Before we
start the proofs, let us introduce some further notation and useful estimate. We define

u(n) :=
∑

x∈Z2

qn(x)2 = q2n(0) = P(S2n = 0) , (5.15)

so that RN =
∑N

n=1 u(n). We recall that by (2.5)

πRN = logN + α+ o(1), α := γ + 4 log 2 − π ≈ 0.208 . (5.16)

(In fact, we have that 0 ≤ o(1) ≤ π
N .)

For I = {i1, . . . , ik} with i1 < · · · < ik, we also set

u(I) :=
k∏

j=1
u(ij − ij−1) ,

with by convention i0 = 0, and u(∅) = 1. Let us also introduce, for n ≥ 2, i.i.d. random variables
T (n), T

(n)
1 , T

(n)
2 , . . . taking values in {1, . . . , n} with

P(T (n) ≤ j) = Rj

Rn
1{1,...,n}(j) .

In particular, we have P(T (n) = j) = u(j)
Rn

1{1,...,n}(j). Therefore, we can write

∑
I⊆J1,nK , |I|=k

u(I) = (Rn)k P
(
τ

(n)
k ≤ n

)
with τ

(n)
k := T

(n)
1 + · · · + T

(n)
k .
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5.3.1. Proof of Lemma 5.2. To lighten notation, assume for simplicity that ⌊logN⌋ is used where
needed. Summing over the spatial coordinates in the definition (5.8) of VÑ , we have that

VÑ =
log N−1∑

k=0
σ2(β)k

∑
I⊆J1,ÑK , |I|=k

u(I) =
log N−1∑

k=0

(
σ2(β)RÑ

)kP
(
τ

(Ñ)
k ≤ Ñ

)
.

Bounding P(τ (Ñ)
k ≤ Ñ) ≤ 1 and P(τ (Ñ)

k ≤ Ñ) ≥ P(τ (Ñ)
log N ≤ Ñ) and summing the geometric sum,

we therefore get that

(σ2(β)RÑ )log N − 1
σ2(β)RÑ − 1 P

(
τ

(Ñ)
log N ≤ Ñ

)
≤ VÑ ≤

(σ2(β)RÑ )log N − 1
σ2(β)RÑ − 1 .

Notice that log Ñ = logN − η ≥ 1
2 logN for N large enough (in fact for N ≥ e2η), so we can

bound logN ≤ 2 log Ñ and then use [CSZ19b, Proposition 1.3] to get that

P
(
τ

(Ñ)
log N ≤ Ñ

)
≥ P

(
τ

(Ñ)
2 log Ñ

≤ Ñ
)

−−−−−→
N→∞

p > 0 ,

where p = P(Y2 ≤ 1) is a universal constant related to the Dickman subordinator (Yt)t≥0. A
direct computation using the density of Y2 [CSZ19b, Theorem 1.1] shows that p = 1

2e−2γ ≈ 0.158.
All together, to prove our goal (5.9), we only need to get upper and lower bounds on σ2(β)RÑ −1
and (σ2(β)RÑ )log N − 1 as N → ∞, when we fix β = βN in the critical regime (2.10).

First of all, we can use (5.16) and the fact that Ñ = e−ηN to get that RÑ −RN = − η
π + o(1)

as N → ∞. Hence, for β = βN satisfying (2.10), we have that

σ2(βN )RÑ − 1 = RÑ

RN − ϑ+o(1)
π

− 1 =
ϑ+o(1)

π − η
π + o(1)

RN − ϑ+o(1)
π

= (1 + o(1))
ϑ−η

π

RN
,

where for the last inequality we note that o(1) = o(ϑ− η) since ϑ− η ≥ 1. In particular, using
also that σ2(βN )RN = 1 + o(1) again by (2.10), we get that as N → ∞

σ2(βN )
σ2(βN )RÑ − 1 = (1 + o(1)) π

ϑ− η
.

On the other hand, using again RÑ = RN − η
π + o(1) and (2.10), we get as N → ∞

σ2(βN )RÑ = RÑ

RN − ϑ+o(1)
π

=
1 − η

πRN
+ o(1)

RN

1 − ϑ
πRN

+ o(1)
RN

= e
ϑ−η+o(1)

πRN .

Taking the logN power and recalling that πRN ∼ logN as N → ∞, we get that

(σ2(βN )RÑ )log N = (1 + o(1)) eϑ−η .

Gathering the previous estimates, we therefore get that as N → ∞

(1 + o(1))
π
2 e−2γ

ϑ− η
(eϑ−η − 1) ≤ σ2(βN ) VÑ ≤ (1 + o(1)) π

ϑ− η
(eϑ−η − 1) ,

which concludes the proof of Lemma 5.2, using also that 1
2eϑ−η ≤ eϑ−η−1 ≤ eϑ−η for ϑ−η ≥ 1. □

5.3.2. Proof of Proposition 2.10. First of all, starting from the chaos expansion (4.9), we can
decompose over the starting point of non-empty subsets A: we can write, in analogy with (5.2),

Zβ,ω
N (f) − E

[
Zβ,ω

N (f)
]

=
∑

x∈Z2

f(x)
N∑

m=1

∑
A⊂Jm,NK

start(A)=m

q(x)(A)ξ(A) .

Notice that here we have subtracted the contribution of A = ∅, i.e. E[Zβ,ω
N (f)]. Now, note that

if (m, y) is the first point of A we can again write q(x)(A) = qm(y−x)q(A′), with A′ = A− (m, y)
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the set A translated by its first point (with this point being removed). Hence, decomposing over
(m, y) similarly as in (5.3), we get by orthogonality and translation invariance that

Var[Zβ,ω
N (f)] =

N∑
m=1

∑
y∈Z2

q(f)
m (y)q(f)

m (y)σ2(β)E
[
Zβ,ω

N−m(0)2] .
By Chapman–Kolmogorov, notice that

∑
y∈Z2 q

(f)
m (y)2 = q2m(f, f), as in (5.7). Using that

E
[
Zβ,ω

N−m(0)2] ≤ E
[
Zβ,ω

N (0)2] and recalling the definition (5.10) of the weighted Green function
(writing GN (f, f) = G0,N (f, f) for simplicity), we therefore end up with the following upper
bound on the variance:

Var[Zβ,ω
N (f)] ≤ GN (f, f)σ2(β)E

[
Zβ,ω

N (0)2] .
Now, for f = Uρ

√
N , we get that

GN (Uρ
√

N ,Uρ
√

N ) = 1
|B(ρ

√
N) ∩ Z2|2

N∑
m=1

∑
x,x′∈B(ρ

√
N)∩Z2

q2m(x− x′) ≤ C

ρ2 ,

where we first used that
∑

x∈Z2 q2m(x − x′) = 1 and then the fact that the cardinality of
B(ρ

√
N) ∩ Z2 is of order ρ2N .

All together, we only need to get an upper bound on σ2(β)E[Zβ,ω
N (0)2], which is equal to

σ2(β)
N∑

k=0
σ2(β)k

∑
I⊆J1,NK , |I|=k

u(I) = σ2(β)
N∑

k=0

(
σ2(β)RN

)kP
(
τ

(N)
k ≤ N

)
. (5.17)

We now bound the probability appearing in the sum thanks to Chernoff’s bound: for any λ > 0,

P
(
τ

(N)
k ≤ N

)
≤ eNλ E

[
exp

(
−λT (N)

)]k
. (5.18)

To estimate the Laplace transform of T (N), we use the following Tauberian theorem, from
[BGT89, Thm. 3.9.1].

Lemma 5.6. For a sequence (u(n))n∈N of positive numbers, define the quantities

R(m) :=
m∑

n=1
u(n) and R̂(λ) :=

+∞∑
n=1

e−λnu(n) .

If there exist constants a, b > 0 such that aR(m) = logm+ b+ o(1) as m → ∞, then

aR̂(λ) = log
( 1
λ

)
+ b− γ + õ(1) , (5.19)

as λ → 0, where γ is the Euler–Mascheroni constant.

Let ε ∈ (0, 1) and let us set λ = λ(β) such that

R̂(λ) := 1
σ2(β) − ε

π
.

With this choice of λ, we have

E
[
exp

(
−λT (N)

)]
= 1
RN

N∑
n=1

e−λnu(n) ≤ R̂(λ)
RN

=
1 − ε

πσ
2(β)

σ2(β)RN
.

Using (5.18) and plugging this into (5.17), we get

σ2(β)E[Zβ,ω
N (0)2] ≤ eNλσ2(β)

∞∑
k=0

(
1 − ε

π
σ2(β)

)k
≤ π

ε
eNλ . (5.20)
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It remains to estimate Nλ. Note that the assumptions of Lemma 5.6 are verified with a = π

and b = α, see (5.16). As a corollary, by (5.19), we get log λ = − π
σ2(β) + ε + α − γ + o(1) as

β ↓ 0. Recalling also (2.14), we get

Nλ = eεeα−γ+o(1)Ne− π
σ2(β) ≤ e2ε eϑ(N,β)−γ as β ↓ 0 , N → ∞ . (5.21)

Similarly, if we restrict β ∈ (0, 1), by (5.19) we can bound log λ ≤ − π
σ2(β) + ε+ α− γ + c for a

suitable c ∈ (0,∞), therefore again by (2.14) we get, for a suitable C ∈ (0,∞),

Nλ ≤ eεeα−γ+cNe− π
σ2(β) ≤ C eϑ(N,β) for all β ∈ (0, 1), N ∈ N . (5.22)

Plugging (5.22) into (5.20), we get the uniform bound (2.28). Similarly, plugging (5.21) into
(5.20), we obtain

σ2(β)E[Zβ,ω
N (0)2] ≤ π

ε
exp

(
e2ε eϑ(N,β)−γ) ≤ exp

(
e3ε eϑ(N,β)−γ) ,

where the second inequality holds eventually, if we assume that ϑ(N, β) → ∞. Since ε > 0 is
arbitrary, this completes the proof of (2.29), hence of Proposition 2.10. □

6. Control of the size-biased variance

In this section, we control the size-biased variance, i.e. we prove Proposition 4.10. Throughout
this section, we fix 1 ≤ η < ϑ < ∞ with ϑ− η ≥ 1, for N ∈ N we set Ñ = e−ηN and we consider
β = βN (ϑ) in the critical regime (2.6), or equivalently (2.10).

First of all, recalling (5.2), we write Ṽarf [X(f)] as the sum of size-biased covariances, that
we split into two parts, that we call diagonal and off-diagonal terms:

Ṽarf [X(f)] =
N−Ñ∑

m1,m2=Ñ+1
|m1−m2|≤Ñ

C̃ovf

[
Xm1(f), Xm2(f)

]
+

N−Ñ∑
m1,m2=Ñ+1
|m1−m2|>Ñ

C̃ovf

[
Xm1(f), Xm2(f)

]
.

The proof reduces to proving the following estimates.

Lemma 6.1 (Diagonal terms). There is a universal constant C > 0 such that

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)

N−Ñ∑
m1,m2=Ñ+1
|m1−m2|≤Ñ

C̃ovf

[
Xm1(f), Xm2(f)

]
≤ C

( 1
ϑ− η

eϑ−η
)2
. (6.1)

Lemma 6.2 (Off-diagonal terms). There is a universal constant C > 0 such that, for any
m1,m2 ∈ JÑ + 1, N − ÑK with m2 −m1 > Ñ , we have

sup
f∈Mdisc

1 (
√

Ñ)
C̃ovf

[
Xm1(f), Xm2(f)

]
≤ C

(m2)2

( 1
ϑ− η

eϑ−η
)2
.

As a consequence, the off-diagonal term verifies, uniformly in f ∈ Mdisc
1 (

√
Ñ),

N−Ñ∑
m1,m2=Ñ+1
|m1−m2|>Ñ

C̃ovf

[
Xm1(f), Xm2(f)

]
≤ 2C

( 1
ϑ− η

eϑ−η
)2 ∑

Ñ<m1<m2<N

1
(m2)2 ≤ 2C

( 1
ϑ− η

eϑ−η
)2
η ,

where for the last inequality we have used that there are at most m2 terms in the sum over m1 so
that the sum is bounded by

∑N−1
m2=Ñ+1

1
m2

≤ log(N
Ñ

) = η. Combining these two results concludes
the proof of Proposition 4.10. □

It therefore remains to prove Lemma 6.1 and Lemma 6.2. We first deal with the off-diagonal
term, i.e. Lemma 6.2, since it is a bit less technical than the diagonal term.
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6.1. Off-diagonal terms: proof of Lemma 6.2. Let m2 > m1 > Ñ with m2 − m1 > Ñ .
Then, recalling the expression (5.2) for Xm(f) and expanding the covariance, we can write
explicitly:

C̃ovf

[
Xm1(f), Xm2(f)

]
=

∑
A1∈Im1 ,A2∈Im2

q(f)(A1)q(f)(A2) C̃ovf

[
ξ(A1), ξ(A2)

]
.

Now, since the sets A1, A2 are disjoint (because the strips Jm1,m1 + ÑK and Jm2,m2 + ÑK are
disjoint), we get that

C̃ovf

[
ξ(A1), ξ(A2)

]
= Ẽf [ξ(A1 ∪A2)] − Ẽf [ξ(A1)]Ẽf [ξ(A2)]

= σ2(β)|A1|+|A2|(q(f)(A1 ∪A2) − q(f)(A1)q(f)(A2)
)
,

using also that
Ẽf [ξ(A)] = E[Zβ,ω

N (f)ξ(A)] = σ2(β)|A|q(f)(A) , (6.2)

recalling (4.9). All together, we have that C̃ovf [Xm1(f), Xm2(f)] is equal to∑
A1∈Im1 ,A2∈Im2

σ2(β)|A1|+|A2|q(f)(A1)q(f)(A2)
(
q(f)(A1 ∪A2) − q(f)(A1)q(f)(A2)

)
.

Denoting (ℓ1, z1) the last point of A1 and (m2, y2) the first point of A2, we can write

q(f)(A1 ∪A2) = q(f)(A1)qm2−ℓ1(y2 − z1)q(A′
2) and q(f)(A2) = q(f)

m2 (y2)q(A′
2) ,

with A′
2 = A2 − (m2, y2) the set A2 translated by its first point (with this point being removed).

Hence, we have

q(f)(A1)q(f)(A2)
(
q(f)(A1 ∪A2) − q(f)(A1)q(f)(A2)

)
= q(f)(A1)2q(f)

m2 (y2)
(
qm2−ℓ1(y2 − z1) − q(f)

m2 (y2)
)
q(A′

2)2 .

Summing over A′
2, since

∑
A′

2
σ2(β)|A2|q(A′

2)2 = σ2(β) VÑ by definition of (4.9), we obtain that
C̃ovf [Xm1(f), Xm2(f)] is equal to

∑
A1∈Im1

σ2(β)|A1|q(f)(A1)2
( ∑

y2∈Z2

q(f)
m2 (y2)

(
qm2−ℓ1(y2 − z1) − q(f)

m2 (y2)
))

σ2(β)VÑ

=
∑

A1∈Im1

σ2(β)|A1|q(f)(A1)2 (q(f)
2m2−ℓ1

(z1) − q2m2(f, f)
)
σ2(β)VÑ ,

(6.3)

where we used Chapman-Kolmogorov (see also (5.7)) and we also recall that (ℓ1, z1) is the last
point of A1.

Note that ℓ1 ≤ m1 + Ñ < m2, by definition of Im. Now, let us show that uniformly for
(ℓ1, z1) ∈ N × Z2 with Ñ ≤ m1 ≤ ℓ1 ≤ m1 + Ñ ≤ m2, uniformly for f ∈ Mdisc

1 (
√
Ñ), we have

q
(f)
2m2−ℓ1

(z1) − q2m2(f, f) ≤ C
m1

(m2)2 . (6.4)

First of all, since q2n(x) is maximized at x = 0, we have that

q
(f)
2n (z) =

∑
x∈Z2

f(x)q2n(z − x) ≤
∑

x∈Z2

f(x)q2n(0) = q2n(0) .

Hence, we simply estimate

q
(f)
2m2−ℓ1

(z1) − q2m2(f, f) ≤
(
q2m2−ℓ1(0) − q2m2(0)

)
+
(
q2m2(0) − q2m2(f, f)

)
.

where we assume for simplicity that ℓ1 is even (the odd case is similar). We now control both
terms separately.
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• For the first term, since q2n(0) = 1
π

1
n +O( 1

n2 ) as n → ∞ by the local CLT (see e.g. [LL10,
Thm. 2.1.1], in particular (2.5)), for ℓ1 ≤ m2 (so that 2m2 − ℓ1 ≥ m2) we have

q2m2−ℓ1(0) − q2m2(0) = 1
π

( 1
m2 − ℓ1/2

− 1
m2

)
+O

( 1
(m2)2

)
≤ c

ℓ1
m2

2
≤ 2c m1

m2
2
,

where the last inequality comes from the fact that ℓ1 ≤ m1 + Ñ ≤ 2m1 since m1 ≥ Ñ .
• For the second term, recalling the definition (5.7) of q2m2(f, f), we start by writing, for
f ∈ Mdisc

1 (
√
Ñ)∣∣q2m2(0) − q2m2(f, f)

∣∣ ≤
∑

|x|,|x′|≤
√

Ñ

f(x)f(x′)
∣∣q2m2(0) − q2m2(x− x′)

∣∣
≤ sup

|x|≤2
√

Ñ

∣∣q2m2(0) − q2m2(x)
∣∣ .

Then, again by the local CLT, we get that∣∣q2m2(0) − q2m2(x)
∣∣ ≤ 1

2πm2

∣∣1 − e−|x|2/m2
∣∣+O

( 1
(m2)2

)
≤ c

1 + |x|2

(m2)2 ≤ 2c m1
(m2)2 ,

uniformly for |x| ≤ 2
√
Ñ ≤ 2√

m1. This concludes the proof of (6.4).
Plugging (6.4) back into (6.3) (notice that all the terms are non-negative), we get that

C̃ovf

[
Xm1(f), Xm2(f)

]
≤ C

m1
(m2)2 σ

2(β)VÑ

∑
A1∈Im1

σ2(β)|A1|q(f)(A1)2 .

Let us notice that the last sum is exactly Ẽf [Xm1(f)], recalling (5.2) together with (6.2). Thus,
plugging the expression (5.12) for Ẽf [Xm(f)] (recall (5.6)), we get that

C̃ovf

[
Xm1(f), Xm2(f)

]
≤ C

m1
(m2)2 q2m1(f, f)

(
σ2(β)VÑ

)2 ≤ C ′ 1
(m2)2

(
σ2(β)VÑ

)2
, (6.5)

where we have also used (5.14) to get that q2m1(f, f) ≤ c′

m1
uniformly in f ∈ Mdisc

1 (
√
Ñ). This

concludes the proof of Lemma 6.2 thanks to Lemma 5.2. □

Remark 6.3. Echoing Remark 5.5, notice that the bound (6.5) is again very general and does
not rely on the specific value of σ2(β)VÑ . In fact, combining (6.5) with (5.13) and Lemma 5.4,
the contribution of the off-diagonal part of Ṽarf [X(f)] in the bound for P̃f (AN (f)) given in
Lemma 4.7 is

1
Ẽf [X(f)]2

N−Ñ∑
m1,m2=Ñ+1
|m1−m2|>Ñ

C̃ovf

[
Xm1(f), Xm2(f)

]
≤ C

(log N
Ñ

)2

∑
Ñ≤m1<m2≤N

1
(m2)2 ≤ C ′

log N
Ñ

.

In particular, this is small irrespective of the value of VÑ (uniformly in f ∈ Mdisc
1 (

√
Ñ)), provided

that N/Ñ is large.

6.2. Diagonal term: proof of Lemma 6.1. Let us introduce intervals of length 2Ñ :

Ij := J(j − 1)Ñ + 1, (j + 1)ÑK for j = 2, 3, . . . ,

in order to bound the diagonal term as follows:

N−Ñ∑
m1,m2=Ñ+1
|m1−m2|≤Ñ

C̃ovf

[
Xm1(f), Xm2(f)

]
≤

N
Ñ

−1∑
j=2

{ ∑
m1,m2∈Ij

Ẽf

[
Xm1(f)Xm2(f)

]}
. (6.6)
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We will focus on the terms in brackets, showing that there exists a universal constant C > 0
such that, for N large enough, the following bound holds:

∀j ≥ 2:
∑

m1,m2∈Ij

Ẽf

[
Xm1(f)Xm2(f)

]
≤ εj,N (f) + C

j2

( 1
ϑ− η

eϑ−η
)2
, (6.7)

where the terms εj,N (f) satisfy

lim sup
N→∞

sup
f∈Mdisc

1 (
√

Ñ)

N
Ñ

−1∑
j=2

εj,N (f) = 0 . (6.8)

These relations, when plugged into (6.6), yield (6.1), thus completing the proof of Lemma 6.1.
It remains to prove (6.7) and (6.8). We recall that

Ẽf [Xm1(f)Xm2(f)] = E[Xm1(f)Xm2(f)Zβ,ω
N (f)] .

Using the representation (5.2) of Xm(f) and the decomposition (4.9) of Zβ,ω
N (f), we get that∑

m1,m2∈Ij

Ẽf

[
Xm1(f)Xm2(f)

]
=

∑
A1,A2∈

⋃
m∈Ij

Im

∑
A3⊆J1,NK×Z2

σ(β)|A1|+|A2|+|A3| q(f)(A1)q(f)(A2)q(f)(A3)E
[
ξ(A1)ξ(A2)ξ(A3)

]
. (6.9)

Since the ξn,x’s are centered and independent, for E[ξ(A1)ξ(A2)ξ(A3)] to be non-zero each
point in A1 ∪A2 ∪A3 must belong to at least two sets among A1, A2, A3. This means that, with
A1△A2 := (A1 \A2) ∪ (A2 \A1) the symmetric difference of A1 and A2, we must have

A1△A2 ⊆ A3 ⊆ A1 ∪A2 , i.e. A3 = (A1△A2) ∪D for some D ⊆ A1 ∩A2 .

The terms with A3 ⊋ A1△A2, i.e. D ̸= ∅, correspond to triple intersections (points which
belong to all three sets A1, A2, A3).

We define εj,N (f) to be the contribution to (6.9) given by triple intersections, i.e. the restriction
of the sum to A3 ⊋ A1△A2. Since Ij ⊆ JÑ + 1, NK for 2 ≤ j ≤ N

Ñ
− 1, we can bound

N
Ñ

−1∑
j=2

εj,N (f)

≤
∑

A1,A2,A3⊆JÑ+1,NK×Z2

A1,A2 ̸=∅, A3⊋A1△A2

σ(β)|A1|+|A2|+|A3| q(f)(A1)q(f)(A2)q(f)(A3)
∣∣E[ξ(A1)ξ(A2)ξ(A3)

]∣∣ . (6.10)

We now prove that (6.8) holds, that is triple intersections give a negligible contribution. To this
purpose, we exploit [CSZ20, Proposition 4.3] to prove the following.

Lemma 6.4 (No triple intersections). Fix 0 ≤ η < ϑ < ∞. For N ∈ N, set Ñ = e−ηN and
consider β = βN (ϑ) in the critical regime (2.6). Then (6.8) holds.

Proof. We will compare (6.10) with the centered third moment E[(Zβ,ω

N−Ñ
(f̂) − E[Zβ,ω

N−Ñ
(f̂)])3] of

a partition function with time horizon N − Ñ and with initial condition f̂ given by

f̂(z) = f̂Ñ (z) := sup
f∈Mdisc

1 (
√

Ñ)
q

(f)
Ñ

(z) . (6.11)

Indeed, recalling (4.9), we can upper bound E[(Zβ,ω

N−Ñ
(f̂) − E[Zβ,ω

N−Ñ
(f̂)])3] by∑

A′
1,A′

2,A′
3⊆J1,N−ÑK×Z2

A′
1,A′

2,A′
3 ̸=∅

σ(β)|A′
1|+|A′

2|+|A′
3|q(f̂)(A′

1) q(f̂)(A′
2) q(f̂)(A′

3)
∣∣E[ξ(A′

1)ξ(A′
2)ξ(A′

3)
]∣∣ . (6.12)
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We can cast (6.10) in this form applying Chapman-Kolmogorov at time Ñ , that is, writing

q(f)(Ai) =
∑

z∈Z2

q
(f)
Ñ

(z) q(z)(A′
i) ≤ q(f̂)(A′

i) with A′
i := Ai − (Ñ , 0) , i = 1, 2, 3 .

This means that the right hand side of (6.10) can be bounded, uniformly over f ∈ Mdisc
1 (

√
Ñ),

by (6.12) restricted to the terms with triple intersections A3 ⊋ A1△A2.
The latter contribution, denoted by MN,T

0,1−e−η (φ, 1), was studied in [CSZ19b] (see eq. (4.4) and
Proposition 4.3) and shown to vanish as N → ∞, under the assumption that f̂(x) ≤ C

N φ
(

x√
N

)
for

some continuous and compactly supported function φ : R2 → [0,∞). Our function f̂ from (6.11)
satisfies fÑ (x) ≤ C

N φ
(

x√
N

)
with φ(x) = e−c|x|2 (for some c = cη > 0, by the local CLT): note

that φ is bounded, but not compactly supported. However, the relevant property which is
actually used in the proof of [CSZ19b, Proposition 4.3] is that

∑
x∈Z2

1
Nφ

(
x√
N

)
remains bounded

as N → ∞ (see the proof of Lemma 7.1 and the first display on page 427 in [CSZ19b]). This is
clearly satisfied for our choice of φ, which completes the proof. □

We can henceforth focus on the sum (6.9) restricted to A3 = A1△A2 (no triple intersections).
Our goal is to bound it by the last term in (6.7).

We make some manipulations on (6.9). Since subsets Ai ∈ Im have width up to Ñ , see (5.1),
and since Ij are intervals of width 2Ñ , it follows that the sum over Ai ∈

⋃
m∈Ij

Im can be
enlarged to Ai ⊆ Ĩj × Z2 for the interval Ĩj of width 3Ñ given by

Ĩj := Ij ∪ Ij+1 = J(j − 1)Ñ + 1, (j + 2)ÑK . (6.13)

Since |A1| + |A2| + |A1△A2| ≤ 2(|A1| + |A2|), decomposing according to k = |A1| and k′ = |A2|
we can then bound (6.9) restricted to pairwise intersections A3 = A1△A2 as follows:

log N∑
k,k′=1

∑
A1,A2⊆Ĩj×Z2

|A1|=k, |A2|=k′

σ2(β)k+k′
q(f)(A1) q(f)(A2) q(f)(A1△A2)

≤
log N∑

k,k′=1

(
σ2(β)R3Ñ

)k+k′
M(f)

Ĩj
(k, k′) , (6.14)

where for an interval I we define the normalized quantity (note that for I = Ĩj we have |I| = 3Ñ)

M(f)
I (k, k′) :=

∑
A1,A2⊆I×Z2

|A1|=k, |A2|=k′

q(f)(A1) q(f)(A2) q(f)(A1△A2)
(R|I|)k+k′ . (6.15)

To derive (6.14), we also used that σ2(β)R3Ñ ≥ 1 for large N , as we now check. Recall that
we take β = βN (ϑ) in the critical regime (2.6). Applying (2.5), since Ñ = e−ηN , we have
R3Ñ/RN = 1 + (log 3 − η + o(1))/ logN which yields, as N → ∞,

σ2(β)R3Ñ =
(

1 + ϑ+ o(1)
logN

)(
1 + log 3 − η + o(1)

logN

)
= 1 + ϑ− η + log 3 + o(1)

logN , (6.16)

which is larger than 1 for large N , since ϑ ≥ η by assumption.
We now use the following claim, that we prove below.

Claim 6.5. There is a constant C > 0 such that, for Ñ large enough, we have

∀j ≥ 2: sup
k,k′≥1

sup
f

M(f)
Ĩj

(k, k′) ≤ C

j2 (R3Ñ )2 , (6.17)

where the second sup ranges over all probability densities on Z2.
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With Claim 6.5 at hand, since σ2(β)R3Ñ ≤ 1 + ϑ−η+2
log N ≤ exp(ϑ−η+2

log N ) for large N , see (6.16),
we obtain that, uniformly in f ∈ M1(

√
Ñ), the right hand side of (6.14) is bounded by

C

j2(R3Ñ )2

(log N∑
k=1

ek ϑ−η+2
log N

)2

≤ C

j2(R3Ñ )2

(
eϑ−η+2

ϑ−η+2
log N

)2

≤ C ′

j2

(
eϑ−η

ϑ− η

)2

,

where in the first inequality we summed the geometric series (bounding ex − 1 ≥ x in the
denominator) and in the second inequality we exploited (2.5) and bounded ϑ− η + 2 ≥ ϑ− η.
This yields our goal (6.7) and concludes the proof of Lemma 6.1. □

6.2.1. Proof of Claim 6.5. The quantity M(f)
I (k, k′) that we need to estimate is close to (the

contribution of pairwise intersections to) the third moment of the partition function, similarly
to the proof of Lemma 6.4. We cannot apply results from [CSZ20] out of the box, because of
the local constraints given by the fixed values of k, k′, but we can still adapt (and simplify) the
arguments in [CSZ20] to our context.

Recalling (6.15), we split M(f)
I (k, k′) in two parts, say

M(f)
I (k, k′) = M(f)

I,=(k, k′) + M(f)
I, ̸=(k, k′) ,

corresponding to the contributions of the terms with A1 = A2 and A1 ̸= A2, respectively. We
will show that both contributions satisfy the bound (6.17).

We start with M(f)
I,=(k, k′), so we restrict (6.15) to A1 = A2 (this is only possible for k = k′).

Listing the elements of A1 = A2 = {(mi, zi)}1≤i≤k by increasing time, we can write

q(f)(A1) q(f)(A2) q(f)(A1△A2) = q(f)(A1)2 = q(f)(m1, z1)2
k∏

i=2
q(mi −mi−1, zi − zi−1)2 . (6.18)

Renaming (a, x) = (m1, z1) and (b, y) = (mk, zk) the first and last point of A1, and summing
over the inner points (mi, zi) for 2 ≤ i ≤ k − 1, the product in (6.18) yields the space-time
convolution Q∗(k−1)(b− a, y − x), where we define the probability mass function on N × Z2

Q(m, z) := q(m, z)2

R3Ñ

1{1≤m≤3Ñ} . (6.19)

(By convention, Q∗0(m, z) = 1m=01z=0.) Looking back at (6.15), we can write the contribution
of A1 = A2 as

M(f)
I,=(k, k′) = 1{k=k′}

∑
a≤b∈I
x,y∈Z2

q(f)(a, x)2

R3Ñ

Q∗(k−1)(b− a, y − x) . (6.20)

Note that
∑

y∈Z2 Q∗(k−1)(b− a, y − x) = K∗(k−1)(b− a) where we define

K(m) =
∑

z∈Z2

Q(m, z) := u(m)
R3Ñ

1{1≤m≤3Ñ} , (6.21)

recalling also (5.15). (Again, by convention, K∗0(m) = 1m=0.) We now use the following basic
estimate: there exits a constant ĉ > 1 such that

q(m, z) ≤ sup
y∈Z2

q(m, y) ≤ ĉ u(m) , hence by (4.7) also q(f)(m, z) ≤ ĉ u(m) , (6.22)

which we apply to one instance of q(f)(a, x) in (6.20). Since
∑

x∈Z2 q(f)(a, x) = 1, we obtain

sup
k,k′≥1

sup
f

M(f)
I,=(k, k′) = sup

k≥1

∑
a≤b∈I

ĉ
u(a)
R3Ñ

K∗(k−1)(b− a) ≤
∑
a∈I

ĉ
u(a)
R3Ñ

,
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where we used the fact that
∑

m∈NK
∗(k−1)(m) = 1. When we consider I = Ĩj from (6.13), we

can bound u(a) ≤ c
a ≤ c

(j−1)Ñ by (5.15) and the local CLT. Since |Ĩj | = 3Ñ , we have shown that

sup
k,k′≥1

sup
f

M(f)
I,=(k, k′) ≤ 3ĉ

(j − 1)R3Ñ

,

which yields our goal (6.17) for j ≥ 2.

We next consider the contribution M(f)
I, ̸=(k, k′) to (6.15) given by terms A1 ̸= A2, which is

more involved. We perform a change of variables: setting A3 := A1△A2, we define the disjoint
subsets

C12 := A1 ∩A2 , C23 := A2 ∩A3 = A2 \A1 , C13 := A1 ∩A3 = A1 \A2 ,

so that we can write

q(f)(A1) q(f)(A2) q(f)(A1△A2) = q(f)(C12 ⊔ C13) q(f)(C12 ⊔ C23) q(f)(C13 ⊔ C23) . (6.23)

We will derive an explicit expression for this product according to “interaction diagrams”, see
Figure 1 for a graphical illustration. To each space-time point (m, z) ∈ A1 ∪A2 = C13 ∪C23 ∪C12
we associate a label d = ij ∈ {12, 23, 13} indicating the set to which it belongs, i.e., (m, z) ∈ Cij .
This partitions the set C13 ∪C23 ∪C12 into stretches of points with common label ij, describing
the “interaction” between the random walk configurations Ai and Aj (since Cij = Ai ∩Aj).

jÑ (j + 3)Ñ

(a1, x1)
(b1, y1)

(a2, x2) (b2, y2)

(a3, x3)

(b3, y3)

(a4, x4)
(b4, y4)

(a5, x5)
(b5, y5)

d1=12

d2=23

d3=13

d4=12

d5=13

Figure 1. Illustration of an “interaction diagram”. Pairwise interactions are grouped in stretches
of space-time points belonging to the same set Cij , i.e. with the same label d = ij. A labeled diagram
corresponds to a collections of stretches, where each stretch has a label dp, a size (cardinality) kp and
ordered starting and ending points (ap, xp), (bp, yp). In the above diagram, there are ℓ = 5 stretches.

To give a formal definition of the stretches, we order elements of C13 ∪C23 ∪C12 by increasing
time, obtaining a list (mi, zi)1≤i≤|C13∪C23∪C12|. For the first stretch, we let (a1, x1) = (m1, z1) =
min{C13 ∪ C23 ∪ C12} be its first point, to which we associate label d1 ∈ {12, 23, 13} such that
(a1, x1) ∈ Cd1 , and we then add elements to the first stretch as long as they are in Cd1 . The
size of the first stretch is then k1 = sup{k : (mi, zi) ∈ Cd1 ∀i ≤ k}, and (b1, y1) = (mk1 , zk1) is
its last point. The first stretch is then S1 := {(mi, zi), 1 ≤ i ≤ k1}.

We then proceed iteratively to define the subsequent stretches. If the stretches S1, . . . ,Sp−1
with respective sizes k1, . . . , kp−1 have been defined, the first element of the p-th stretch (if it
exists) is then (ap, xp) := min{(C13 ∪C23 ∪C12) \ (S1 ∪ · · · ∪ Sp−1)}, which is in fact the element
(mk1+···+kp−1+1, zk1+···+kp−1+1). The associated label is dp ∈ {12, 23, 13} such that (ap, xp) ∈ Cdp ,
and note that dp ̸= dp−1. We define the size kp and the last element (bp, yp) of the stretch exactly
as above. The p-th stretch is then Sp := {(mi, zi) : k1 + · · · + kp−1 + 1 ≤ i ≤ k1 + · · · + kp}.

We can now rewrite (6.23) as a product over stretches S1,S2, . . . ,Sℓ, where ℓ ≥ 2 the total
number of stretches (note that there are at least two stretches, since we consider the contribution
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of A1 ̸= A2). Recalling (6.23), we can write (see again Figure 1 for an illustration)

q(f)(A1) q(f)(A2) q(f)(A1△A2)

= q(f)(a1, x1)2
k1∏

i=2
q(mi −mi−1, zi − zi−1)2

· q(f)(a2, x2) q(a2 − b1, x2 − y1)
k1+k2∏

i=k1+1
q(mi −mi−1, zi − zi−1)2

·
ℓ∏

p=3
q(ap − bp−2, xp − yp−2) q(ap − bp−1, xp − yp−1)

k1+···+kp∏
i=k1+···+kp−1+1

q(mi −mi−1, zi − zi−1)2 .

We plug this expression into (6.15) restricted to A1 ̸= A2, which defines M(f)
I, ̸=(k, k′).

We now follow similar steps as for the case A1 = A2, see (6.18) and the following lines.
First we perform a partial sum inside each stretch: if we fix the starting and ending points
(ap, xp), (bp, yp) of the p-th stretch, recalling the mass function Q defined in (6.19), the sum
over internal space-time points (mi, zi) for i1 + . . .+ kp−1 + 1 ≤ i ≤ k1 + . . .+ kp − 1 yields the
space-time convolution Q∗(kp−1)(bp − ap, yp − xp) (recall the definition (6.19)). All together, we
can rewrite (6.15) as a sum over diagrams, codified by the number ℓ ≥ 2 of stretches and by
the label dp, size kp, starting and ending points (ap, xp), (bp.yp) of each stretch. The conditions
|A1| = |C12| + |C13| = k, |A2| = |C12| + |C23| = k′ can be expressed as a constraint on the sizes
k1, . . . , kℓ depending on the labels:

Ck,k′(d1, . . . , dℓ) :=
{
k1 ≥ 1 , . . . , kℓ ≥ 1:

∑
p=1,...,ℓ:

dp∈{12,13}

kp = k ,
∑

p=1,...,ℓ:
dp∈{12,23}

kp = k′
}
. (6.24)

This leads to the following explicit identity:

M(f)
I, ̸=(k, k′) =

∞∑
ℓ=2

∑
d1,...,dℓ∈{12,23,13}
dp ̸=dp−1 ∀p=2,...,ℓ

∑
k1,...,kℓ ∈ Ck,k′ (d1,...,dℓ)

∑
a1≤b1<···<aℓ≤bℓ∈I
x1,y1,··· ,xℓ,yℓ∈Z2

q(f)(a1, x1)2

R3Ñ

Q∗(k1−1)(b1 − a1, y1 − x1)

· q
(f)(a2, x2) q(a2 − b1, x2 − y1)

R3Ñ

Q∗(k2−1)(b2 − a2, y2 − x2)

·
ℓ∏

p=3

q(ap − bp−2, xp − yp−2) q(ap − bp−1, xp − yp−1)
R3Ñ

Q∗(kp−1)(bp − ap, yp − xp) .

We next apply the estimate (6.22) to the kernels q(ap−bp−2, xp−yp−2), as well as to q(f)(a2, x2)
and to one instance of q(f)(a1, x1). This allows us to sum over all space variables iteratively,
starting from yℓ, xℓ, yℓ−1, xℓ−1, . . . until y1, x1. To this purpose, recalling (6.21), we have∑

yp∈Z2 Q∗(kp−1)(bp−ap, yp−xp) = K∗(kp−1)(bp−ap). Using also
∑

xp∈Z2 q(ap−bp−1, xp−yp−1) = 1
and

∑
x1∈Z2 q(f)(a1, x1) = 1, we then obtain

M(f)
I (k, k′) ≤

∞∑
ℓ=2

(ĉ)ℓ
∑

d1,...,dℓ∈{12,23,13}
dp ̸=dp−1 ∀p=2,...,ℓ

∑
k1,...,kℓ ∈ Ck,k′ (d1,...,dℓ)

∑
a1≤b1<···<aℓ≤bℓ∈I

u(a1)
R3Ñ

K∗(k1−1)(b1 − a1) u(a2)
R3Ñ

K∗(k2−1)(b2 − a2) ·
ℓ∏

p=3
K(ap − bp−2)K∗(kp−1)(bp − ap) .

(6.25)

Note that there is no longer any dependence on f .
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We now sum over the time variables bℓ, bℓ−1 which only appear in the last two stretches (these
are free ends of the diagram, see Figure 1). As a consequence, the kernels K∗kℓ and K∗kℓ−1

are erased from (6.25), since
∑

bp
K∗(kp−1)(bp − ap) ≤

∑
m∈N0 K

∗(kp−1)(m) = 1. This is in fact
a crucial step, since we can now sum over the stretch sizes kℓ, kℓ−1 removing the constraint
Ck,k′(d1, . . . , dℓ). Indeed, there is at most one pair (kℓ, kℓ−1) for which the constraint is fulfilled,
see (6.24), hence

∑
kℓ

∑
kℓ−1

1{(k1,...,kℓ)∈Ck,k′ (d1,...,dℓ)} ≤ 1 for any d1, . . . , dℓ and k1, . . . , kℓ−2.
If ℓ ≥ 3, we then sum freely over kp for 1 ≤ p ≤ ℓ−3, replacing K∗(kp−1)(bp −ap) by U(bp −ap)

with
U(m) :=

∑
k≥0

K∗k(m) .

Estimating u(a1), u(a2) ≤ c
(j−1)Ñ uniformly for a1, a2 ≥ (j − 1)Ñ , see (6.13), and bounding the

number of labels (d1, . . . , dℓ) by 3 · 2ℓ−1, we finally get

M(f)
Ĩj

(k, k′) ≤ 33 c2

2 (j − 1)2 (R3Ñ )2

∞∑
ℓ=2

(2ĉ)ℓ JÑ,ℓ

where we define JÑ,ℓ as follows: for ℓ ∈ {2, 3} we set

JÑ,2 :=
∑

a1<a2 ∈ Ĩj

1
(3Ñ)2 , JÑ,3 :=

∑
a1≤b1<a2<a3 ∈ Ĩj

1
3Ñ

U(b1 − a1) 1
3Ñ

K(a3 − b1) , (6.26)

while for ℓ ≥ 4 we set

JÑ,ℓ :=
∑

a1≤b1<···<aℓ−2≤bℓ−2
<aℓ−1<aℓ ∈ Ĩj

1
3Ñ

U(b1 − a1) 1
3Ñ

U(b2 − a2)
ℓ−2∏
p=3

K(ap − bp−2)U(bp − ap)

·K(aℓ−1 − bℓ−3)·K(aℓ − bℓ−2) .

(6.27)

Since by assumption we have j ≥ 2, our goal (6.17) follows by the next claim, which shows
that JÑ,ℓ decays super-exponentially in ℓ, uniformly in Ñ . This readily concludes the proof of
Claim 6.5. □

Claim 6.6. For every ε > 0, there exists a constant Cε < +∞ such that

sup
Ñ∈N

JÑ,ℓ ≤ Cε ε
ℓ ∀ℓ ≥ 2 .

Remark 6.7 (Renewal interpretation). The quantity Jℓ from (6.26)-(6.27) enjoys a probabilistic
interpretation. Note that it only depends on the length of the interval Ĩj , so we can replace Ĩj

by J1, 3ÑK. Let τ, τ ′ be independent renewal processes, started from τ0, τ ′
0 uniformly sampled in

J1, 3ÑK and with step probability mass function K(m) from (6.21). Denote by L3Ñ (τ, τ ′) the
number of alternating stretches of τ, τ ′ in the interval J1, 3ÑK, then we can write

JÑ,ℓ = P
(
L3Ñ (τ, τ ′) ≥ ℓ , AÑ,ℓ

)
.

where the event AÑ,ℓ is defined as follows: denoting by σℓ = σℓ(τ, τ ′) the starting point of the
ℓ-th alternating stretch (if it exists), we set

AÑ,ℓ = {τ0 < τ ′
0, τ ∩ τ ′ ∩ J1, σℓ − 1K = ∅} .

Indeed, the right hand side of (6.26)-(6.27) gives precisely the probability that there are at
least ℓ alternating stretches of τ, τ ′, with τ0 < τ ′

0 and no common point before σℓ (see Figure 2).
In particular, it follows by Claim 6.6 that, on the event AÑ,ℓ, the number of alternating

stretches JÑ,ℓ has finite exponential moments: E
[
eλ LÑ (τ,τ ′)1AÑ,ℓ

]
< +∞ for all λ ∈ (0,∞),

which is equivalent to
∑∞

ℓ=2 eλ ℓ Jℓ < +∞.
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0 3Ñ

τ

τ ′σ1=a1 b1

σ2=a2 b2

σ3=a3 b3

σ4=a4

σ5=a5

Figure 2. Illustration of the renewal interpretation of the formula (6.27) for Jℓ. The first points
of τ, τ ′ are chosen uniformly in J1, 3ÑK and they the two renewals have inter-arrival distribution K(m)
defined above. The stretches alternate between τ and τ ′ and have starting and ending point denoted
by ap (or σp) and bp, in reference to the interaction diagrams (see Figure 1). The number of alternating
stretches is denoted L3Ñ (τ, τ ′): in the above picture we have L3Ñ (τ, τ ′) ≥ ℓ = 5 and the two renewals
τ ∩ τ ′ do not intersect before the beginning σ5 of the 5th stretch (but they might intersect afterwards).

6.2.2. Proof of Claim 6.6. The proof is similar to what is done in [CSZ20, Section 5.3], but we
give the details, because we provide a substantially shorter and simplified proof.

Let us fix ℓ ≥ 2. We can combine the definitions (6.26)-(6.27) in the single formula

JÑ,ℓ =
∑

0<a1≤b1<···<aℓ−2
≤bℓ−2<aℓ−1<aℓ≤3Ñ

1
(3Ñ)2

ℓ−2∏
i=1

U(bi − ai)
ℓ∏

i=3
K(ai − bi−2) .

Now, by [CSZ19a, Theorem 1.4] (and recalling (5.15)-(5.16) for controlling u(m) and RÑ ), we
have that there is a constant C > 1 such that

U(m) ≤ C
log(3Ñ)

3Ñ
·G0

(m+ 1
3Ñ

)
, K(m) ≤ C

log(3Ñ)
1
m
,

where G0(t) :=
∫∞

0
1

Γ(s+1) s t
s−1 e−γs ds for t ∈ (0, 1] is the renewal function of the so-called

Dickman subordinator. (By taking Ñ large we could make the constant C arbitrarily close to 1.)
Plugging this in the above formula (and noticing that all the terms “log(3Ñ)” cancel out)

JÑ,ℓ ≤ C2(ℓ−2) ∑
0<a1≤b1<···<aℓ−2

≤bℓ−2<aℓ−1<aℓ≤3Ñ

1
(3Ñ)2

ℓ−2∏
i=1

1
3Ñ

G0
(bi − ai + 1

3Ñ

) ℓ∏
i=3

1
3Ñ

3Ñ
ai − bi−2

≤ (C ′)ℓ
∫

· · ·
∫

0<s1<t1<···<sℓ−2
≤tℓ−2<sℓ−1<sℓ<1

ℓ−2∏
i=1

G0(ti − si)
ℓ∏

i=3

1
si − ti−2

ds dt ,

the last inequality following from a Riemann sum bound. With a change of variable ui = ti − si

for 1 ≤ i ≤ ℓ− 2 and vi = si − ti−1 for 1 ≤ i ≤ ℓ− 1 (with t0 = 0), as well as vℓ = sℓ − sℓ−1, we
get

JÑ,ℓ ≤ (C ′)ℓ
∫

· · ·
∫

ui∈(0,1),vi∈(0,1)
u1+···+uℓ−2+v1+···+vℓ<1

ℓ−2∏
i=1

G0(ui) ·
ℓ−1∏
i=3

1
vi + ui−1 + vi−1

· 1
vℓ + vℓ−1

du dv .

Then, bounding vi + ui−1 + vi−1 ≥ vi + vi−1, introducing a multiplier λ > 0 and using that∏ℓ−2
i=1 eλui ≤ eλ, we get

JÑ,ℓ ≤ (C ′)ℓ eλ
(∫ 1

0
G0(u)e−λu du

)ℓ−2 ∫
(0,1)ℓ−1

ℓ∏
i=3

1
vi + vi−1

dv .

By [CSZ20, Lemma 5.2], there exists c < ∞ such that for all λ ≥ 1∫ 1

0
G0(u)e−λu du ≤ c

2 + log λ ,
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so we end up with

JÑ,ℓ ≤ (C ′)2 eλ
(

cC ′

2 + log λ

)ℓ−2 ∫
(0,1)ℓ−1

ℓ∏
i=3

1
vi + vi−1

dv ,

and it remains to control the last integral.
For this, define φ(0)(v) ≡ 1 and by iteration φ(k)(v) =

∫
(0,1)

1
v+uφ

(k−1)(u) du, so that the
integral is equal to

∫ 1
0 φ

(ℓ−2)(v) dv. We now show by induction that for any k ≥ 1

∀v ∈ (0, 1) φ(k)(v) ≤ πk

√
v
.

The base case k = 0 is trivial, since φ(0)(v) = 1 ≤ 1√
v

for v ∈ (0, 1). For the inductive step, we
assume that φ(k−1)(v) ≤ πk−1

√
v

for all v ∈ (0, 1). Then, we have

φ(k)(v) =
∫ 1

0

1
v + u

φ(k−1)(u) du ≤ πk−1
∫ 1

0

1√
u(v + u) du

(setting u = t2) = 2πk−1
∫ 1

0

1
v + t2

dt = 2πk−1
√
v

arctan
( 1√

v

)
≤ πk

√
v
.

Therefore, we obtain that∫
(0,1)ℓ−1

ℓ∏
i=3

1
vi + vi−1

dv =
∫ 1

0
φ(ℓ−2)(v) dv ≤

∫ 1

0

πℓ−2
√
v

dv ≤ 2πℓ−2 .

All together, we conclude that

JÑ,ℓ ≤ 2 (C ′)2 eλ
(

cC ′π

2 + log λ

)ℓ−2

Taking λ = λε large enough concludes the proof of Claim 6.6. □

7. Proof of the other main results

In this section, we give the proofs of Theorems 1.1, 1.5, 1.7, 2.3 and 2.8. We start with
Theorem 2.8, which is a direct consequence of Theorem 2.2.

Proof of Theorem 2.8. The lower bound in (2.26) is proved in Appendix B: we follow [BL17, §4],
exploiting super-additivity and concentration of measure arguments for logZβ,ω

N . We focus here
on the upper bound in (2.26), which we deduce from Theorem 2.2.

We claim that we can truncate Zβ,ω
N at 1 in the definition (2.25) of the free energy and write

F(β) = lim
N→∞

1
N

E
[
log(Zβ,ω

N ∧ 1)
]
. (7.1)

Indeed, the proof is simple: since Zβ,ω
N = (Zβ,ω

N ∧ 1)(Zβ,ω
N ∨ 1), it suffices to show that

lim
N→∞

1
N

E
[
log(Zβ,ω

N ∨ 1)
]

= 0 .

But this follows by the inequalities 1 ≤ Zβ,ω
N ∨ 1 ≤ 1 + Zβ,ω

N , which yields

0 ≤ lim
N→∞

1
N

E
[
log(Zβ,ω

N ∨ 1)
]

≤ lim
N→∞

1
N

logE
[
1 + Zβ,ω

N

]
= 0 ,

recalling also that E[Zβ,ω
N ] = 1.

Recalling (2.14) and applying (2.13) to Zβ,ω
N = Zβ,ω

N (0) = Zβ,ω
N (1{0}), we get

E
[
Zβ,ω

N ∧ 1
]

≤ 1
c2

exp
(
−c2 eϑ(N,β)

)
= 1
c2

exp
(
−c2 eα+o(1)N e− π

σ2(β)
)
.
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Applying relation (7.1) together with E
[
log(Zβ,ω

N ∧ 1)
]

≤ logE
[
Zβ,ω

N ∧ 1
]

(by Jensen’s inequality),
we obtain the upper bound on the free energy in (2.26) with c = c2 eα. □

We then prove Theorem 1.1 about the Stochastic Heat Flow (SHF), which follows from the
corresponding result for directed polymers, Theorem 2.2.

Proof of Theorem 1.1. We first prove (1.3). Fix ϑ ∈ R and let βN = βN (ϑ) for N ∈ N satisfy
(2.6), or equivalently (2.10). We are going to exploit (2.13) for β = βN , so that ϑN (N, β) → ϑ

as N → ∞, see (2.11). Recall the convergence (2.9) of the directed polymer partition function
to the SHF, and note that the support of f = φ(N) is

√
N times the size of the support of φ. If

we let N → ∞ in (2.13) for f = φ(N), since ϑN → ϑ we obtain precisely (1.3) for t = 1:
1
c1

e−c1 eϑ ≤ sup
φ∈M1

(
ec0 eϑ

)E[Z ϑ
1 (φ) ∧ 1

]
≤ 1
c2

e−c2 eϑ
. (7.2)

For general t > 0, we use the scaling covariance property Z ϑ+log t
1 (φ) d= Z ϑ

t (φ√
t), see the second

relation in (1.7): applying (7.2) with ϑ replaced by ϑ+ log t yields
1
c1

e−c1 t eϑ ≤ sup
φ∈M1

(
ec0 t eϑ

)E[Z ϑ
t (φ√

t) ∧ 1
]

≤ 1
c2

e−c2 t eϑ
.

We finally note that ψ = φ√
t ∈ M1

(
ec0 t eϑ√

t
)

for φ ∈ M1
(
ec0 t eϑ ), which proves (1.3).

We next prove (1.4). We already remarked that the upper bound follows by the upper bound
in (1.3) and Markov’s inequality P(Z ≥ ε) ≤ (ε∧ 1)−1 E[Z ∧ 1], which yields C2,ε = (c2 ε)−1. For
the lower bound, it suffices to consider the uniform density φ = U√

t on the ball of radius
√
t,

see (1.5). The Paley–Zygmund inequality gives, for Z = Z ϑ
t (U√

t) with E[Z] = 1,

P
(
Z ≥ ε

)
≥ (1 − ε)2 E[Z]2

E[Z2] = (1 − ε)2

1 + Var[Z] .

Since Var[Z ϑ
t (U√

t)] ≤ c3 ec3 t eϑ by (2.28) from Proposition 2.10 and (2.9), we see that the lower
bound in (1.4) holds with c1 = c3 and C1,ε = (1−ε)2

1+c3
. □

We next deduce Theorem 1.5 from Theorem 1.1 and Proposition 2.10.

Proof of Theorem 1.5. Recall the uniform density (1.5). Fix c, δ > 0 (to be determined later)
and set ρ = ec t eϑ , ε := t e−δ t eϑ . By Markov’s inequality, setting ε′ := ε

π ρ2 t
= 1

π e−(δ+2c) t eϑ ≤ 1,

P
(
Z ϑ

t

(
B(0, ρ

√
t )
)
> ε

)
= P

(
Z ϑ

t

(
Uρ

√
t

)
> ε′

)
≤

E
[
Z ϑ

t (Uρ
√

t ) ∧ 1
]

ε′ ∧ 1 ≤
1
c2

e−c2 t eϑ

1
π e−(δ+2c) t eϑ ,

where we applied the upper bound from (1.3) in Theorem 1.1 assuming c ≤ c0. The right hand
side is π

c2
e−(c2−2c−δ) t eϑ ≤ π

c2
e−δ t eϑ if we fix c < min{c0,

c2
2 } and δ ≤ 1

2(c2 − 2c). This proves
the first line in (1.8) provided we further take δ ≤ c2

π .
For the second line, we exploit the following upper bound on the variance of the SHF:

Var
[
Z ϑ

t

(
Uρ

√
t

)]
≤ c3

exp
(
c3 t eϑ

)
ρ2 . (7.3)

This follows by (2.28) for t = 1, recall (2.9), while the general case t > 0 can be deduced by the
scaling properties of the SHF, see the second relation in (1.7). Let us set χ := t eδ t eϑ . Note
that χ′ := χ

π ρ2t
= 1

π e(δ−2c)teϑ ≤ 1
π , provided that δ ≤ 2c. Since E

[
Z ϑ

t (Uρ
√

t )
]

= 1, Chebyshev’s
inequality yields

P
(
Z ϑ

t

(
B(0, ρ

√
t )
)

≤ χ
)

= P
(
Z ϑ

t

(
Uρ

√
t

)
≤ χ′

)
≤

Var
[
Z ϑ

t (Uρ
√

t )
]

(1 − 1
π )2 ≤ 3c3

ec3 t eϑ

ρ2 .
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Plugging in ρ = ec t eϑ with c = c′′ > c3
2 , the right hand side is 3c3 e−(2c′′−c3) t eϑ ≤ 1

δ e−δ t eϑ

provided we fix δ ≤ min{2c′′ − c3,
1

3c3
}. □

We finally prove Theorems 1.7 and 2.3.

Proof of Theorem 1.7. Recalling (1.9) we may write, by a change of variables,

Ẑ ϑ,c
t (φ) = Z ϑ

t (φ̂) with φ̂(x) = R−2 φ(R−1x) , R = ec t eϑ√
t . (7.4)

Without loss of generality we assume that φ ∈ M1(1), see (1.2), hence φ̂ ∈ M1(R). For c < c0
we can then apply Theorem 1.1 to get E[Z ϑ

t (φ̂) ∧ 1] → 0 as t → ∞ and/or ϑ → ∞, hence
Z ϑ

t (φ̂) → 0 in distribution, which proves the first line of (1.10) with c′ = c0.
Next, we observe that, since E[Ẑ ϑ,c

t (φ)] = 1, we can write by (7.4)

E
[
(Ẑ ϑ,c

t (φ) − 1)2] = Var
[
Ẑ ϑ,c

t (φ)
]

= Var
[
Z ϑ

t (φ̂)
]

≤ π2 ∥φ∥2
∞ Var

[
Z ϑ

t (UR)
]
,

where we simply bounded φ̂(x) ≤ π ∥φ∥∞ UR(x), see (1.5). Applying (7.3) we then get

E
[
(Ẑ ϑ,c

t (φ) − 1)2] ≤ c3 π
2 ∥φ∥2

∞
exp

(
c3 t eϑ

)
(ec t eϑ)2 ,

hence the second line of (1.10) holds with c′′ = 2c3. □

Proof of Theorem 2.3. The proof is similar to that of Theorem 1.7. We set t = 1 for simplicity.
Recalling (2.20) and (2.18), as well as (2.3) and (2.8), we have the identity (in distribution, since
we neglect the time-reversed environment)∫

R2
φ(x) ûβ,c

N (1, x) dx d= Zβ,ω
N (f̂N ) with f̂N = φ((ρβ,c

N )2 N) , ρβ,c
N = ec eϑ(N,β)

.

For φ ∈ M1(1), see (1.2), we have f̂N ∈ Mdisc
1 (ρβ,c

N

√
N) = Mdisc

1 (ec eϑ(N,β)√
N), see (2.12).

Applying Theorem 2.2, for c < c0 we get Zβ,ω
N (f̂N ) → 0 in distribution as N → ∞, which proves

the first line of (2.22) with c′ = c0. We next bound, by (2.28),

E
[( ∫

R2
φ(x) ûβ,c

N (1, x) − 1
)2]

= Var
[
Zβ,ω

N (f̂N )
]

≤ C Var
[
Zβ,ω

N (Udisc
ρβ,c

N

√
N

)
]

≤ C ′ exp
(
c3 eϑ(N,β))
(ρβ,c

N )2
,

which yields the second line of (2.22) with c′′ = 2c3. □

Appendix A. The coarse-graining procedure

In this section, we prove Proposition 3.4, which we recall is a finite-volume criterion showing
how having a small fractional moment at a given time scale triggers an exponential decay of the
partition function at larger time scales. We recall the definition (2.12) of the family Mdisc

1 (r),
where we replace for convenience | · | with | · |∞.

Proof of Proposition 3.4. Recall that we assume that L ∈ N and β ∈ (0, 1) are such that

sup
f∈Mdisc

1 (
√

L)
E
[
Zβ,ω

L (f)1/2] ≤ 1
113 . (A.1)

We will prove the result (3.6) only when N is an integer multiple of L, i.e. N = mL for some
m ∈ N; the general case N ≥ L follows easily by monotonicity in N . We also assume for
simplicity that

√
L is an integer.

For any integers s < t, for any probability measure µ on Z2 and any B ⊂ Z2, let us introduce
the notation

Zβ,ω
s,t (µ;B) := Eµ

[
exp

( t∑
n=s+1

(βω(n, Sn) − λ(β))
)
1{St∈B}

]
,
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which is the partition function of a polymer with initial distribution µ at time s and constrained
to end in B at time t. We also denote Zβ,ω

s,t (x, y) when µ is a Dirac mass at x and B is reduced
to the set {y}.

Then, for some “skeleton” Y = (yi)i≥1 ∈ (Z2)N, we define a
√
L-scale coarse-grained partition

function starting from f ∈ Mdisc
1 and with skeleton Y, by setting for m ∈ N

Zβ,ω
mL(f ; Y) =

∑
x0∈B(0)

µ(x0)
∑

x1∈B(y1)
· · ·

∑
xm∈B(ym)

m∏
j=1

Zβ,ω
(j−1)L,jL(xj−1, xj) ,

where for simplicity we denoted B(y) = B√
L(y) := 2y

√
L + J−

√
L,

√
LJ2 the (half open) L∞

ball centered at 2y
√
L of radius

√
L, in such a way that (B(y))y∈Z2 is a partition of Z2. Note

also that we have used the Markov property to write the partition function constrained to visit
the xi’s as a product of point-to-point partition functions.

Using the standard inequality (
∑

i zi)1/2 ≤
∑

i z
1/2
i for non-negative (zi), we then get that for

any m ∈ N,

Zβ,ω
mL(f)1/2 =

( ∑
(y1,...,ym)∈(Z2)m

Zβ,ω
mL(f ; Y)

)1/2
≤

∑
(y1,...,ym)∈(Z2)m

Zβ,ω
mL(f ; Y)1/2 , (A.2)

so that we are reduced to estimating a fractional moment along a skeleton Y.
Now, let us stress that we have some coarse-grained product structure for Zβ,ω

kL (f ; Y). Indeed,
we can write

Zβ,ω
(k+1)L(f ; Y) = Zβ,ω

kL (f ; Y) Zβ,ω
kL,(k+1)L

(
µβ,ω

k,f,Y ;B(yk+1)
)
,

where µβ,ω
k,f,Y is the “Y-skeleton polymer” probability distribution, supported on B(yk), given by

µβ,ω
k,f,Y(x) := 1

Zβ,ω
kL (f ; Y)

∑
x0∈B(0)

µ(x0)
∑

x1∈B(y1)
· · ·

∑
xk−1∈B(yk−1)

k∏
j=1

Zβ,ω
(j−1)L,jL(xj−1, xj)1{xk=x} .

Therefore, taking the conditional expectation with respect to FkL = σ(ω(n, z) : n ≤ kL, z ∈ Z2)
and using that µβ,ω

k,f,Y is FkL-measurable, we get that

E
[
Zβ,ω

(k+1)L(f ; Y)1/2
∣∣∣ FkL

]
≤ Zβ,ω

kL (f ; Y)1/2 × sup
µ : supp(µ)⊂B(yk)

E
[
Zβ,ω

kL,(k+1)L
(
µ;B(yk+1)

)1/2]
,

where in the supremum µ is a probability distribution. Therefore, if we define

Q(y) := sup
µ : supp(µ)⊂B(0)

E
[
Zβ,ω

0,L

(
µ;B(y)

)1/2]
,

then by translation invariance we get by iteration that

sup
f∈Mdisc

1 (
√

L)
E
[
Zβ,w

mL (f ; Y)1/2
]

≤
m∏

i=1
Q(yi − yi−1) .

Therefore, plugged into (A.2) we get that

E
[
(Zβ,w

mL )1/2] ≤
∑

(y1,...,ym)∈(Z2)m

m∏
i=1

Q(yi − yi−1) =
(∑

y∈Z2

Q(y)
)m

.

It thus only remains to show that under (A.1) we have that
∑

y∈Z2 Q(y) ≤ e−1.
First of all, we always have that Q(y) ≤ 1

113 , thanks to Equation (A.1). On the other hand,
simply applying Jensen’s inequality, we have that

E
[
Zβ,ω

0,L

(
µ;B(y)

)1/2] ≤
√ ∑

x∈B(0)
µ(x)Px

(
SL ∈ B(y)

)
≤
√

P
(
SL ∈ 2y

√
L+ J−2

√
L, 2

√
LJ2

)
,
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where we have widened the ball around 2y
√
L by

√
L to account for the worst case scenario for

the starting point x ∈ B(0) = J−
√
L,

√
LJ2. Now, notice that (±S(1)

n ± S
(2)
n )n≥0 are standard

simple random walks in dimension 1, so that

P
(
SL ∈ 2y

√
L+ J−2

√
L, 2

√
LJ2

)
≤ P

(
SRWL ≥ (2|y|1 − 4)

√
L
)

≤ e−2(|y|1−2)2
,

where the last inequality is standard.
Therefore, for any integer threshold K ≥ 1, we obtain that∑

y∈Z2

Q(y) ≤
∑

|y|1≤K

1
113 +

∑
|y|1>K

√
e−2(|y|1−2)2 = (2K2 + 2K + 1) · 1

113 +
∑
r>K

4re−(r−2)2
.

Now, it turns out that for K = 4 the first term is 41
113 ≈ 0.3628 and the second is ≈ 0.0025, with

the sum of the two being smaller than 0.366 < e−1. This concludes the proof. □

Appendix B. Lower bound on the free energy

Let us prove the lower bound in (2.26) from Theorem 2.8, using the same strategy as in [BL17].
The idea is to start from the super-additivity of E[logZβ,ω

N ], which gives that

F(β) = sup
N≥1

1
N

E
[
logZβ,ω

N

]
,

see e.g. [Com17, Theorem 2.1].
We will apply this inequality for some specific Nc = Nc(β) such that σ2(β)RNc = 1 (in other

words such that ϑ(β,N) := πRN − π
σ2(β) = 0 in (2.11)), which therefore gives that

F(β) ≥ 1
Nc(β)E[logZβ,ω

Nc
] ≥ c e− π

σ2(β)E[logZβ,ω
Nc

] ,

using that πRNc = logNc + α+ o(1) as Nc → ∞ (or β ↓ 0), see (2.5). What remains to prove is
therefore the following lemma, which estimates E[logZβ

Nc
].

Lemma B.1. Let N ≥ 1 and let β = βc(N) be such that σ2(βc)RN = 1. Then, there is some
constant C > 0 such that, for all N ≥ 2, we have

E[logZβc(N),ω
N ] ≥ −C(logN)4 .

With this lemma at hand, and since βc(Nc(β)) = β, this readily gives that E[logZβc(N),ω
N ] ≥

−C ′σ2(β)−4, using also that logNc(β) = π
σ2(β) + α+ o(1). This concludes the proof of the lower

bound in Theorem 2.8.

Remark B.2. The bound in Lemma B.1 is of course not optimal. In particular, we expect that∗

E[logZβc(N),ω
N ] ∼ −c log logN . Combined with super-additivity, this would give the lower bound

−(cst.) log( 1
σ2(β)) e−π/σ2(β) for the free energy. In fact, we believe that our upper bound in

Theorem 2.8 is not completely sharp since we obtain it from an averaged starting point. We
would therefore expect the following behavior for the free energy:

F(β) ∼ −c log
( 1
σ2(β)

)
e−π/σ2(β) as β ↓ 0 .

Proof of Lemma B.1. The proof relies on concentration inequalities to estimate the left tail of
logZβ

N . We use the following concentration inequality from [CTT17, Prop. 3.4].

Proposition B.3. Assume that the environment is bounded, i.e. |ω| ≤ K, and let f be a convex
function. Then, there exists some constant c > 0 such that for any a,M and t > 0, we have

P
(
f(ω) ≥ a; |∇f | ≤ M

)
P
(
f(ω) ≤ a− t

)
≤ 2e−c t2

K2M2 .

∗In fact, one conjectures that λ−1
N (log Z

βc(N),ω
N − λ2

N ) converges in distribution if λN = log log N ; we expect
asymptotic normality in the lower quasi-critical regime ϑN → −∞, ϑN = o(log N), with λN = log( log N

|ϑN | ).
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We will apply this result to logZβ,ω
N , which is a convex function in ω, whose norm of the

gradient is given by ∣∣∇ logZβ,ω
N

∣∣2 =
N∑

n=1

∑
|x|≤n

( ∂

∂ωn,x
logZβ,ω

N

)2
.

Our first lemma controls the first factor in Proposition B.3.

Lemma B.4. Assume that σ2(β)RN ≤ e
ϑ

log N for some ϑ ∈ R. Then, there is a constant
C = C(ϑ) > 0 such that

P
(
logZβ,ω

N ≥ −1;
∣∣∇ logZβ,ω

N

∣∣2 ≤ C(logN)3
)

≥ 1
C logN .

Then, in the case ϑ = 0, applying Proposition B.3 with a = −1 and M =
√
C(logN)3/2, we

get that for a bounded environment |ω| ≤ K,

P
(
logZβ,ω

N ≤ −1 − t
)

≤ 2C logN e− c
C

t2
K2(log N)3 .

We can in fact reduce to a bounded environment with a large constant K = (logN)3/2: define
ω̃n,x = ωn,x1{|ωn,x|≤(log N)3/2}, and note that

P
(
∃n ∈ J1, NK, |x| ≤ n such that ω̃n,x ̸= ωn,x

)
≤ 9N3 P

(
|ω| ≥ (logN)3/2) ≤ 9N3 e−c0(log N)3/2

.

Therefore,

P
(
logZβ,ω

N ≤ −1 − t
)

≤ P
(
logZβ,ω̃

N ≤ −1 − t
)

+ 9N3 e−c0(log N)3/2
.

Note that setting λ̃(β) = logE[eβω̃] and σ̃2(β) = eλ̃(2β)−2λ̃(β), we can check that for β ∈ (0, 1) we
have λ̃(β) = λ(β) +O(e−c(log N)3/2) and σ̃2(β) = σ2(β) +O(e−c(log N)3/2). In particular we can
harmlessly replace λ(β) by λ̃(β) in Zβ,ω̃

N , to which we can then apply Lemma B.4, say with ϑ = 1
instead of ϑ = 0. Applying Proposition B.3 with K = (logN)3/2, a = −1, M =

√
C(logN)3/2,

we end up with

P
(
logZβ,ω

N ≤ −1 − t
)

≤ 2C logNe− c
C

t2
(log N)6 + 9N3 e−c0(log N)3/2

.

Then, using that −E[logZβ,ω
N ] ≤ 1 +

∫∞
1 P(− logZβ

N ≥ u) du, we can split the integral into
two parts. The first part is∫ N2

1
P(logZβ

N ≤ −1 − u) du ≤ C ′(logN)4 + 9N5e−c0(log N)3/2

where we have used the upper bound on the left tail of logZβ,ω
N found above. For the remaining

part, we use a very rough bound: writing
∑N

n=1 βωn,Sn ≥ βN minn∈J1,NK,|x|≤N {ωn,x}, we get
that for u ≥ 2λ(β)N

P(logZβ
N ≤ −u) ≤ P

(
βN min

n∈J1,NK,|x|≤N
{ωn,x} − λ(β)N ≤ −u

)
≤ P

(
min

n∈J1,NK,|x|≤N
{ωn,x} ≤ −1

2
u

βN

)
≤ 9N3e−c0

u
2βN .

Thus, the second part of the integral
∫∞

N2 P(logZβ
N ≤ −1 − u) du is bounded by cβN4e−c0N/2β,

which is negligible compared to the first term. This concludes the proof of Lemma B.1. □

Proof of Lemma B.4. First of all, let us write

P
(
logZβ,ω

N ≥ −1;
∣∣∇ logZβ,ω

N

∣∣2 ≤ C(logN)3)
= P

(
Zβ,ω

N ≥ e−1)− P
(
Zβ,ω

N ≥ e−1;
∣∣logZβ,ω

N

∣∣2 > C(logN)3).
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For the first term, we use Paley–Zygmund inequality to get that

P(Zβ,ω
N ≥ e−1) ≥ (1 − e−1)2 1

E
[
(Zβ,ω

N )2] ≥ c

logN ,

where we have used that, in the critical window, E[(Zβ,ω
N )2] ≤ c logN for some constant c = c(ϑ).

For the second term, a straightforward calculation gives that

∣∣∇ logZβ,ω
N

∣∣2 = β2

(Zβ,ω
N )2

E⊗2
[ N∑

n=1
1{Sn=S̃n}e

∑N

n=1 β(ωn,Sn +ωn,S̃n
)−2λ(β)

]
.

Bounding 1
(Zβ,ω

N )2 ≤ e2 on the event Zβ,ω
N ≥ e−1, we get that, applying also Markov’s inequality

P
(
Zβ,ω

N ≥ e−1;
∣∣∇ logZβ,ω

N

∣∣2 > C(logN)3
)

≤ e2

C(logN)3 E⊗2
[
β2

N∑
n=1

1{Sn=S̃n}eλ2(β)
∑N

n=1 1{Sn=S̃n}

]
,

with λ2(β) = λ(2β) − 2λ(β). Then, we can use that, at criticality, we have the following bound,
that we prove below

Claim B.5. Assume that σ2(β)RN ≤ e
ϑ

log N for some ϑ ∈ R+. Then there is a constant
C ′ = C ′(ϑ) such that

E⊗2
[
β2

N∑
n=1

1{Sn=S̃n}eλ2(β)
∑N

n=1 1{Sn=S̃n}
]

≤ C ′ (logN)2 .

All together, this gives that

P
(
logZβ,ω

N ≥ −1; |∇ logZβ,ω
N |2 ≥ C(logN)3

)
≥ c

logN − e2C ′

C logN ≥ c

2 logN ,

provided that we had fixed C large enough. □

Proof of Claim B.5. Recalling that σ2(β) = eλ2(β) − 1, we can perform the following chaos
expansion:

E⊗2
[
β2

N∑
n=1

1{Sn=S̃n}(1 + σ2(β))
∑N

n=1 1{Sn=S̃n}
]

= β2
∞∑

k=0
σ2(β)k

∑
1≤n1<···<nk≤N

N∑
n=1

P⊗2(Sni = Sni ∀i ∈ {1, . . . , k}, Sn = S̃n
)
.

(B.1)

Now, we consider two contributions. First, if n ∈ {n1, . . . , nk}, this gives a term

β2
∞∑

k=0
kσ2(β)k

∑
1≤n1<···<nk≤N

k∏
i=1

u(ni − ni−1) ,

where k is simply a combinatorial factor due to the choice of index i ∈ {1, . . . , k} such that n = ni.
Second, if n /∈ {n1, . . . , nk}, this gives a term

β2
∞∑

k=0
(k + 1)σ2(β)k

∑
1≤n1<···<nk+1≤N

k∏
i=1

u(ni − ni−1) ,

where the combinatorial factor is due to the choice of interval (ni−1, ni) in which n falls. All
together, after a change of index for the second term, the left-hand side in (B.1) is equal to

β2(1 + σ2(β)−1) ∞∑
k=0

kσ2(β)k
∑

1≤n1<···<nk≤N

k∏
i=1

u(ni − ni−1) .
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Noticing that β2(1 + σ2(β)−1) is bounded by a constant, we therefore focus on sum. We use the
following upper bound, see [CSZ19a, Lemma 5.4]: there is a constant c > 0 such that, for every
k ≥ 1

1
(RN )k

∑
1≤n1<···<nk≤N

k∏
i=1

u(ni − ni−1) ≤ e−c k
log N

log+( k
log N

)
.

With this bound at hand, we get that
∞∑

k=0
kσ2(β)k

∑
1≤n1<···<nk≤N

k∏
i=1

u(ni − ni−1) ≤
∞∑

k=0
k
(
σ2(β)RN

)ke−c k
log N

log+( k
log N

)

≤ (logN)2 × 1
logN

∞∑
k=0

k

logN eϑ k
log N

−c k
log N

log+( k
log N

)
,

where we have also used that σ2(β)RN ≤ eϑ/ log N . The last term converges to
∫∞

0 t eϑt−ct log+(t) dt
by a Riemann approximation, so in particular it is bounded by some constant (that depends
on ϑ). This concludes the proof. □

References
[ABBDL10] Louigi Addario-Berry, Nicolas Broutin, Luc Devroye, and Gábor Lugosi. On combinatorial testing

problems. Ann. Stat., 38(5):3063–3092, 2010.
[ABD95] S. Albeverio, Z. Brzezniak, and L. Dabrowski. Fundamental solution of the heat and Schrödinger

equations with point interaction. J. Funct. Anal., 130(1):220–254, 1995.
[ACCHZ08] Ery Arias-Castro, Emmanuel J Candes, Hannes Helgason, and Ofer Zeitouni. Searching for a trail of

evidence in a maze. Ann. Stat., 36(4):1726–1757, 2008.
[BC98] Lorenzo Bertini and Nicoletta Cancrini. The two-dimensional Stochastic Heat Equation: renormalizing

a multiplicative noise. J. Phys. A: Math. Gen., 31(2):615–622, 1998.
[BGT89] Nicholas H. Bingham, Charles M. Goldie, and Jef L. Teugels. Regular variation, volume 27. Cambridge

university press, 1989.
[BL17] Quentin Berger and Hubert Lacoin. The high-temperature behavior for the directed polymer in

dimension 1 + 2. Ann. Inst. Henri Poincaré Probab. Stat., 53(1):430–450, 2017.
[BL18] Quentin Berger and Hubert Lacoin. Pinning on a defect line: characterization of marginal relevance

and sharp asymptotics for the critical point shift. Journal of the Institute of Mathematics of Jussieu,
17(2):305–346, 2018.

[CCR25] Francesco Caravenna, Francesca Cottini, and Maurizia Rossi. Quasi-critical fluctuations for 2d
directed polymers. Ann. Appl. Probab., 35(4):2604–2643, 2025.

[CD25] Francesco Caravenna and Anna Donadini. Enhanced noise sensitivity, 2D directed polymers and
Stochastic Heat Flow. preprint arXiv:2507.10379, 2025.

[CH06] Philippe Carmona and Yueyuen Hu. Strong disorder implies strong localization for directed polymers
in a random environment. ALEA, Lat. Am. J. Probab. Math. Stat., 2:217–229, 2006.

[Che24] Yu-Ting Chen. Delta-Bose gas from the viewpoint of the two-dimensional stochastic heat equation.
Ann. Probab., 52(1):127 – 187, 2024.

[Che25] Yu-Ting Chen. Martingale problem of the two-dimensional stochastic heat equation at criticality.
preprint arXiv:2504.21791, 2025.

[CM24] Jeremy Clark and Barkat Mian. Continuum polymer measures corresponding to the critical 2D
Stochastic Heat Flow. preprint arXiv:2409.01510, 2024.

[CMT25] Giuseppe Cannizzaro, Quentin Moulard, and Fabio Toninelli. Superdiffusive Central Limit Theorem
for the Stochastic Burgers Equation at the critical dimension. preprint arXiv:2501.00344, 2025.

[CNZ25] Clément Cosco, Shuta Nakajima, and Ofer Zeitouni. The maximum of the two dimensional gaussian
directed polymer in the subcritical regime. arXiv:2503.17236, 2025.

[Com17] Francis Comets. Directed Polymers in Random Environments, volume 2175 of Ecole d’Eté de proba-
bilités de Saint-Flour. Springer International Publishing, 2017.

[CSY03] Francis Comets, Tokuzo Shiga, and Nobuo Yoshida. Directed polymers in a random environment:
strong disorder and path localization. Bernoulli, 9(4):705–723, 2003.

[CSZ17] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. Universality in marginally relevant
disordered systems. Ann. Appl. Probab., 27(5):3050–3112, 2017.



44 QUENTIN BERGER, FRANCESCO CARAVENNA, AND NICOLA TURCHI

[CSZ19a] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. The Dickman subordinator, renewal
theorems, and disordered systems. Electron. J. Probab., 24:Paper No. 101, 40, 2019.

[CSZ19b] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. On the moments of the (2 + 1)-dimensional
directed polymer and stochastic heat equation in the critical window. Comm. Math. Phys., 372(2):385–
440, 2019.

[CSZ20] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. The two-dimensional KPZ equation in the
entire subcritical regime. Ann. Probab., 48(3):1086–1127, 2020.

[CSZ23a] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. The critical 2D Stochastic Heat Flow.
Invent. Math., 233(1):325–460, 2023.

[CSZ23b] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. The critical 2D Stochastic Heat Flow is
not a Gaussian multiplicative chaos. Ann. Probab., 51(6):2265 – 2300, 2023.

[CSZ24] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. The critical 2D Stochastic Heat Flow and
related models. preprint arXiv:2412.10311, 2024.

[CSZ25] Francesco Caravenna, Rongfeng Sun, and Nikos Zygouras. Singularity and regularity of the critical
2D Stochastic Heat Flow. preprint arXiv:2504.06128, 2025.

[CT25] Jeremy Clark and Li-Cheng Tsai. Conditional gmc within the Stochastic Heat Flow. preprint
arXiv:2507.16056, 2025.

[CTT17] Francesco Caravenna, Fabio Lucio Toninelli, and Niccolò Torri. Universality for the pinning model in
the weak coupling regime. Ann. Probab., 45(4):2154–2209, 2017.

[CZ18] Shirshendu Chatterjee and Ofer Zeitouni. Thresholds for detecting an anomalous path from noisy
environments. Ann. Appl. Probab., 28(5):2635–2663, 2018.

[CZ23] Clément Cosco and Ofer Zeitouni. Moments of partition functions of 2d gaussian polymers in the
weak disorder regime-I. Commun. Math. Phys., 403(1):417–450, 2023.

[CZ24] Clément Cosco and Ofer Zeitouni. Moments of partition functions of 2d gaussian polymers in the
weak disorder regime-II. Electronic Journal of Probability, 29:1–26, 2024.

[DGLT09] Bernard Derrida, Giambattista Giacomin, Hubert Lacoin, and Fabio Lucio Toninelli. Fractional
moment bounds and disorder relevance for pinning models. Comm. Math. Phys., 287(3):867–887,
2009.

[GLT10a] G. Giacomin, H. Lacoin, and F. L. Toninelli. Marginal relevance of disorder for pinning models.
Commun. Pure Appl. Math., 63:233–265, 2010.

[GLT10b] Giambattista Giacomin, Hubert Lacoin, and Fabio Lucio Toninelli. Hierarchical pinning models,
quadratic maps and quenched disorder. Probability Theory and Related Fields, 147(1-2):185–216,
2010.

[GN25] Shirshendu Ganguly and Kyeongsik Nam. Sharp moment and upper tail asymptotics for the critical
2D Stochastic Heat Flow. preprint arXiv:2507.22029, 2025.

[GQT21] Yu Gu, Jeremy Quastel, and Li-Cheng Tsai. Moments of the 2D SHE at criticality. Probab. Math.
Phys., 2(1):179–219, 2021.

[GT25] Yu Gu and Li-Cheng Tsai. Stochastic Heat Flow is a black noise. preprint arXiv:2506.16484, 2025.
[JL24] Stefan Junk and Hubert Lacoin. Strong disorder and very strong disorder are equivalent for directed

polymers. preprint arXiv:2402.02562, 2024.
[JL25] Stefan Junk and Hubert Lacoin. Coincidence of critical points for directed polymers for general

environments and random walks. preprint arXiv:2502.04113, 2025.
[Lac10] H. Lacoin. New bounds for the free energy of directed polymer in dimension 1 + 1 and 1 + 2. Commun.

Math. Phys., 294:471–503, 2010.
[LL10] G. F. Lawler and V. Limic. Random Walk: A Modern Introduction. Cambridge Studies in Advanced

Mathematics. Cambridge University Press, 2010.
[LZ24] Ziyang Liu and Nikos Zygouras. On the moments of the mass of shrinking balls under the Critical

2D Stochastic Heat Flow. preprint arXiv:2410.14601, 2024.
[Nak25a] Makoto Nakashima. Martingale measure associated with the critical 2D Stochastic Heat Flow. preprint

arXiv:2503.20171, 2025.
[Nak25b] Makoto Nakashima. An upper bound of the lower tail of the mass of balls under the critical 2D

Stochastic Heat Flow. preprint arXiv:2507.18080, 2025.
[Tsa24] Li-Cheng Tsai. Stochastic Heat Flow by moments. preprint arXiv:2410.14657, 2024.



STRONG DISORDER FOR STOCHASTIC HEAT FLOW AND 2D DIRECTED POLYMERS 45

Université Sorbonne Paris Nord, Laboratoire d’Analyse, Géométrie et Applications, CNRS UMR
7539, 99 Av. J-B Clément, 93436 Villetaneuse, France and Institut Universitaire de France

Email address: quentin.berger@math.univ-paris13.fr

Dipartimento di Matematica e Applicazioni, Università degli Studi di Milano-Bicocca, via Cozzi
55, 20125 Milano, Italy

Email address: francesco.caravenna@unimib.it

Dipartimento di Matematica e Applicazioni, Università degli Studi di Milano-Bicocca, via Cozzi
55, 20125 Milano, Italy

Email address: nicola.turchi@unimib.it


	1. Introduction and main results on the Stochastic Heat Flow
	1.1. Overview of our contribution
	1.2. A quick overview of the SHF literature
	1.3. Main results for the SHF
	1.4. Structure of the paper
	1.5. Notation
	Acknowledgements

	2. Main results for 2D Directed Polymers and Stochastic Heat Equation
	2.1. Strong disorder for 2D directed polymers
	2.2. On the supercritical 2D Stochastic Heat Equation
	2.3. Further results for directed polymers

	3. Strategy of the proof of the main theorem
	3.1. Strategy of the upper bound in the main theorem
	Step 1: Key (suboptimal) result.
	Step 2: Finite-volume criterion via a coarse-graining procedure.
	Step 3. The change of scale argument.
	3.2. Proof of the lower bound in the main theorem

	4. Proof of the key proposition
	4.1. Size bias
	4.2. Strategy of the proof of the key proposition
	4.3. Choice of a good proxy for the partition function
	A first approach: chaos expansion and L2 projections.
	A new approach: a coarse-grained version of the chaos expansion
	4.4. Change of scale and measure: proof of the proposition

	5. Second moment estimates
	5.1. Preliminary notation and variance estimate
	5.2. Variance and size-biased expectation: proof of 
	5.3. Second moment estimates: proofs

	6. Control of the size-biased variance
	6.1. Off-diagonal terms: proof of lemma
	6.2. Diagonal term: proof of lemma

	7. Proof of the other main results
	Appendix A. The coarse-graining procedure
	Appendix B. Lower bound on the free energy
	References

