STRONG DISORDER FOR STOCHASTIC HEAT FLOW
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ABSTRACT. The critical 2D Stochastic Heat Flow (SHF') is a universal process of random
measures, arising as the scaling limit of two-dimensional directed polymer partition functions (or
solutions to the stochastic heat equation with mollified noise) under a critical renormalisation
of disorder strength. We investigate the SHF in the strong disorder (or super-critical) regime,
proving that it vanishes locally with an optimal doubly-exponential decay rate in the disorder
intensity. We also establish a strengthened version of this result for 2D directed polymers, from
which we deduce sharp bounds on the free energy. Our proof is based on estimates for truncated
and fractional moments, exploiting refined change of measure and coarse-graining techniques.

1. INTRODUCTION AND MAIN RESULT

The critical 2D Stochastic Heat Flow with disorder strength o, denoted SHF (¢), is a stochastic
process (%?t(dx, dy))o<s<t<oo of random measures on R? x R%. It was introduced in [CSZ23a]
as the universal limit of 2D directed polymer partition functions, which we recall below, under a
critical rescaling of disorder strength. It also arises as the scaling limit of solutions of the 2D
stochastic heat equation with mollified noise, see [Tsa24|, where an axiomatic definition is also
provided. The fact that space dimension two is critical for the stochastic heat equation and
directed polymers makes the SHF especially interesting, as a rare example of non-Gaussian scaling
limit in the critical dimension and at the critical point. We refer to the lecture notes [CSZ24] for

an extended discussion, as well as additional background and connections to singular SPDEs.

1.1. A quick overview of the SHF literature. Many features of the SHF have been
investigated, in particular its moments. The second moment was first studied in [BC98] in
the context of solutions to the 2D stochastic heat equation, exploiting a connection with the
delta-Bose gas from [ABD95]; refined results, also in the setting of directed polymers, were later
obtained in [CSZ19a]. The third moment was established in [CSZ19b] before all integer moments
were derived in [GQT21]; see also [Che24] for further connections with the delta-Bose gas.

The asymptotic analysis of moments is challenging, due to their intricate structure, but
important progress has been obtained recently in [GN25], where a sharp lower bound on their
growth rate was established through a novel connection between moments of the SHF and the
Gaussian Free Field, as well as in [LZ24], where small-scale asymptotics were derived, extending
the approach developed by [CZ23] in the sub-critical regime.

Concerning the properties of the SHF as a random measure, estimates on its singularity and
regularity were obtained in [CSZ25]. It was also proved in [CSZ23b] that the SHF is not a
Gaussian Multiplicative Chaos (GMC) on R? via comparison of moments. Very recently, the
SHF was shown in [CT25] to enjoy a conditional GMC' structure on path space, which yields as
corollaries the strict positivity/full support property, also obtained independently in [Nak25b],
and a qualitative asymptotic behavior for strong disorder, discussed below.
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Other features of the SHF include a Chapman-Kolmogorov property and the construction
of associated polymer measures [CM24], continuity in time and the already mentioned char-
acterization [Tsa24]. Let us also mention the black noise property [GT25] and an enhanced
noise sensitivity property for directed polymer partition functions [CD25], which both yield
independence between SHF and white noise. Recent progress on a martingale characterization
of the SHF has also been obtained [Nak25a, Che25].

Nearly all of these results refer to the SHF for a fized disorder strength ¥ € R, which
corresponds to the critical regime. Some results are also available in the weak-disorder limit
¥ — —o0, corresponding to the sub-critical regime: see, e.g., the Gaussian fluctuations in [CCR25,
Theorem 1.2] and the asymptotic log-normality in [CSZ24, Theorem 1.2]. Corresponding results,
and many others, have been obtained in the sub-critical regime for directed polymers and the
stochastic heat equation, for which we refer again to [CSZ24].

By contrast, much less is known on the SHF in the strong disorder limit ¥ — oo, which
corresponds to the super-critical regime. In this paper, we investigate precisely this regime. Our
main results are sharp novel estimates for the SHF, see Theorems 1.1 and 1.5, which quantify
the rate at which its mass escapes to infinity. These can be deduced from analogous results
for the partition functions of 2D directed polymers, see Theorems 1.6 and 1.8, which take even
stronger forms. From this we also obtain refined estimates on the free energy, see Theorem 1.11,
which improve on the best available bounds in the literature.

Our proofs are based on estimating truncated and fractional moments, see Remark 1.2,
exploiting change of measure and coarse-graining. We present in Sections 2 and 3 refined
versions of these classical techniques, combined with change of scale arguments of independent
interest. The main technical novelty of our approach is the identification of a new proxy for the
partition function of 2D directed polymers, which is obtained from a suitable coarse-grained
chaos expansion (see Section 3.3). Besides the technical aspects, we believe that our strategy is
of wide applicability and we expect it to be useful in other contexts as well.

1.2. Strong disorder for SHF. We focus on the one-time marginal of the SHF:
2 (dx) = 2, (dx, R
which is a random measure on R? for each fixed ¢ > 0 and ¢ € R. Tts first moment E[2,’(dz)] = dx
is simply the Lebesgue measure on R?. In particular, using the functional notation
20 = [ ola) 27(da),
we have E[Z,?(¢)] = 1 for any probability density ¢ on R? (we call ¢ the initial condition).
It turns out that the second moment diverges for strong disorder: for any probability density ¢
lim E[2’(¢)%] = o0
Y—00
This implies that higher moments diverge quickly: namely, one can easily deduce by size-biasing
and Jensen’s inequality (see [CSZ25, Remark 1.14]) that
E[Z (¢)"]
E[2(p)2)7 9o

which expresses a so-called intermittent behavior.

Yh > 2:

In this setting, it is natural to conjecture that Q’;ﬁ(@) actually vanishes for strong disorder:
%?(p) —— 0 in probability . (1.1)
Y—00
We prove in this paper a quantitative version of this convergence, where we allow for varying

initial conditions ¢ with possibly diverging support as ¥ — oo, and we establish optimal bounds,
displaying a doubly-exponential decay rate in the disorder strength J.
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Let us denote by M (r) the set of probability densities with support in the ball of radius r:
My (r) = {<p :R? = [0,00) s.t. /2 e(r)=1, ¢(x)=0 for |z| > r}. (1.2)
R
We can now state our first main result.

Theorem 1.1 (Strong disorder for SHF). For any t > 0 and any ¢ : R? — R compactly
supported, we have 3?9(90) — 0 in probability as ¥ — oco. This can be quantified as follows: there
exist universal constants cop,c1,ca € (0,00) such that, for any t > 0 and ¥ € R,

1 1
—eate’ < sup E[Z(p) A1] < —e @t (1.3)
C1 - 5} C2

peMi(V(eote”) )

Note that the convergence (1.1) follows by the upper bound in (1.3) and Markov’s inequality,
since for a random variable Z > 0 and ¢ > 0 we can bound P(Z >¢) < (e A1)"LE[Z A 1].

We prove Theorem 1.1 in Section 2, deducing it from a corresponding result for 2D directed
polymers, see Theorems 1.6 and 1.8.

Remark 1.2. Independently of our work, the result (1.1) was very recently obtained in [CT25],
deducing it from a conditional GMC' structure enjoyed by the SHF. Our proof exploits different
techniques, based on change of measure and coarse-graining (see Sections 2 and 3), which
additionally yield the quantitative estimate (1.3) and its consequences, to be discussed below.

Remark 1.3 (Truncated vs. fractional moments). We quantify the convergence 2, (¢) — 0 via
the truncated mean E[2 () A 1], which yields interesting information on the total variation
distance between the law of the disorder and its size-biased version by 2,”(p) (see Remark 3.2).
Similar bounds hold for fractional moments E[Z,” ()] with v € (0,1) (see Lemma 2.2 below).
We will use both truncated mean and fractional moments, since each quantity has its own
advantages and limitations; see Section 3 for a discussion.

Remark 1.4 (Scaling covariance, strong disorder and large time). The dependence of the bounds
in (1.3) on the parameters ¢ and ¥ agrees with the scaling covariance property of the SHF
established in [CSZ23a, Theorem 1.2], which states that for any ¢,v, ¢ and for any a > 0 we
have the equality in distribution

d oga z
7Y (pa) L %ﬁﬂ &%) where we set ¢ g(x) = égp(ﬁ) . (1.4)

Interestingly, this property allows us to connect the regimes of strong disorder 1 — oo and large

time ¢t — oo: replacing t by t/a and setting a = e

d d o
Zoy=) £ 200(0),  Zop) £ 27TE (). (1.5)

Since it was proved in [CSZ25, Theorem 1.4] that 2,”(¢) — 0 in probability as ¢t — oo for
fixed ¥, we could deduce from the first relation in (1.5) that 27’ (¢ \/e,—ﬁ) — 0 as ¥ = oco. We
stress, however, that this property is much weaker than (1.1), and even more than (1.3), because

, resp. a = t, we obtain

shrinking the support of the initial condition ¢ helps convergence to zero*.

Since we now know that property (1.1) holds, we can deduce from the second relation in (1.5)
that 27%(¢ v7) = 0 in probability as ¢ — oo for fixed ¥J, which strengthens [CSZ25, Theorem 1.4].
However, the bounds in (1.3) yield a much stronger result, which we next discuss.

Theorem 1.1 allows us to derive an exponential bound on the total mass 2’ (B(0,r)) assigned
by the SHF to a ball B(0,r) with large radius r — oo. Interestingly, we are not limited to the
regime ¥ — oo for fixed ¢ > 0, but we can consider any regime of t > 0, 9 € R for which
te? — oo, which also includes ¢t — oo for fixed ¥ € R. The proof of the next result is given in

*For instance, by [CSZ25, Theorem 1.1], we have 2;° (¢/z) — 0 in probability as a | 0 even for fived t,¥.
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Section 2. We write “with high probability” to mean that the probability of a given statement
converges to 1.

Theorem 1.5 (Vanishing mass of SHF in large balls). There exist universal constants ¢, > 0
such that

Al (B (O, (ecte”)t )) <te 0t with high probability as te’ — co.

1.3. Strong disorder for 2D directed polymers. The SHF (1) was obtained in [CSZ23a]
as the limit of 2D directed polymer partition functions in some appropriate critical window
of disorder strength. As already mentioned, we are going to derive our Theorem 1.1 from a
corresponding result for the directed polymer model, whose definition we now recall.

Let S = (Sn)n>0 be the simple (symmetric, nearest-neighbor) random walk on Z2, and
denote P, its law when Sy = = € Z?; let also E, be the corresponding expectation. We simply
write P, E for Po, Eg. Additionally, consider a collection w = (w(n,z)) €N, z€z? of i.i.d. random
variables independent of S with law denoted by P. Using an abuse of notation to denote by w a
generic random variable wy, , we assume that

Ew] =0, Ewli=1, AB) =logE[e™] < 400 forall BcR. (1.6)
For N € N and 8 > 0, the point-to-plane (142-dimensional) directed polymer model is defined
as the Gibbs measure with Hamiltonian H}%w(S) =N (Bw(n, Sp) — A(B)). We are interested
in the point-to-plane partition function started at x € Z2, defined by
N
w Byw . w
23 (@) =By [T with HP(S) = Y (Bw(n, Sp) — A(B)) - (1.7)
n=1

We may view (Zﬁ,’w (7))zez2 as a random field: for a function f € ¢1(Z?) we define

Ze(f) =Y fa) Z3°(x (1.8)

x€Z2

which is the integral of f with respect to the random measure }_ .72 Zﬁ,’w (z) 0. The main
result of [CSZ23a] shows that this measure, diffusively rescaled, converges to a unique limit,
which they named Critical 2D Stochastic Heat Flow SHF (1), provided the disorder strength g
is rescaled in the so-called critical window, which we now define.

Recalling (1.6), we define for 5> 0 and N € N

N
o%(B) = Var(eP=B)) = AEO-2MB) _ 1 Ry = P(S2,=0). (1.9)
n=1
Note that o%(3) ~ 32 as # ] 0 and we can write, see [CSZ19a, Proposition 3.2],
1
Ry = —(log N + ay) with A}im ay = a = 4log2+v—m ~ 0.208. (1.10)
T —00
Then, the critical window corresponds to taking
1 ¥+ o(1)
_ 2 -
F=0n(0) L0 suchthat  0*(8) = 5 (1+ e N ), (1.11)

where ¥ € R is a fixed parameter, called disorder strength in the critical regime.
We can now recall the main result of [CSZ23a]. Denote by Z2, ., the set of points x = (2!, 2?) €
72 with 2! +2? even (to comply with the random walk periodicity). Given an integrable function
- R2 i i (N) . 72 (N) () = L
¢ : R® — R, define its rescaled version ¢\ : ZZ ., — R by oV (x) := 5N fly—ﬁllﬁﬁ e(y) dy

even

(where |-|; denotes the ¢! norm). We then have the convergence in distribution

vieR:  ZN(e™N) = 20(p)  for By = By (0) as in (L11). (1.12)
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The quasi-critical window. In this article, we go beyond the critical window, i.e. we allow for
diverging 9 = 9y — oo as N — oo. We first consider the regime 9 = o(log N), which we
call (upper) quasi-critical window by analogy with [CCR25], where the regime ¥ — —oo with
|9 = o(log N) was considered and called (lower) quasi critical.

In order to allow for © — oo, we need to refine the correspondence (1.11) between 3, N and ¢

as follows'
1 1 1

RN—g_RN 1—%'

o2(8) = (1.13)

Let us stress that this relation is equivalent to (1.11) for any fixzed ¥ € R (and even for
|9 = o(y/log N), see the expansion (1.10) of Ry, but not for || > (cst.)y/log N).
We introduce, similarly to (1.2),

M(liiSC(,r) — {f . Z2 - [0’ 1] s.t. Z f(Z) = 17 f(Z) =0 V|Z| > T} .

2€72

We can now state our first result for 2D directed polymers, proved in Section 2.

Theorem 1.6 (Strong disorder for 2D directed polymers: quasi-critical regime). There exist
universal constants cg, c1,co € (0,00) such that the following holds: given any 0 < ¥n = o(log N),
if we define = Bn such that (1.13) holds with ¥ = 9, then for N large enough we have

1 1
Zemae’N < sup E[Z}%N’w(f) AN < —e ™ N (1.14)

C1 fEM(liisc(‘ / eco eﬁNN) C9

Remark 1.7 (Strong disorder and second moment). The lower bound in (1.14) will be deduced by a
Paley-Zygmund-type inequality coupled with a second moment upper bound, see Proposition 1.13
below. (The same could be done for the lower bound in Theorem 1.1, at the level of the SHF.)
This will also show that the bounds in (1.14) are sharp, up to the constants ¢y, co, when f is
uniform in the discrete ball of radius v/N, see (1.20). For such initial conditions, we thus have
Z]'%N’w(f) — 0 if and only if E[Z]%N’w(fy] — 00, that is precisely when 9y — oo.

We refer to [JL25, Proposition 2.9] for a result in the same spirit concerning the point to
plane partition function Zﬁ,”’w(O), which corresponds to f = 1gy. In this case, it is known that
Z]%N’W(O) — 0 as soon as 02(Bx) Ry — 1, which includes the whole critical window 9y = ¥ for
any ¥ € R, see [CSZ17, Theorem 2.8]. In particular, the upper bound in (1.14) is not sharp in
this case, but we still have that Z]%N’w(()) — 0 if and only if E[Z]%N’w(O)Q] — 00.

Beyond the quasi-critical window. We can deduce Theorem 1.1 for SHF (1)) by plugging Jx = ¢
into Theorem 1.6 for directed polymers, see Section 2, but Theorem 1.6 is stronger since it allows
for ¥ — oo as long as ¥ = o(log N). Next, we show that we can go much farther.
Let us rewrite relation (1.13) as follows:
T
o?(B)
If we plug this expression into (1.14), our next main result shows that the upper bound still holds
for any B > 0 small and with no restriction on N € N.

9 =mRy — (1.15)

Theorem 1.8 (Strong disorder for 2D directed polymers: uniform version). There are constants
B, co,ca € (0,00) such that, uniformly over N € N and B € (0, 3), we can bound

1
sup E[Z54(f) A1] < - exp(—02 eﬂ(N’ﬁ)) , (1.16)
fEM?iSC (\/eco eﬁ(Nvﬁ)N ) 2

fWe do not include any o(1) term in (1.13) because the parameter ¥ is not fixed, unlike in (1.11), hence it is
allowed to vary with NV and . See also Remark 1.9 below for a discussion.
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where we define 9(N,3) = nRN — 5 as in (1.15) (see also (1.13)). Note that, in view of

(B)
(1.10), we have
FWB) = N N T EE = et N o D (1.17)

The uniform upper bound (1.16) clearly implies the upper bound in (1.14). Moreover, it
yields interesting information on the free energy, which we discuss next.

Remark 1.9 (On the critical regime). We may interpret the critical relation (1.13) in several
ways. If we fix J € R, then we can vary either 8 or N as a function of the other parameter:
e We can choose = Sy = On(¥) | 0 as N — oo so that (1.13) holds, this is the so-called
intermediate disorder regime;

e We can also take N = Ng = Ng(¢) — oo as 5 | 0 so that (1.13) holds, this is natural for
directed polymers, which are often studied as N — oo for fixed 8 > 0.
Alternatively, given arbitrary 5 > 0 and N € N, we can define ¢ = ¥(N, ) by (1.13), or
equivalently by (1.15), which quantifies the disorder strength 9 corresponding to /3, N.

Remark 1.10 (On the 2D Stochastic Heat Equation). As we already mentioned, the critical
2D Stochastic Heat Flow also arises as the scaling limit of solutions of the 2D stochastic heat
equation with mollified noise, see [Tsa24]. Adapting the techniques of the present paper, we can
establish versions of Theorem 1.6 and Theorem 1.8 for the stochastic heat equation, which we
will do in a forthcoming work.

1.4. Free energy estimates. In the space dimension d = 2 that we consider, the point-to-plane
partition function Z}%w = Z]’%W(O) converges a.s. to 0 as N — oo for any fized disorder strength
£ > 0, and it does so exponentially fast, as shown in [Lac10]. Its exponential decay rate to 0 is
called (up to a sign) the free energy (or pressure) and it is defined as

1
— ‘]f]f] Baw — .]f][]

1

~ Ellog Z%°] € (—o0,0], (1.18)

where the limit is known to exist a.s. and in L!(P), see e.g. [Com17, Thm. 2.1]. We point out

that free energy is related to some localization properties of the polymer, see e.g. [CH06, CSY03].
It was shown in [Lacl0] that F() < 0 for any 5 > 0 with some explicit bounds; a few years

later, [BL17] refined the bounds and showed that
T
F(8) = —exp(—(1 +o<1>>@) as §10.
Our next result substantially improves these bounds: we identify the exact exponential decay
rate as 7/02(/3), rather than simply* 7 /82, and we “bring the o(1) out of the exponential”.

Theorem 1.11 (Improved free energy bounds). There are constants ¢,c € (0,00) such that, for
any 5 € (0,1),

cl

— e ( -
_ «p( —

72(5)A P 72(5)
where we recall that 02(5) — M28)=2X(8) _ 1,

) <F(B) < —c exp(—%) , (1.19)

We prove the lower bound in (1.19) following closely the strategy of [BL17, §4], based on
super-additivity and concentration arguments for log Zﬁ,’w; see Appendix B for the details. The
upper bound in (1.19) is the main novelty: we deduce it from Theorem 1.8, more precisely from
the upper bound in (1.16). We refer to Section 2 for the proof.

INote that A(B) = %/6'2 + %ﬁ3 + %64 +0O(B°) as 8 | 0, where k3, k4 are the third and fourth cumulants of

the disorder distribution. It follows that we have e~ ™/#" ~ (cst.) e /B only when k3 = 0.
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Remark 1.12. We do not expect either bound in (1.19) to be optimal, but the upper bound
should be sharper than the lower bound (the prefactor o%(3)~* is due to a limitation of the
current techniques). As discussed in Appendix B, the precise asymptotic behavior might be

F(B) ~ —c log(ggl(ﬁ)) e PP as B10.

1.5. Second moment estimates. Our last results concern a second moment estimate for the
directed polymer partition function, which will be used in Section 2 to prove the lower bound
n (1.14). We focus on the quasi-critical regime, i.e. we fix § = Sy which satisfies (1.13) with
¥ =9x = o(log N). We consider the following setting:
e we assume that ¥ — oo (since in the critical window ¥y — 9 € R the second moment
is known to be bounded and can in fact be computed explicitly, see [CSZ19a]);

e we focus on the initial condition given by the uniform distribution on the discrete ball of
radius v N, namely

1
udlsc ,
WO = (56 mnze) eevme )

(1.20)

We can now state our second moment estimate, to be proved in Section 4.4.

Proposition 1.13 (Quasi-critical second moment for directed polymers). Given (In)n>1 such
that 9 — oo and Yy = o(log N), define B = By such that (1.13) holds with 9 = 9x. Then, as
N — 00, we have

E[Z3“U%)?] < exp((1+ o(1)) e”¥77) (1.21)
where y = — [ e " logx dz ~ 0.577 is the Fuler-Mascheroni constant.

Remark 1.14. We believe the upper bound (1.21) to be sharp, i.e. one should also be able to
prove that, in the same regime as in Proposition 1.13, we have

E[Z3U%)?) > exp((1+0(1)) "~ 77)

Since this lower bound is not useful to us, we have decided to skip its proof. One could also try
to improve these estimates by “bringing the o(1) out of the exponential”.

1.6. Structure of the paper. The rest of the paper is devoted mainly to proving Theorem 1.8:
the strategy for its proof is presented in Section 2, which also contains the proofs of the results
that derive from it (Theorem 1.1, Theorem 1.5, Theorem 1.6 and Theorem 1.11).

Section 3 contains the proof of the key proposition Proposition 2.1 used to prove Theorem 1.8.
Section 4 and Section 5 contain the proofs of some estimates used in the previous sections. Some
further technical results (which follow well-established paths) are postponed to the appendices.

1.7. Notation. For a point z = (z1,72) in Z? we indicate with |z| = \/z? + 22 its Euc-
lidean norm. Given two positive sequences (ay)nyeny and (by)nven, we write ay ~ by if
limpy oo aN/bN =1and ay < by if imy_s0 aN/bN =0, ay > by if imy_o aN/bN = +00.
For N € N we write [1, N] for the set {1,...,N}. When A is a set we indicate with |A| its
cardinality.
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on a preliminary version of the manuscript, which helped us improve the presentation. F.C. and
N.T. acknowledge the support of INAAM/GNAMPA. Q.B. acknowledges the support of Institut
Universitaire de France and ANR Local (ANR-22-CE40-0012-02).
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2. STRATEGY OF THE PROOFS

In this section, we first present the strategy of the proof of Theorem 1.8, see Section 2.1.
We then show how to deduce from Theorem 1.8 the other main results, namely Theorem 1.1,
Theorem 1.5, Theorem 1.6 and Theorem 1.11, see Section 2.2.

2.1. Strategy of the proof of Theorem 1.8. We prove Theorem 1.8 in three main steps.
(1) First, we formulate a key result, Proposition 2.1, which is sub-optimal (with respect to
Theorem 1.8) in several senses: (i) the starting point is on the basic diffusive scale v N
without the factor e’ in (1.16); (ii) the parameter ¥ € (1, 00) is fixed so Proposition 2.1
is proved only in the critical window; (iii) the bound we obtain is polynomial in ¥ instead
of doubly exponential.
(2) Second, we use coarse-graining techniques to extend the previous bound to any 5 > 0
small and N € N, meanwhile also obtaining an exponential decay in NV, see Proposition 2.3.
By now, this is a well-established method, which dates back to [Lacl0] (in the context of
directed polymers); technical details are postponed to Appendix A.
(3) Third, we use a change of scale argument to quantify the effect of enlarging the scale of the
starting point: this leads to Proposition 2.6, which completes the proof of Theorem 1.8.
As a consequence of these steps, Theorem 1.8 is reduced to the key Proposition 2.1, whose proof
is given in the next Section 3. Let us now give some details on the steps outlined above.

Step 1: Key (sub-optimal) result. We first state a weaker version of Theorem 1.8 formulated
in the next key proposition. This is actually the core of the paper; we will present the key ideas
of its proof in Section 3.

Proposition 2.1 (Key proposition). There exists a universal constant C' > 0 such that for any
given 9 € (1,00), if we define fn = By (V) such that (1.13) holds, we have

lim sup sup E[Z]%N’w(f) A1) <
N—o00 feM‘liiSC(\/ﬁ)

=l Q

(2.1)

We view Proposition 2.1 as an estimate in the (upper) critical window, 7.e. we will use it for ¢
large but fixed, in order to apply a “finite-volume criterion” in the next step. We deduce from
(2.1) a corresponding bound on a fractional moment of Z ]BVN “(f):

limsup  sup E[Z]@N’w(f)l/ﬂ < : (2.2)

N—oo feleiisc (\/ﬁ)

thanks to the following general result.
Lemma 2.2. For any random variable Z > 0 with E[Z] = 1 we have
E[Z A1) <E[Z'?] < V2E[Z A1]/2.

Proof. The first inequality simply uses that z < z/2 for = € [0,1] to get that E[Z A 1] <
E[(Z A 1)'/2] < E[Z"/?]. For the second one, write

E[Z'?] = E[(Z1{2<1))"/*] + E[2"?1{721}] < E[Z17<j]"/? + E[Z]/*P(Z > 1)'/2,

where we have used Jensen’s inequality for the first term, and Cauchy—Schwarz inequality for
the second one. Then, using the inequality (a + b)? < 2(a? + b?) and the fact that E[Z] = 1, we
get that E[Z'/?]2 < 2(E[Z1z<y] + P(Z > 1)) = 2E[Z A 1]. O
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Step 2: Finite volume criterion via a coarse-graining procedure. Let us upgrade the
result from the key Proposition 2.1, in the fractional moment version (2.2), extending it to
arbitrary N € N and § > 0 small (i.e. not necessarily in the critical window) and improving the
bound with an exponential decay in N.

Recalling (1.15) and (1.10), we first define Ng(?) € N for any 5 > 0, ¥ € R as follows:

Ng(9) =e oV ¢V e® ~e %! B as B10. (2.3)

Proposition 2.3 (Improved bound). There exist constants B9 € (0,00) such that the following
holds: defining Ng := Ng(ﬁ) by (2.3), we have

VB e (0,8), YNeN: sup  E[Z5°(f)Y2] < 3e VN5 (2.4)
feMcllisc( Nﬂ)

Proof. To prove this result, we first rewrite the relation (2.2) inverting the roles of 5 and N (see
Remark 1.9): instead of letting N — oo with § = fn(¥), we let B | 0 with N = Ng(¥) defined
in (2.3), this is just a rewriting of relation (1.13), recall (1.15). Therefore (2.2) can be rewritten
as follows:

. w v2C
lim sup sup E[Zjﬁv’ﬁw)(f)l/z] < 75

A0 remiise((/Ns (D))
In particular, given any 9 > 1, we can fix a suitable 5() > 0 small enough such that (say)
3 w 2/C
VB € (0, 3(0)): sup E[Zy0 ()] < 5
fFeMPe({/Np(¥))

We next improve this estimate allowing IV € N to be arbitrary. The core idea is the following
coarse-graining result, which gives a finite-size volume criterion for the exponential decay of

(2.5)

the partition function: it shows that if the fractional moment is small at some scale L, then it
starts decreasing exponentially in N/L. This result is somehow classical in the literature, but
we provide a self-contained proof in Appendix A below.

Proposition 2.4 (Coarse-graining). If there exist L € N, > 0 such that

w 1
sup _ E[Z7°(N)"?] < 555+ (2.6)
femde(v/)
then for all N € N, we have
sup  E[Z5(f)Y?] <3e N/E, (2.7)
fEM(liiSC(\/Z)

Remark 2.5. Tt is enough to prove (2.7) for N > L, since for N < L we have E[Z]B\,’w(f)l/ﬂ <

E[Z54(f)] Y2 _ 1. Also, let us stress that the constant 55 depends on the distribution of the
random walk (we have simply taken a number that works for the simple random walk).

Vo — 300°

Recalling (2.5), we now fix 9 > 1 such that iﬁ@ < Lo i.e.d = (600)% C. If we correspondingly
define 3 := B(J) > 0 and Nj == Ns(0), then (2.5) yields

V3 € (0,5): sup  E[Z2%(H)Y?] < —. (2.8)
fEM‘ljiSC(\/J\ATg) Ng 00

It only remains to apply Proposition 2.4 with L = N, 3 to complete the proof of Proposition 2.3. [
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Step 3. The change of scale argument. We finally show that the scale of the starting point
in the bound (2.4) can be enlarged, to get the following result.

Proposition 2.6 (Large scale bound). In the same setting as Proposition 2.3, we have

VB e (0,8), YN eN: sup E[Z5%(f)}/?] < 7e~3N/Ns (2.9)
fEM‘liiSC(‘/eN/N/BN)

This completes the proof of Theorem 1.8. Indeed, if we define ¥ = ¥(N, ) in agreement
with (1.15), we have the identity N = Ng(J(N, 5)) with Ng(-) defined in (2.3). Recalling that
Njg = N3(9), we obtain
N _ Ns(O(N,B)) _ ov.)—d

Np Np(0) 7
which plugged into (2.9) yields (1.16), by Lemma 2.2, with ¢y = e™V and ¢; = min{3e~",1}.

Proof of Proposition 2.6. The key tool is the following general result, which allows to control
fractional moments with starting points at two different scales.

Lemma 2.7 (Changing scales). For any 1 < A < B and any v € (0,1), we have

y B\'7 y
s B[23(9)7] < (45) sup  E[2§(9)7]
femM=(VB) geEM{=(VA)

2
Proof. We partition the L ball of radius v/B into K := [%W < 4% balls (B;)1<i<k of

radius v/A. For any probability density f € M?isc(\/g ), we can decompose it as f = Zfil Qi G;
where o; == [ f1p, and g; == a% f1p, is just f conditioned on B;. This way, we may write

K
Z3E(F) = i Z5°(95) - (2.10)
=1

For v € (0,1), using the subadditive inequality (3°; 2;)7 <3, 2] for z; > 0, we obtain that

K K
E[Z5“ ()] < Yol E[Z5°(9:)] < swp  E[Z5¥(9)"] D], (2.11)
i=1 geM{ise(v/A) i=1
using also translation invariance. Now, using Hoélder’s inequality, we can bound Zfil a] <K 1=
so recalling that K < 4B/A this concludes the proof. O
Thanks to Lemma 2.7, we deduce from Proposition 2.3 that for all 5 € (0, B) and N € N
N\ 1/2 . 1/2 .
sup E[Zjﬁ\;w(f)l/ﬂ <2<]]VVeN/N5> 3¢ N/Ns :6<]]\7v> e 2/ N5
fEMiiisc(\/eN/N,BN) B B
This complete the proof of (2.9), since Gﬂe_%m < 7e 3% for x > 0. O

2.2. Proof of the other main results. We now give the proofs of Theorems 1.1, 1.5, 1.6
and 1.11. We start from Theorem 1.11, which is a direct consequence of Theorem 1.8.

Proof of Theorem 1.11. The lower bound in (1.19) is proved in Appendix B: we follow [BL17,
§4], exploiting super-additivity and concentration of measure arguments for log Zf,’w. We focus
here on the upper bound in (1.19), which we deduce from Theorem 1.8.

We claim that we can truncate Z]B\,’w at 1 in the definition (1.18) of the free energy and write

F(3) = lim %E[log(Z]ﬁV’w/\l)}. (2.12)

N—oo
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Indeed, the proof is simple: since Z]B\,’w = (Z]BV’“’ A 1)(21%“) V 1), it suffices to show that
1
lim —E[log(Zy* V1)] =
which follows by the inequalities 1 < Z]ﬁv’w Vi<1+Z ]B\,’w because, since E[Z]%w] =1,

. 1 B,w . 1 5w
< l : < - + 75 =o0.
0 < lim 7 Eflog(Zy* Vv 1)] J\}lm N logE[1+Zy*] =0

N—o0
Recalling (1.17) and applying (1.16), we can write for Zx = Z2“(0) = Zjﬁv’w(l{o})
1 1 __m
E[Z]B\,’w AN < — exp(—CQ eﬁ(N’fB)> — — eXp(—CQ et N e 02<5>> ) (2.13)
2 2
Applying relation (2.12) together with E[Iog(Zfi,’w A1) < logE[Z]BV’w A1] (by Jensen’s inequality),
we obtain the upper bound on the free energy in (1.19) with ¢ = ¢y e®. U

We next prove Theorem 1.6, deducing it from Theorem 1.8 and Proposition 1.13 (which is is
proved in Section 4.4).

Proof of Theorem 1.6. The upper bound in (1.14) is a special case of (1.16), so it remains to
prove the lower bound in (1.14). To this purpose, we consider the following inequality, in the
spirit of Paley-Zygmund: for any random variable Z > 0

E[Z]?
1+ E[Z?]°
The proof is simple: starting from the identity Z = (Z A 1)(Z V 1), we get by Cauchy-Schwarz

E[Z)? <E[(ZADHE[(ZV 1)} =E[Z> A|E[Z* V1] <E[Z A 1] (1 +E[Z7]).

E[Z A1) > (2.14)

To prove the lower bound in (1.14), it suffices to apply (2.14) to Z = Z]%N’w(f) with f = Llfl/isﬁc,

noting that E[Z] = 1 and plugging in the estimate (1.21) from Proposition 1.13. O
We then prove Theorem 1.1 about the Stochastic Heat Flow (SHF'), which follows from the
corresponding result for directed polymers, Theorem 1.6, that we have just proved.

Proof of Theorem 1.1. Consider (1.14) from Theorem 1.6 in the special case ¥y =¥ € R. If we
fix t > 0, we can note that relation (1.13) is invariant if we replace (N,9) by (| Nt|,9+logt), in
view of (1.10). Then we can apply relation (1.14) replacing N by | Nt| and eV~ by e?+1o8t = t ¢V,
which yields for IV large enough

1 1
Lgraner o sup E[Z{Ni (A1) < — et (2.15)

€1 fe_/\/lcliisc(1 /(eCO teﬁ)tN ) €2

Recalling (1.12), since the size of the support of o) is /N times the size of the support of ¢,
we deduce that (1.3) holds. O

We finally deduce Theorem 1.5 from Theorem 1.1.

Proof of Theorem 1.5. Let us fix 0 < ¢ < min{cy, c2} and set § :== 3(co — ¢) > 0. Define the
uniform density

1
Up(x) = —2 1po,m(7) with B(0,7) = {z e R?: |z| < r}. (2.16)
If we define € :== te“”cﬁ, setting ¢’ == m = %e_(”‘;)tcﬂ, Markov’s inequality yields
E[2U — ) N

(ecte )t

(27 (BO (et 1) > e) = P(Z° (U, /ry;) > <) < &A1

By the upper bound in (1.3), the right hand side is O(e_(@_c_‘s)teﬁ) —0aste’ = co. O
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3. PROOF OF PROPOSITION 2.1

We have shown in Section 2 how to reduce Theorem 1.8 to the weaker key Proposition 2.1. This
section is devoted to the proof of Proposition 2.1: we explain the general strategy formulating
some general propositions, to be proved in the next subsections. We first introduce the key
notion of size biased measure.

Definition 3.1 (Size-biased measure). Denote by (2, F,P) the probability space on which the
disorder w is defined, and recall the point-to-plane partition function Zjﬁv’w(ac) from (1.7).
For any x € Z2, we define the size-biased measure with starting point = by

Po(A) =P \(A) =E[14 Z3"(x)]  forany A€ F. (3.1)
More generally, the size-biased measure with initial condition f (a mass function) is

By() =By () =E[1() ZR(F)] (3:2)
Remark 3.2 (Size bias and total variation distance). Fix any Z > 0 with E[Z] = 1 and consider
the size-biased measure dP = Z dP. For any event A € F we have E[Z A 1] < P(A) 4+ P(A°) (just
bound ZA1<1on Aand ZA1l< Z on A°) and the inequality is sharp, since we can take
A ={Z > 1} to get equality. It follows that

E[Z A1) = sup{P(4) + P(A9)} =1 —drv(P,P),

where drv is the total variation distance between probability measures. Therefore, showing that
E[Z A 1] is small corresponds to showing that drv(P,P) is close to 1.

Remark 3.3 (Anomalous path detection). In view of Remark 3.2, showing that E[Z ]ﬁvw( )N — 0
amounts to a statistical problem of being able to find an appropriate event A = Ay to discriminate
between two environment distribution: P, and IF’? ~- Such “anomalous path detection problems”
have been investigated (mostly in dimension 1), see for instance in [ACCHZ08, CZ18], or
[ABBDL10] for a discussion on similar hypothesis testing problems.

3.1. Strategy of the proof of Proposition 2.1. We need to give an upper bound on
E[Z]%w(f) A 1] inside the critical window, i.e. for a fixed ¥ € [1,00), and for diffusive initial
conditions f, i.e. supported in a ball of radius v/N.

We combine a change of scale argument, that we use to reduce the initial diffusive scale v N
to a smaller scale VN , with a change of measure argument, for which we will use and refine ideas
developed in the case of point-to-plane partition functions (see e.g. the proof of Theorem 2.9 in
[JL25]). These lead to the next result, proved in Section 3.2.

Proposition 3.4 (Change of scale and measure). For any N < N and for any event Ay,
recalling (3.1), we can bound

=

sup  E[ZV9(F)N1] <2=P(AN)+2 sup P.(A%). (3.3)

fEMcliisc(\/ﬁ) |x|§\/ﬁ
We will fix N = e "N for a suitable 1 < n < 9. For the bound (3.3) to be useful, we must
find an event Ay for which both P(Ay) and P, (A%) are small, i.e. Ay is atypical under P but

=

typical under the size-biased measures P,. Our next result states that this can be achieved.

Proposition 3.5 (Bounds for the event Ay). Fiz any 1 <n <19 < oo, consider § >0, N € N
which verify (1.13), and set N = e "N. Then we can find events Ay € F such that

li]{[njup P(Ay) < Cy 19;77(3,—(19—’7) : (3.4)
) ~ e Cy
limsup sup P,(A4%) < . (3.5)

N—oo |z\§ﬁ
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where C1,Cy > 0 are universal constants.

The reason why the bounds (3.4) and (3.5) have the specified dependence on 7,9 will be clear
below (they are determined by the mean and variance of a suitable random variable X). For the
moment, it suffices to note that plugging these bounds in (3.3) we obtain

¥ — C
lim sup sup E[Zjﬂv’w(f) A < 2(}1777@277—19 + 22
N—o0 feM‘lhsc(\/N) n n

Then, if we choose 7 = 1/3, this concludes the proof of Proposition 2.1.

We are left with proving Proposition 3.5. To find Ax which is atypical under P, but which
becomes typical under the size-biased measure P, one could in theory take Ay = {Z J’?),N () >en}
for some ey | 0 slowly enough: in that case one easily gets IAPBz(A%) < en — 0 by definition, but
the difficult part remains to show that P(Ay) = ]P’(ZJBVN (x) > en) — 0 for a well-chosen ey | 0,
so we are back to square one.

A manageable solution is to find a simpler random variable X which acts as a proxy for
Z}%’w(x), for which we are able to compute the expectation and variance under P, P,. We clarify
this strategy in the following lemma.

Lemma 3.6 (Choice of the event Ay). Consider some random variable X = Xy such that

E[X]=0 and Ep[X]:= inf E,[X]>0
| <VN

and define the event

Then, we get that

_ Var, (X
ana) Py (AS) < 4 M .
Einf [X]2
The proof of the lemma follows directly by ChebychNeV’s inequality. It therefore only remains
to find a functional X such that Var(X), Vary(X) < Ei¢[X]? uniformly for |z| < VN.

The choice of X is the most delicate point in the strategy and the main novelty of our proof.
We discuss this issue in Section 3.3 arriving at the explicit choice of X defined in (3.18), which
may be described as the first (linear) term in a coarse-grained chaos expansion of the partition
function over time intervals of length N. This choice of X depends on the following parameter
(recall N = ¢~ "N from Proposition 3.5):

N e’
= - = — . 36
2N 2 (36)
We finally state our main estimates on Var(X), E,[X], Var,(X) that will be proved in the
next sections. The first two lemmas follow from second moment calculations and are proven in

Section 4. The last estimate is more difficult and will be proven in Section 5.

Lemma 3.7 (Variance bound). We have E[X]| = 0 and there is a constant C > 0 such that,

for N sufficiently large
log M
Var[X] < C 2B v,
U=
Lemma 3.8 (Size-biased mean bound). There is a constant C' > 0 such that, for N sufficiently
large

= log M
Eme[X] = inf E,[X]>C 2% 0-n,
jel<V/ N V=
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Proposition 3.9 (Size-biased variance bound). There is a constant C' > 0 such that, for N
sufficiently large

- 1 2
sup Var,[X] < C' logM (19 eﬂ*"> .

jel<V/F —

Together with Lemma 3.6, these estimates readily show that, for N sufficiently large,

v—n _(y- it
P(Ay) <C ——e W= and  sup P,(An)<C :
log M 2l <V/F log M

Since log M = n — log2, see (3.6), this gives the bounds announced in Proposition 3.5. (Of
course, the reason why we stated these bounds precisely in the form (3.4) and (3.5) was dictated
by the computation of the mean and variance of X.)

The remainder of this section is devoted to the proof of Proposition 3.4 (see Section 3.2) and
to the choice of the proxy X (see Section 3.3). We conclude with some additional considerations
on the size-biased measure (see Section 3.4).

3.2. Change of scale and measure: proof of Proposition 3.4. We start with a change of
scale for the starting point. To this purpose, we show an analogue of Lemma 2.7, except for the
truncated mean E[Z%“(f) A 1] rather than the fractional moment E[Z5(f)7].

Lemma 3.10 (Change of scale). For any N < N, we have
N

sup  E[Z¥(F)n1] <2 sup E{Zf\,’w(f)/\N} :

FEM{=(VN) femi(V/) N

(3.7)

The proof is a direct consequence of the following general lemma, combined with the same
decomposition as in (2.10).

Lemma 3.11. Let (o)i1<i<k be non-negative numbers with Z{il a; =1, and let (Z;)1<i<k be
non-negative random variables. Then, if we set Z = Zfil a; Z;, we have

E[Z A1) <2 max E[Z; A K].
1<i<K

Proof. Define A; == {Z; > K} and let B = [JX, A;. Then, bounding Z A1 < 1 on the event B
and Z A1 < Z on B¢ we have that

K K

E[Z A1) <P(B)+E[Z1pe] <> P(A) + > i B[Zi14e],

i=1 i=1
where we have used sub-additivity for the first term and B¢ = NK; AS C A¢ for all i. Now,
since 4; = {Z; > K}, we have that P(4;) < +E[Z; A K| by Markov’s inequality and E[Z; 1a¢] <
E[Z; A K] by definition of A§. Plugging this in the above gives that

K K
1
EZA1] < —E[ZiNK|+ ) o E[Z; NK],
2 0] < 30 BIZ A K]+ 3 o B{Z A K)
which concludes the proof. O

We next use a change of measure argument to estimate the right-hand side of (3.7). We state
it both for the truncated mean E[Z5“(f) A %} and for the fractional moment E[Z5(f)?], since
the proof we have is simplified with respect to what we found in the literature.

Lemma 3.12 (Change of measure). Let Z > 0 be a non-negative random variable. For any
K >0 and any event A € F, we have

E[Z A K] < KP(A) + E[Z1 4]
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Also, if E[Z] = 1, for any v € (0,1), we have, for any event A € F
E[Z7] < P(A)Y + E[Z14]".

The above improves and simplifies [JL24, Lem. 2.2], which controls the moment of order 1/2;
in fact, we simplify its proof and get a general fractional moment (note that [JL25, Lem. 3.2]
also controls a fractional moment, but in a non-optimal way).

Proof. For the first inequality, we simply bound Z A K < K on A and Z A1 < Z on A°: this
gives the desired bound.

For the fractional moment, we write E[Z7] = E[Z714] 4+ E[Z71 4¢]. For the first term, use
Holder’s inequality to get E[Z714] < E[Z]'™"P(A)}™7 = P(A)!77. For the second term, we use
Jensen’s inequality to get E[Z71 4c] < E[Z14c]7. This concludes the proof. g

In view of (3.7), we apply Lemma 3.12 and we obtain

w N w
s E[Z3() A1) <2(TPAN+ s E[ZF(DLg]). (39
feMiise(v/) femgi=(y/N)
for any N < N and any event Ay. Hence, using that Z5“(f) = ¥, f(2)Z%“(z) and ¥, f(z) = 1,
we obtain (3.3) which completes the proof of Proposition 3.4.

3.3. Choosing of a good proxy for the partition function. We next discuss the choice of
the prory X = Xy for the partition function Z]ﬁ\;w (z). Let us introduce some useful notation.
For n, N € N, x € Z%, we denote by ¢,(x) the simple random walk transition probability, that is

4n(7) = q(n, ) =P (Sp = z). (3.9)

A first approach: chaos expansion and L? projections. Let us define

nw = 5(5) — pPw(na) _ 1

n,T

and notice that the (&,,) are i.i.d. with E[¢, ] = 0 and E[(£,.)?] = *H~2MB) 1 = ¢2(p).
Then, we can rewrite the partition function in the product form: Zﬁ,’w(x) =E. [Tl (1 +&ns,)]-
Expanding the product, we can write

N k k
I =1+ > > Iatu—nivzi—zi) [[énw, (310
=1

k=11<n1<--<ng<N z1,...2,€Z2 i=1

with by convention ng = 0,9 = x. Let us notice the terms Hi-“:l &ni,z; in the above expansion
are orthogonal in L?. Therefore, one can reinterpret the above as the L? decomposition of
Z]BV’W (x) over the linear subspace of L? generated by the orthogonal variables

¢A) =[] & for A C N x Z?.
zEA

Then, the chaos expansion above can be rewritten as

2@ = Y ¢DA)eA),  with ¢W(A) =P (AC{(i,S)}s1),  (3.11)
AC [1,N]xZ?
with the term corresponding to A = & being equal to 1, by convention; we also denote

q(A) = ¢(9(A) for simplicity.
A simple choice for a proxy X, for Z]%w = Zf/w(O) is to take the first term in the chaos
expansion, namely

N
SN m(@)na (3.12)

n=1 ze7?
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This corresponds to the L? projection of Z ]5\,’“’ on the linear subspace of L? generated by the (£, ...
We refer for instance to [JL25, Section 6] where the functional (3.12) is used to show that the
martingale critical point is equal to 0 as soon as Ry — oco. In fact, one needs a slightly finer
strategy than simply use Chebychev’s inequality to bound IP’(A?V), but let us not dwell on details
here. The method can be pushed to show that Z ]ﬂv’w — 0 in probability as soon as 02(3) Ry — oc;
in analogy with what is done in [Ber, §4.2.2] (see Remarque 4.8).

In [BL17], the authors consider a more involved functional, namely (a slightly modified version
of) the k-th order term in the chaos expansion (3.10), that is

> q(A) £(A). (3.13)

AC [1,N]xZ2,|Al=k

They take k = ky — oo slowly (in fact ky = loglog V) to show that Zﬁ,’w — 0 in probability as
soon as liminf 02(3) Ry > 1; the result is in fact stronger and the authors prove a bound on the
free energy.

A new approach: a coarse-grained version of the chaos expansion. One could think of
taking an even more faithful approximation of Zﬁ;w than (3.13). A close to optimal proxy would
indeed be to keep in the chaos expansion (3.10) all orders k < log N, namely

> q(A)¢(4), (3.14)

AC [1,N]xZ2,|A|<log N

since it bears a positive proportion of the variance of Zjﬁv’w at criticality, i.e. when o?(8)Ry = 1.
However, this would make the analysis incredibly technical; the calculations in [BL17] are
already difficult, so dealing with variance terms in (3.14) would quickly turn into a computation
nightmare.

To overcome this, we introduce a new idea to build a proxy, by using a coarse-grained version
of the chaos expansion. Recall that we introduced in Proposition 3.5 some intermediate scale
N = e "N, for some 1 € [1,9). We then decompose the partition function into contributions of
strips of width N.

Let us assume that N/N is an even integer and write N/N = 2M. For j € {1,...,2M},
we decompose the Hamiltonian Hy in (1.7) over time intervals of size N, writing H ]%w =

3% H?*‘J(S ) where we define
HP“(S) = > (Bw(n, Sn) = A(B))  with I :=[(j — )N +1,jN], (3.15)
nel;

so that we can write
M
Z% = E[H o™ <5>] .
=1

8w
Then, writing each term A =;(5), we can perform a coarse-grained version of the

chaos expansion: we obtain

2M
Zv =1+ E[5(9)]+ S E[EL(S)ELS)] +-, (3.16)
= 1<j1<ja<2M

where we did not write the full expansion to lighten notation. Our idea is to choose the proxy Xy
as (a modification of) the first term of this coarse-grained expansion. This corresponds to taking
the coarse-grained version of the linear approximation (3.12).

Let us note that the random variables E[=;(5)] defined above can be seen as the projection
of Zﬁ,’w — 1 onto the subspace spanned by the (A) with A C I; x Z2. Let us thus define, for
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je{1,...,2M},
Xj= > a(A)&£(A), (3.17)

ACI;x72,|A|<log N

where we have added the constraint that |A| < log N; this corresponds to a truncation but will
keep the main contribution to the second moment, similarly to (3.14). We then define

M M
Xi=3 Xo = Tamn(E [eM2(9)] — 1), (3.18)
(=1 /=1

where we recall that Hf “(S) from (3.15) is the Hamiltonian restricted to the interval I;, and
we have denoted by Il<j,s vy the orthogonal projection onto the subspace spanned by chaos
components of order up to log N (i.e. by £(A) with |A| < log N).

Remark 3.13. We have restricted the sum to even indices j to simplify some calculations later on,
namely when computing covariances of Xy, Xop. Also note that the Xy, only involves indices
(n,z) with n > N: this will somehow allow us to forget about the initial condition.

3.4. More on size-biasing. We conclude this section with some considerations on the size-
biased measure. Recalling Definition 3.1, we can rewrite Py using the following two ingredients:
o Let Py =3 f(z)P, denote the law of a simple random walk with initial distribution f;

e Given a trajectory s = (s1,...,sn), let Iﬁ’ﬁ}(s) be the product measure
N
dﬁ’ﬁ}(s) _ H efw(nssn)=2(8) qp
n=1

understood as the distribution of w tilted along the trajectory of s.
Then, we have the following interpretation of the tilted measure:

Py (A) = Ef [Py (4)]. (3.19)

In a few words, ﬁ’? n is constructed by drawing a random walk S under Py and then tilting
the environment along the trajectory of S. This last formulation (3.19) is an easy consequence
of the Fubini—-Tonelli theorem, writing Z]B\,’w(f) as Ef[Hr]:[:1 ePw(:57)=MB)] and exchanging the
expectations Ef and E in (3.2).

Remark 3.14 (Size bias, reprise). Another approach to bound P,(A%) is to use the size-biased
representation (3.19). Indeed, one can introduce some well-chosen (random walk) event B €
0{Sn,n < N} and then write @I(Aﬁv) < Em[@%(s)(flf\,)lg] + P, (B°). This is what is usually
done in this setting, see for instance [BL17, §3] or [JL25, §6.2]. The advantage of this idea
is that, once one has reduced to work on the event B, it possibly makes it easier to control
IE?V’(S) [Xn] and @ar?\,’(s) (Xn), and thus Iﬁ’]ﬁ\}(s)(Aﬁv). We will not need such strategy, since our
choice for event Ay will already make the computation of E, [Xn], Var, (X ) manageable.

4. SECOND MOMENT ESTIMATES

In this section, our goal is to prove Lemma 3.7 and Lemma 3.8, which mostly rely on second
moment estimates. Proposition 3.9 requires some technical third-moment estimates and is the
bulk of the proof: we prove it afterwards, in Section 5. Before that, we provide some preliminary
second moment estimates, and in particular we prove Proposition 1.13.
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4.1. Notation and preliminary estimates. For n € N and f : Z? — R, let us define Zﬁ,(f)
to be the L? projection of Z2“(f) onto the linear subspace of L? generated by the £(A) with
1 < |A] < log N: more precisely,

=Y flx) > g7 (A)¢(A). (4.1)
z€Z? AC[1,N]xZ?,1<|A|<log N
Recall here that, for A = {(ny,x1),...,(ng, xx)} with & > 1, we have
|A]
¢ (A) ==P,(AC{(,8)}iz1) = H q(n; —ni—1,z; — xi-1), (4.2)

with by convention ng = n < ny, 2o = ; recall also that g(A) = ¢(¥(A).

We stress that E[Z5(f)] = 0, and when computing the variance (or covariances) of X ; we will
need to estimate covariances of Z2(f), ZP(g). For this, let us introduce the weighted collision
kernel

@i(f,9)= Y fl@)g@—y)g(y),
z,y€Z?
and the corresponding weighted Green function

9= af.0)
=1

Let us also define, for m > 1,

log N—1
Vi =Vu(B,N):= > o*(B) > q(A)*. (4.3)
k=0 AC[1,n]xZ2 ,|Al=k

which will appear repeatedly in the following (with n = N or n = %N ) as the contribution to the
variance of X after a first collision; it corresponds to the variance of a point-to-plane partition
function with chaos truncated at log N — 1. We then have the following result.

Proposition 4.1. For f,g:Z?> — R, we have that
n
E[Z]“(£)Z5%(9)] = 0*(B) > a2l f, 9) Vi
i=1

As a consequence, we have that

o*(B)Va Gu(f,9) <E[Z“(£)Z7%(9)] < 0*(B)Va CGn(f:9) -
Proof. We use the decomposition (4.1). By orthogonality of the £(A), we get that

log N
E[Z3(f)ZE8(9)] = Y fla)gly) > o*(B)* 3 ¢ (A)g¥)(A).
yel? k=1 AC[Ln] <22, A|=k

Now, notice that ¢®*)(A) = q(ny,z — x1)q(A’), where A’ = A — (ny,z;) is the set A translated by
(n1,x1) and where the first point has been removed (so |A’| = k — 1). Using the definition (4.3)
of Vy—n,, we therefore observe that

EZENZ)] = 3 1@ew) S S (Bl ar — 2)g(nn, 21— 4) Vo
z,y€Z? n1=1z,€72

Now, summing over x1, we get by Chapman—Kolmogorov that

> qlna, 1 — x)g(ni, 11 — y) = gon, (z —y) -
x1622
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This shows that
x,yEZ2 ni=1

which concludes the proof of the first part of Proposition 4.1, by definition of gan, (f, g).
For the remaining bound, we simply use that n — V), is non-decreasing, to get that

n/2

) Z q2n, (f, g)V% < E[ZArBL(f)Zg(g)} < 02(5) Z d2n, (fa Q)Vn )
ni=1 ni=1
which concludes the proof, by definition of G,,(f, g). O

We now conclude this section by giving the following estimate on V1 5, Vg. We postpone its
2
proof to Section 4.4 below.

Lemma 4.2. There exist constants c,c’ € (0,1) such that, for any 0 < n < 9 < /log N with
v—n>1,if o?(B) = (Ry — %)_1 and N = e "N, we have

€ ¥ < g2 <o o< S el
o T <AV < BV < G

In fact, once we have Proposition 4.1 and Lemma 4.2, the estimates of Var(X) and E, (X)
become straightforward.

4.2. Variance estimate: proof of Lemma 3.7. First of all, by orthogonality, we have that

M
Var(X ZVar Xop) .
=1

Now, for any j, notice that X; is the orthogonal projection of E[exp(?—[f “)] onto subsets with
1 < |A| <log N. By the 1\~/[arkov property, E[exp(’]—l]ﬁ’w)} has the same distribution as Z]%’w(pj)
where pj(z) = q((j — 1)N, 2) is the law of the simple random walk at time (j — 1)N. Hence,

we get that X; has the same distribution as Z]%w(uj), so it follows from Proposition 4.1 and
Lemma 4.2 that

Var[X;] = E[Z3°(1;)%) < 0*(B)Vy G (g, 117) < " G (g, 115) -

9 —

i)

Now, note that by Chapman—Kolmogorov we have that
ik i) = Y a(( = DN, 2)a(2i,x — y)a((j — N, y) = ¢(2((j = YN +14),0).
z,y€Z?

In particular, we get for any j > 2 and any i > 0 that go; (15, ;) < j‘]:v so that summing over

1§i§]§7weendupwith

N
c
/’Ljuuj Z q2i Njaﬂj )
i=0 ]
and it follows that Var(X;) < % ﬁ e?=". We conclude that
M
logM 9
% Var[X "
ar[X jz:l ar[Xo;] < €5 7 e

as announced. O
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4.3. Tilted expectation estimate: proof of Lemma 3.8. First of all, we obviously have
that E,[X] = Zyzl E,[X2;]. Now, we have by definition of E, and then by orthogonality and
translation invariance of w,

E.[X;] = E[X; 25 (2)] = B[22 (1) 25 (1)),
(z)

where p;

q((j =N,z - x).
Therefore, by Proposition 4.1 and Lemma 4.2, we end up with

—_ 0
¥ HG%N(lé )7M§ )).

is the law at time (j — 1)N of the random walk started from z, that is ugx)(z) =

c
U —n
We can now give a lower bound for G 1 N(ugo), u§$))

M§0)7 ,ugm), we get by Chapman-Kolmogorov that

E.[X;] >

for j > 2: indeed, recalling the definition of

N/2 N /2 .

~ C
(), ) Zq (i+(—1)N),z) > —.

a A
= IN 27

1N
2
Here, we have used for the first inequality that there is a constant ¢ > 0 such that ¢(t,z) > ¢

uniformly for |z| < VN and t > N, by the local CLT. Going back to the main estimate, we
therefore get the following lower bound: for any j > 2

_ 1
inf E[X]ZC o-n

lal<V/N Jv=mn

Summing over j = 2¢ for 1 < £ < M, we obtain the announced lower bound. O

4.4. Second moment estimates: proof of Lemma 4.2 and Proposition 1.13. Before we
start the proofs, let us introduce some further notation and useful estimate. We define

u(n) = Z qn(2)? = P(Sa, = 0), (4.4)

T€Z2
so that Ry = S°N_ u(n). We recall that by (1.10)
TRy =log N +a+o(l), a=++4log2—m~0.208. (4.5)

In fact, we have that 0 < o(1) < %
< -

For I = {i1,...,ix} with iy - < i, we also set

k
= [T uj —ij-1),
j=1

with by convention ig = 0, and u()) = 1. Let us also introduce, for n > 2, i.i.d random variables
T(”),Tl(n),Tz(n), ... taking values in {1,...,n} with c.d.f given by

P(T™ <j) =214 0().

so in particular P(T" = j) = %{31{17”7”} (j). Therefore, letting T,En) = Tl(n) + 4 T,gn), we

can write

S w) = (R)P(RY <n). (4.6)

IC[tn], 1=k
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4.4.1. Proof of Lemma 4.2. First of all, summing over the spatial coordinate in the definition (4.3)
of V,,, we have that

log N—1 log N—1
Vn = Z a*(B)" Z u(l) = Z (02(,8)Rn)kP(T,§n) <n).
k=0 IC[Ln], 1=k k=0

Bounding P(T]E,n) <n) <1 and P(T]gn) <n)> P(TI(O?N < n) and summing the geometric sum,
we therefore get that
(Uz(B)Rn>10gN -1 (n) (02(5)Rn)logN -1
P < < <
02(,3)R -1 (TlogN n) <V < UQ(ﬂ)Rn—l
Notice that for the lower bound with n = 1N 2e ~"N, we have that log N = logn+n-+log2, so

in particular log N < 2logn. We can then use [CSZ19b, Proposition 1.3] to get that P(Té?ggn <n)
converges to a positive constant. All together, we only need to get upper and lower bounds on
o2 (B)R, — 1 and (0(B)R,)8YN — 1 with n = N and n = L N.
First of all, we can use (4.5) and the fact that N = e 77N to get that Ry — Ry = 2L +o(1).
Hence, on the one hand we have that

Ry 914 0(1) v —n
2 N s s
o Ry —1= —-1> >c , 4.7
(B —1= iy 1z = TG 2 T (@7)
using also that g < %RN and ¢ —n > 1. Similarly, noticing that %N N with 7 :== n+log 2,
we also get that
o?(B)R1 —1<c/19_ﬁ <c/19_77
7N Ry — Ry
In particular, using also that o?(8)Ry = 1 + o(1), we get that
2 2 /
R () N B
19—7] Uz(ﬂ)R%N—l Uz(ﬂ)RN—l 19—’/’]
On the other hand, using also that % = o(1), we get for N large
1-— + o) o) _w 9
UZ(ﬁ)RN < ﬂ'RN 5 Ry <e ”RN+RNe7fRN+ (ﬁRN)2 ) (4.8)
~ 7Ry

2

Taking the log N power, and noting that (%) o(logN) we get that

(2(B)Rg) =N < (14 0(1))em v N < (14 o(1

))e”
using again (4.5) for the last inequality. Similarly, we get that (o%(3)R )1°gN > (140(1))e?7

so that, using that ¢V~ = %eﬁ "> e/2, we also get that

(AR )N — 1> ce? .

1N
sV

These estimates conclude the proof of Lemma 4.2. O

4.4.2. Proof of Proposition 1.13. First of all, notice that as for Proposition 4.1, we have that

N
E[Zy(f)] = o2(8) D ai(f, /)E[Z*,(0)2] < a*(B)Gn(f, HE[ZR“(0)%].  (4.9)
i=1
Now, if f =Un we get that
GN(UN,UN) |B( ﬂZZ‘ Z Z QQi(l'_y) <C,

=1 3 ye B(VN)NZ2
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where we first used that 3", 72 g2;(¥ — y) = 1 and then the fact that the volume of B(v/N) N Z?
is of order N.
All together, we only need to get an upper bound on

[e.e]

W k

o*(BE[Zy“ (0 §:a > ull)=o*(8) Y (*(B)R)P(rY < N).
IC[1,N], |I|=k k=0

(4.10)

We now bound the probability appearing in the sum thanks to Chernoff’s bound (note that it is

equal to 0 if £ > N): we have, for any A >0,

P(r") < N) < *Efexp(—2TM))". (4.11)

To anticipate a bit, let us mention that we will choose A= k_ﬂ < FR —g, With TRy — 9 ~

log N (recall 9 < log N). To estimate the Laplace transform of TV, we use the following
Tauberian theorem, from [BGT89, Thm. 3.9.1].

Lemma 4.3. For a sequence (u(n))nen of positive numbers, define the quantities

+oo
R(m) = Z u(n) and R(\) = Z e u(n)
n=1
If there exist constants a,b > 0 such that aR(m) =logm + b+ o(1) as m — oo, then
. 1 3
aR(\) = log(x) +b—vy+0o(1),
as A — 0, where v is the Fuler—Mascheroni constant.

As a corollary, using (4.5),

log() —a—7+05,5(1)

: < A
E[exp(—%T(N))] <—— > e N'u(n) = py.

9

where the last identity follow from Lemma 4.3, provided that )\/N — 0. Using again (4.5), this
gives that

5 TRy 4+ log A — v+ o(1
Blexp(~471")) < T tioEA =7 ol

, (4.12)

where o(1) is a quantity that goes to 0 as soon as N — 0o and A/N — 0. Going back to (4.11)
and choosing A=\ = L , we get that for any £ < N:

e;\k(wRN —log 5\k —y+o(l)

N
P(r") <) < e )"

where the o(1) in fact does not depend on k (since Ay /N < < 1oz uniformly for & < N). Plugging
this in (4.10) and using that 0?(8)Ry =

wRﬁ_ﬁ, we get that

N «
2 Byw )2 < T by TRy —log A _fy—’—o(l) ’
o (5)E[ZN (0) ]—WRN_nge ( TRy — 9 )

m h\ (log Ay —0+7-+0(1))
< e ke 7TRN —9
~ wRy — 9 Z

)

where we have used the inequality 1 —x < e~ 7.
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Now, plugging A= Wk_ﬁ, we get that

APEZEOP] < g St W (L hyT

TRy — 9 = TRy — 9
f(x) o e(1+19_7+0(1))x x_x
= — Z ( ) where we set
TN =1 ry =mRy — 0.

Note that f is a unimodal function whose maximum is attained at some z* € (0, 00). If we define
(i

i* == |z* rn], and we partition the sum over k into intervals of the form (iry, (i+1)ry] for i € N,
thenfori<i*wehave%§i+1§ < x*, while for ¢ > * wehave—zizi*iZ:c*.
N TN TN TN TN TN
Hence, we can estimate the sum as follows:
for i < i* : DO G S DR (GRS VN VNGRS O
ke(rn Gi+Drn] N7 ke(irn(i+1)rn]

for i > i*: Y (s X <.

.
ke(iry (it Dry] N ke (iry,(i+1)rN]

For i = i*, since max,er f(x) = f(x*), we bound the sum instead by

> I(E) <fmse

ke(i*TN’(i*+1)TN]

We end up with the following bound
;V i f(:V) < w(ijj FG)+ £@)) < (1+ ;V) (2 OESICH)]

Now we can use the fact that for all i > 1, we have ¢ Tz § (Z._el)!, so that

[e%9) i [e%S)

. e ; (§

Zf Ze (9—v+o(1))i — < e(ﬂf’y+o(1))l R —
= 2 i1 (Z — 1)'

S e(ﬂ_’Y"’_o(l))]

— oIt 14o(1) Z

— 9—+o(1)
: :eﬂ 7+1+o(1)ee rte )
= 4!
J:

Note that the last expression is equal to e® eVttt

maximum of f is attained at z* = e!*?=7+o(1) and f(z*) = . This concludes the proof
of Proposition 1.13. (]

since ¥ > 1. By direct computation, the

19—“7-&-0(1)

5. CONTROL OF THE TILTED VARIANCE

In this section, we control the tilted variance, i.e. we prove Proposition 3.9. First of all, we
write Var,(X) as the sum of tilted covariances, that we split into two parts, namely the diagonal
and the off-diagonal term:

Varg (X ZVarm Xog) + 2 Z (Covx [ Xos,, Xop,| -
/=1 01<bo

The remaining of the proof consists in proving the following estimates.

Lemma 5.1 (Diagonal terms). There is a constant C' > 0 such that, for any 2 < j < M = €',
we have for N sufficiently large

sup  Varg(X )g;( 1 eﬁ—77>2.

e|<VN
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Lemma 5.2 (Off-diagonal terms). There is a constant C' > 0 such that, for any jo > j1 > 2
with jo — j1 > 2, we have

~ C 1, N2
sup  Covy [ Xy, Xj,] < —5 (19 e? 77) :

je|<V/N (72)* A =
With these two claims, we finally have that
1 1 1 2 1 2
Varx Z 02 Z ——e') < (1+ log M) —— V),
( =1 2 1<l <t <M (62)2)(79—77 ) (19—77 )

where for the last inequality we have used that Zé\il 1%2 is bounded by a constant and also
that the sum over ¢; € [1, /5] is bounded by Z%Zl % <log M. This concludes the proof of
Proposition 3.9. U

It therefore remains to prove Lemma 5.1 and Lemma 5.2. We first deal with the off-diagonal
term, 7.e. Lemma 5.2, since it is a bit less technical than the diagonal term.

5.1. Off-diagonal terms: proof of Lemma 5.2. Let jo > j; > 2 with jo — j1 > 2. Then,
recalling the definition (3.17) of X; and expanding the covariance, we can write explicitly:
log N

@OV;,; [le,ij] = Z Z Q(AI)Q(AZ) @va [f(Al)ag(AQ)] .

k1ke=1 Ay CI;, 22| Ar|=Fk1
AQCI]'Q XZQ,|A2‘:/€2

Now, since the sets Ay, Ay are disjoint, we get that

Covz [6(41),€(A2)] = Eo[6(A1 U A2)] — Eo[6(A1)]Ea[(42)
= o?(B)M 2 (¢ (A1 U Ag) — ¢ (A1)q' (A2))
using also that E,[¢(A)] = E[Z]%w(x)f(A)] = o2(B)lg®)(A), recall (3.11). All together, we
have that Cov,[X,, Xj,] is equal to
log N

ST g3(p)kithe 3 q(A1)q(A2) (g™ (A1 U Ag) — ¢@(A1)¢ ™ (Ap)) .
k1,ka=1 Alcljl XZQ,‘A1|:]€1
AQCI]'2><Z2,‘A2|ZICQ

Here, denoting (s, u) the last point of A; and (¢,v) the first point of Ay, we can write
¢ (A1 U Ag) = ¢ (A1) qe—s(v — u)q(Ah),
¢(A2) = (v —2)g(Ay),  a(A2) = q(v)a(43),

with A, = Ay — (¢,v) the set Ag translated by its first point (with this point being removed).
Hence, we have

q(A1)q(A2) (¢ (A1UA2) — ¢ (A1)q'™ (A2)) = q(A1)q™ (A1) (q1—s (v—1) — g (v—12)) ge (v)q(A5)? .

Thus, summing over A5 and ko and recalling the definition (4.3) of V,, we obtain that
Cov[Xj,, Xj,] is equal to

log N
oA tt Y Yoo a4 (AN (@-s(v — u) = (v — 1))@ (v)V;, 5y, (5.1)
k1=1 AICIj1 X 72 (t,U)EIjQXZQ
|A1|=Fk1
where we recall that (s,u) is the last point of A} C I, x Z2. Since t € I;, = [(ja — 1)N +1, jaN],
we can bound V; 5, < V. Now, let us show that uniformly for (s,u) € I;, x Z*
S (@sv—w) —qlv - 2)q(v) < C L (5.2)

2
(t,v)EL, X 22 (72)
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First, summing over v € Z?, we get by Chapman-Kolmogorov that

> (astv—u) —q(v—1))g) = D qu-s(u) — qu(z).

(t,’l})E]jQ xZ2 tel;,

We can now bound gor—s(u) — qat(z) < q2t—5(0) — q2¢(0) + g2:(0) — g2t (), and control both terms
separately.
For the first term, for any ¢ € I,, s € I, we have by the mean value theorem
S le
Got-o(0) — q21(0) = u(t — 5/2) —u(t) < o——— < ¢ I
’ (t—s/2)? (jaN)?

where the last inequality holds uniformly for s € I;,,t € I, since 2t —s > 2(ja—1)N—jiN > joN,
recalling that jo — j; > 2. For the other term, we use the local CLT (see e.g. [LL10, Thm. 2.1.1],
in particular (2.5)), which gives that

1:2 C//
b
t (J2)N

1 2 C
0) — < —1—e YL Z <
1q2¢(0) — gae(2)| < 27rt‘ e |+ 2 =
uniformly for |z| < VN and t € I;,. All together, we have shown that go;—s(u) — ga(z) <
C’(j21)2N_1 uniformly for (s,u) € I;, x Z? and t € Ij,, so that summing over ¢t € Ij, we
obtain (5.2).

Then, plugging (5.2) back into (5.1) (notice that all the terms are non-negative), we get that

N i log N
Cov, [le,XjQ] <C (] )2 02(,8)VN Z 02(5)161 Z Q(A1)q(z)(A1)
j2 klzl Alcljl XZ2,|A1‘:I€1

Now, as above, letting (n1,z1) be the first point in Ay and A} = A; — (n1,x1) the translated set
(with (ny,z;) removed), we can write q(A1) = gn, (1)q(A}) and ¢®)(A}) = gn, (x1 — 2)q(A}).
Therefore, summing over A} and k; gives, recalling the definition (4.3) of V,,

log N
> a*(B)" > g(A)g" (A1) =a’(B) D (@) gn (11— )V 5,
ki1=1 A1CIJ~1 X Z2,|A1|=k1 (nlvxl)elh xZ?

Bounding le Nen, < Vi and using Chapman—Kolmogorov, this is bounded by

BV Yt () < S BV
ni€l;, J1
All together, we get that
C
(J2)

which gives the conclusion of Lemma 5.2 thanks to Lemma 4.2. U

@OVI [le ) ij] <

5 (2(B)Ve)?,

5.2. Diagonal term: proof of Lemma 5.1. For the diagonal term, we will use the analogy
with the computation of the third moment of Zﬁ,’w( f); some of our estimates are adaptations
of [CSZ20]. Let us start by writing E, [XJQ] = E[X;fo’w(x)}, so that using the definitions (3.17)
of X; and the decomposition (3.11) of Zﬁ,’w(a}), we get that

E.[X]]= > > a(@MHHIHElgA)g(4)g D (B)E[E(A)E(ANE(B)] -

AA'CI;xZ%  BC[1,N]xZ?
1<|A],|A"|<log N

First of all, we remark that triple intersection give negligible contributions to the aforementioned
sum, see [CSZ20, Proposition 4.3].
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Lemma 5.3. We have that for any fived 1 <9 < +o0, if 02(8) = (Ry — g)_l
lim sup > o(B)AHIATHIBl(A)q(A) g (B)E[E(A)E(A)E(B)] = 0.

N=00 4 A" BC[1,N]xZ2
BAANA
In particular, we may focus on the above sum when restricted to B = AAA’, which means only
pairwise intersections. Hence, we set C; = A\ A', Cy = A’ \ A and C5 = AN A’. Equivalently,
A=C1UC5and A =CyU C3, B = Cq U C9; note that ’A‘ -+ ’A/’ + ‘B’ = 2(‘01‘ + ‘CQ‘ + ’Cg‘)
We can then write that E, [XJQ] is o(1) plus

log N

Z Z U2(ﬁ)|01|+‘c2|+|03|q(01 L Cg)q(Cz L C3)Q(I) (Cl U C?)
kk'=1 Cy,02,C5CI;xZ? disjoint
[C1]+|Cs|=k,|Ca|+|Cs|=F'

‘el k'
< Y (PR M),
kek'=1
where we have used that |C1|+|Ca|+|C3| < k+k and 0?(8)Rg > 1 (see e.g. (4.7)), and defined
@ (3 1) — 1 x
MI gk k) = 3 RO q(CL U C3)q(Cy L Cs) g™ (CyL L Cy) .

C1,C2,C3C1; xZ? disjoint
|C1|+|Cs|=k,|C2|+|C3|=k'

We now use the following claim, that we prove below.
Claim 5.4. There is a constant C > 0 such that, for any j > 2, and any N large enough,

C
2R2‘

sup  sup /\/lf)~(k K <
Y
9—n+o(1)

With Claim 5.4 at hand and using also that o?(8)Ry < e "Av  (see (4.8)), we can then
bound

INEx[Xf] <ol 2R2 (gZ kﬂ 77—|—o(1> C’(ﬁ n>27
nd

using also that TRy = log N + o + o(1) and Ry ~ Ry as well. This concludes the proof of
Lemma 5.1. (]

5.2.1. Proof of Claim 5.4. To prove the claim we rewrite the sum by regrouping elements
of C1,Cs,C3 into stretches of “same-type interaction”. Let us now describe how we regroup
elements of C'1, Cs, C'3 into stretches with labels, in order to define “interaction diagrams”. We
refer to Figure 1 for an illustration of such a diagram. In the following, we order elements by
lexicographical order, i.e. by time, and we let (m;, 2;)1<i<|c,;ucoucy| be the ordered elements of
ChiUCyUCs.

For the first stretch, we let (a1, 1) = (m1,21) = inf{C; U C2 U C3} be the first element. We
label this first stretch by d; = C, where C, is the set such that (a;,z;) € Cy, and we then add
elements to the first stretch until these elements are no longer in d;. More precisely, we let
k1 = sup{k, (m;, z;) € di Vi < k} be the length of the first stretch, and (b1, y1) = (mg,, 2k,) be
its last point. We write S; = {(m;, 2;),1 < i < k1 } which contains all the elements of the first
stretch.

We then proceed iteratively to define the different stretches. If the stretches Si,...,S5,-1
with respective lengths k1, ..., k,—1 have been defined, the first element of the p-th stretch (if it
exists), is then (ap, xp) = 1nf{(C’1 UCyUCs)\ (S1U---USy_1)}, which is in fact the element
(Mgt thy1+15 Zhy +tky_1+1)- We label the stretch by d,, = C;. where C, is the set to which
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(ap, xp) belongs, and we define k), the length of the stretch and (b,,yp,) its last element exactly
as above. The p-the stretch is then Sy = {(mj, z;), k1 + -+ kp_1 +1 <i < ki +--- + k,}.

(b5, y5)

b2, y2)

2T

G- N i

FIGURE 1. Illustration of an “interaction diagram”. Pairwise interactions are regrouped in
stretches of “same-type” interaction labeled by C.., because of the term ¢(C, U C7)q((Cy U Cr)).
A labeled diagram then corresponds to a collections of stretches with a label dp, a length
(cardinality) k, and ordered starting and ending points (ap, Zp), bp, yp. In the above diagram,
there are ¢ = 5 stretches.

We can then interpret the p-th stretch S, of label d, = C)., as the contribution to the sum of
the intersections (C, U Cy) N (Cy U Cy). More precisely, if we denote by ¢ > 2 the total number
of stretches, we notice that we can then write

q(C1 U C3)q(Cy LU C3)q (‘r)(Cl | CQ)

= q(a1, 1 — xp)q(ar, x1 — H q(m; —mi_1, % — zi—1)°
-q(ag — by, x9 — y1)q(ar, z1 — H q(mi —mi_1, 2 — zi-1)
i=k1+1
¢ ktthp
: H q(ap = bp—1,Tp — Yp—1)q(ap — bp—2,7p — Yp—2) H q(m; —mi_1,2; — Zz’—l)z )
p=3 i=k1+hp_1+1

where x}, 22,73 € {0, 7} and depend on whether the label of the first stretch is d; = C; or Cy
(in which case z{ = 23 = 0 and 2§ = x) or d; = C3 (in which case 2} = x, and 2% = 2} = 0); we
refer to Figure 1 for an illustration.

In the big sum defining M 3 N,
(internal) contribution of stretch only depend on its length and starting and ending point. In

particular, the contribution of the p-th stretch is then Q*kp(bp — ap, Yp — Tp), Wwhere we defined

we can in fact perform a partial sum inside each stretch: the

2
V q\m, z
Q.2 = QD(m.) = M5y

(z)

All together, we can rewrite the formula for ./\/l 5 Py summing over diagrams of labeled stretches

the contribution of each diagram. Denoting E > 2 the number of stretches in the diagram, and
decomposing over the label, length, starting and ending point of each stretch, we can therefore
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o0
(z
Mg X > >
{=2dy,...,dy labeling ki,...,k¢>0 a1§b1<-~<a4§bg€Ij
C k’(klv k) T1,y1, Lo,y €Z2

q(ar, z1 — $(1J)Q(a1, T — fﬁg)

sup - Q™ (by — a1, y1 — 1)
bl a3 |3l <V N
q(az, s — $8)Q(a2 — b1, 22 — 1) sk
) by — _
Ry Q" (by — az,y2 — x2)
¢
) H Q(ap - bp—17 Tp — yp—l)Q(ap - bp—27 Tp — yp—Q) Q*k:p (bp — ap, Yy — xp)

Ry

where Cy, i (k1, . . ., k¢) stands for the constraint that |C1| + |Cs| = k, |C2| 4+ |Cs| = k' (which can
be read thanks to the labeling of the stretches). Note that this is only an upper bound because
we have taken the supremum over :B(l), x%, x% in order to forget about the initial point.

We now use the following basic estimate: there exits a constant ¢ > 1 such that

q(m, z) < sup g(m,y) < éu(m).
yEZ2

We then apply this estimate to the kernels g(a, — by_2, T, — yp—2), as well as (a2, r2 — 23) and
q(ay, 1 —x(l]). We can then sum over the space variable iteratively, starting from yg, ¢, yo—1, T¢—1,
etc. Defining

: : u(m)
= ZQk(m,Z):Kk(m) with  K(m ZQ R — Loy
ZGZZ Z€Z2 N
and using that 3>, 72 q(ap — bp—1,xp — yp—1) = 1, we then obtain
o
(z) Vi
Mg <@ > > >
=2 di,...,dg labeling  k1,....kg>0 a1<b1<--<a,<be€l;
Ckyk/(kl,...,kg)
u(ay)u
S R URICRUSYAR | O EAUE)
N

We now sum over by, by_1 (these are free ends of the dlagram, see Figure 1), and we use
Yoo Uk(m) = 1. This is in fact a crucial step since now we can sum over ky, ky—1 and forget
about the constraint C(k,%"). We now sum over the other k,’s and introduce the notation
U(m) = > k>0 Ur(m). Using also that u(al)u(aj) < j%] uniformly for ai,as € I, we get

M§ )N(k k, 2R2 Z Z Jfa

N (=2 dy,,dg labeling

where we have set

1 1 2 ‘
Jp = > ﬁU(bl—al)ﬁU(bZ—QQ) I K(ai—bi—2) 1;[ K(a;— - (5:3)

a1<b1<--<ay_o =3 7 1
<by_o<ap_1<ag€l;
Note that there are 3- 2/~ possible labelings. Note also that we can interpret J; as a probability,
as follows; let us also stress that .J, does not depend on j so we can take 7 = 1. Indeed, let 7, 7’ be
independent renewals with step probability mass function K(m) = %T;)l (1<m<N} and starting

points uniform in [1, N [. If we denote by L (7, 7’) the number of alternating stretches of 7, 7/,
then we can write J; = P(r N7 =0, L5(7,7") > £). We refer to Figure 2 for an illustration.
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b a b a
1 3 3 5 N

FIGURE 2. Ilustration of the interpretation of the formula (5.3) for Jo in terms of alternating
stretches of two independent (and identically distributed) renewals 7,7’. The first point is
chosen uniformly in [1, N] and they then have inter-arrival distribution K (m) defined above.
The stretches alternate between 7 and 7’ and have starting and ending point denoted by a,, by,
in reference to the interaction diagrams (see Figure 1), and we denote by £ (7,7') the number
of different stretches: in the above picture we have ¢ = 5. Note that the last stretches only
have a starting point since we have already summed over their ending points (this allowed us to
forget about the constraint C(k, k')), see the formula (5.3) for Jo.

In conclusion, we have, uniformly in k, &’ > 1,

(z : — I !
sup MY _(k,K') < TR Z YTy, with J, = P(rn7' =0,Ly(r,7) >10).
lz|<V/N 29 RNe 2

We can now conclude using the following claim, which controls the probability J,.
Claim 5.5. For every ¢ > 0, there exists a constant Cz < 400 such that
Jy Z:P(TQTIZQ),ﬁN(T,T/>Z£)Scaf‘—l VE>2.

In particular, this gives that > 72, C'J, < 400, or equivalently E[C’LN(T”/)I{TQT/:@}] < 400, for
any C = 2¢. This readily concludes the proof of Claim 5.4. (|

5.2.2. Proof of Claim 5.5. The proof is similar to what is done in [CSZ20, Section 5.3], but we
give the details for completeness. We actually directly show that J; :== P(rN7" =0, L (7, 7') > ¢)
decays faster than exponentially in £. So let us fix in the following ¢ > 2.

We start by the definition (5.3), that we re-write as

14

-2
1
Jg: Z ﬁHU(bl—al)HK(az—bl,g)
0<a1<bi<--<ap—o =1 =3
<bp_9<ar_1<a;<N

Now, by [CSZ19a, Theorem 1.4] (and recalling (4.4)-(4.5) for controlling u(m) and Ry), we
have that there is a constant C' > 1 such that

logN c 1

GfF) Kmsgmn

where Go(t) = [5° ﬁ st*~le 7%ds for t € (0,1] is the so-called Dickman subordinator.

U(m) < C

(Note that by taking N large we could make the constant C arbitrarily close to 1.)
Plugging this in the above formula (and noticing that all the log N cancel out), this gives

1 221 bi — a;\ v 1 N
Jp < 02 3 — I =G (V[ = ———
0<a1<by<-<ap_s N2 N ( N ) s N ai —bi—o
<by_s<ar_1<ap<N
¢ =2 d 1
< (¢ // Go(ti — si ————dsdt.
< () Z:Hl of >Z-1;[38¢—t¢_2

0<s1<t1 <+ <802
<tp_o<sp_1<s¢<1
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With a change of variable u; =t; —s; for 1 <i<{—2, up = sy — sy_1, and v; = s; — t;_1 for
1< f—1, we get

-2 ¢
1
Jy < (O // Go(u; dudv.
e< () 1:[1 of 1)11%4-1%‘714-%71
uw;€(0,1),v;€(0,1) = =
U+ Fug v+ o<l

Then, bounding v; + U;i—1 + vi—1 > v; + v;—1 and introducing a multiplier A > 0 and using that
[TIiZ2 M < e, we get

-2
7, < C/E)\/G f)\ud /
£= o(u u (0,1)¢— 21;[Uz+vzl

On the one hand, by [CSZ20, Lemma 5.2], there exists ¢ < oo such that for all A > 1

1
—Au c
du < ———
/0 Go(u)e u < 5 T Tog N’

so we end up with

J<C’2*( ) /
e (C) e 2+ log A 0,1)¢~ 2H”z+vzl v

and it remains to control the last integral.
For this, define (¥ (v) = 1 and by iteration ¢®)(v) = Jon v+ug0(k D(u) du, so that the
integral is equal to fol ot=2) (v) dv. We now show by iteration that for any k > 1

k
Yv e (0,1) oM (v) < %
The base case k = 0 is trivial, since ¢(©)(v) =1 < -1 for v € (0,1). For the inductive step, we

/o
(0,1). Then, we have

| 1 1
&y [ L k-1 < k1 / I
Pr) /0 vtu’ (Wdu<m 0 Vu(v+u) du

assume that p#~D(v) < =

k—1 k
=u? k—1 /1 1 2w 1 s
= 2 dt = t — ) < —.
m o 7 arcan(ﬁ>_ﬁ
Therefore, we obtain that
|
/ H —dv = / o2 (v) dv < 2772,
(0,1)¢-2 =5 Vi + V-1 (0,1)
All together, we conclude that
C'n 0—2
J < 2 Cl 2 )\<C>
£ 2C) e 2+ log A

Taking A = A, large enough concludes the proof of Claim 5.5. O

APPENDIX A. THE COARSE-GRAINING PROCEDURE

In this section, we prove Proposition 2.4. First of all, let us present some “finite-volume
criterion” result which explains how having a small fractional moment at some given time scale
then triggers an exponential decay of the partition function at a larger time scale (but keeping
the same starting distribution).
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Lemma A.1 (Finite-volume criterion). If there is some scale Ny such that

sip E[Z54(0)1?) < (A1)

pEM(BWND) 300 °
then for any N > Ny, we have that
sup E[Z]Lz;w(cp)lﬂ] < e LN/NoJ
pEM1(B(VNo))
Proof of Lemma A.1. We will prove the result only when N is an integer multiple of Ny, i.e.
N = mNj for some m € N. For any integers s < t, for any probability measure y on Z? and any
B C 72, let us introduce the notation
t

25 (i B) =By exp( Y (Bw(n, Sn) = M) Ls,eny |

n=s+1
which is the partition function of a polymer with initial distribution u at time s and constrained
to end in B at time ¢. Let us also denote fo(x,y) when g is a Dirac mass at z and B is
reduced to the set {y}.
Then, for some “squeleton” Y = (y;)i>1 € (Z*)Y, let define a \/Np-scale coarse-grained
partition function starting from ¢ € Mj(B(v/Ny)) and with squeleton ) by setting

m
Zo @)= 3 o) Y o > T Zu-vmedno@io1,)

zo€B(0) z1€B(y1)  *m€B(ym) =1
where for simplicity we denoted B(y) := B(yy/No, 31/No) the ball centered at yy/Ny of radius
Np; note also that we have used the Markov property to write the product of point to point

partltlon functions. Using the standard inequality (3, z;)/2 < 3, zl/ for non-negative (z;);,
we then get that for any m € N,

y y 1/2 y
Zﬁizvo(@)l/z = ( Z ZmNO,B((P§y)) < Z ZmNo,ﬁ((P§y)l/27 (A.2)
(Y155ym ) E(Z2)™ (Y1, ym)E(Z2)™

so that we are reduced to estimating a fractional moment along a squeleton ).
Notice now that we have some coarse-grained product structure for Z]f ]\‘}; (Y): indeed, we can

write
Z(%-}-l)No (905 y) = Z}f]’\(;; (‘P§ y) ZlfJ’VO,(k-s-l)No (Mf::,yS B(Z/k—&-l)) )
where ,u’g ., is the Y-squeleton polymer probability distribution, supported on on B(yg), given
by
k
M) = > ouxo) > X I ZG-ymeimo (w51, 2) ay—ay -

ﬁ7
ZkNo (90’ Y) z0€B(0) z1€B(y1) p_1€B(yr—1) =1

Therefore, taking the conditional expectation with respect to Fjn, and using that ,u[,j’ y is

Frn,-measurable, we get that

w W W 1/2
E{Z(ﬁkﬂ)]\z (; V)2 ‘ }-kNo} < ZIENO(SOS V)2 sup E[Zifjvo,(kﬂ)zvo (1 B (yr+1)) / } :

HEP1(B(yk))
Therefore, if we define
1/2
Q)= sw _ E[Z)5 (mBw)'"], (A.3)
HEP1(B(V'No))
then by translation invariance we get by iteration that
m
o 5[5, < [T ot i),

PEM1(B(VNo))
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so that plugged into (A.2) we get that

m
E[(Zin) < 2 TIQwi-wn= (X aw)"
(Y1,0ym ) €(2Z2)™ i=1 yez?
It therefore only remains to show that under (A. ) we have that 3,72 Q(y) <e .
First of all, we always have that Q(y) < 300, thanks to Equation (A.1). On the other hand,

simply applying Jensen’s inequality, we have that

E[Zﬁﬁo(ﬂsB(y))l/Q]SJ S u@)P,(Sx, € By() < /P (Sx, € Byv/No, Vo).
lo|<1v/No

where we have widened the ball around y+/Ny by %\/No to account for the worst case scenario

for the starting point |z| < 23/Np. Now, notice that (iSﬁLl) + Sﬁf))nzo are standard simple
random walks in dimension 1, so that

P(SNO € B(yv/No, \/ﬁo)) < P(SRVVN0 > (lyl1 — g)m) < e (wh-2?/2

where the last inequality is standard.
Therefore, for any integer threshold K > 1, we obtain that

ZQ(y)S Z 74_ Z —(lyh—2)? = (2K2+2K +1)- 300+Z4re (r-2)?
yeL? \ylléK lyl1>K r>K

Now, it turns out that for K = 6 the first term is bounded by 12090 and the second by 1%0, with
% < e~ 1. This concludes the proof. O

APPENDIX B. LOWER BOUND ON THE FREE ENERGY

Let us prove the lower bound in (1.19) from Theorem 1.11, using the same strategy as
in [BL17]. The idea is to start from the super-additivity of E[log Z]BV], which gives that

1

F(8) = sup -Ellog Zy]
N>1

see e.g. [Com17, Theorem 2.1].

We will apply this inequality for some specific N, = N.(3) such that ¢2(3)Ry, = 1 (in other
words such that 9(8, N) := mRy — UQL(ﬂ) = 0 in (1.15)), which therefore gives that

]. P | S
F(B) > Ellog Z% | > ce 2@ E[log Z2 ],
(8) N.(3) [log NC] [log Nc]

using that 7Ry, = log N. + a + o(1) as N. — oo (or 8 ] 0), see (1.10). What remains to prove
is therefore the following lemma, which estimates E[log Zﬁ,f]

Lemma B.1. Let N > 1 and let 8 = B.(N) be such that 0*(3.)Rn = 1. Then, there is some
constant C > 0 such that, for all N > 2, we have

Ellog Z™] > —C(log N)*.

With this lemma at hand, and since S.(N.(3)) = 3, this readily gives that E[log Z]%(N)] >
—C'0%(B)™4, using also that log N.(8) = ot o(1). This concludes the proof of the lower
bound in Theorem 1.11.

Remark B.2. The bound in Lemma B.1 is of course not optimal, namely we expect that

Z]ﬁVC(N)vw

E[log ZJBVC(N)’W] ~ —cloglog N. In fact, one conjectures that )\]}1 (log — \%) converges

in distribution if Ay = loglog N (we expect asymptotic normality in the lower quasi-critical

regime, with Ay = log(l‘og]\lf )). Combined with super-additivity, this would give the lower bound
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—(cst.)log(azl(ﬁ))e*”/"z(ﬁ) for the free energy. In fact, we believe that our upper bound in
Theorem 1.11 is not completely sharp since we obtain it from an averaged starting point. We
would therefore expect the following behavior for the free energy:

F(8) ~ —clog(

1 2
—m/o(B)
0_2(6))6 as 8} 0.
Proof of Lemma B.1. The proof relies on concentration inequalities to estimate the left tail of
log Z 5. We use the following concentration inequality from [CTT17, Prop. 3.4].

Proposition B.3. Assume that the environment is bounded, i.e. |w| < K, and let f be a convex
function. Then, there exists some constant ¢ > 0 such that for any a, M and t > 0, we have

2

P(f(w) > a; |V f] < M)P(f(w) < a—t) < 2 “F=nZ .

We will apply this result to log Zﬁ,, which is a convex function in w, whose norm of the
gradient is given by

log Zﬁ,f .

N
|VlogZ]ﬁ\,|2 = Z Z (

n=1|z|<n aCUn,.'E

Our first lemma controls the first factor in Proposition B.3.

Lemma B.4. Assume that 0?(8)Ry = 1. Then, there is a constant C > 0 such that

1
P(log Z3 > —1;|Vlog Z3* < C(log N)*) > ClogN

Then, applying Proposition B.3 with a = —1 and M = \/5(log N)3/2, we get that for a
bounded environment |w| < K,

2

_c___t7
P(log Z& < —1 —t) < 2Clog Ne € K00z N)P |

We can in fact reduce to a bounded environment with a large constant K = (log N)?/2: define
(I)n,z = Wn,x1{|wn’z|§(10gN)3/2}, and note that

3/2

P(&One = wne Vn € [1, N],¥Y|z| <n) < N3]P’(\w] > (log N)3/2) < N3gcollogN)

Therefore,

~ R t2 _
Plog Zo* < —1—t) < P(log Z2¥ < —1—1)+P(@ # w) < 2Clog Ne € G m® 4 N3~ collog N)>2.

where we have applied Proposition B.3 with K = (log N)3/2, a = —1, M (well, we need to check
that 52(B)Ry = 1+ O(@), but that should be ok).

Then, using that —E[log Z]BV] <1+ [{°P(—log ZJBV > u) du, we can split the integral into two
parts. The first part is

N2
P(log Z]BV <—1—-wu)du< C’(log N)4 + NOe—co(logN)

3/2
1

where we have used the upper bound found above. For the remaining part, we use the very
rough bound: for u > 2A(5)N

P(log Z]BV < —u) < P(BN min{wy, z,n € [1,N],|z| <n} = ANB)N < —u)

1
< B(minfunson € [1LN] o] < ) < —3 ) < N/ 200

Thus, the second part of the integral [y P(log Zﬁ, < —1 —u) du is bounded by cBNLe—coN/25
which is negligible compared to the first term. This concludes the proof. O
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Proof of Lemma B.4. First of all, let us write
P(log Z5 > —1;|Vlog Z5|* < C(log N)?)
= P(Zfi, >e ) — P(Zfi, >e ! |log Zﬁ,!Q > C(log N)?).
For the first term, we use Paley—Zygmund inequality to get that

1 c

P(Zy>el)> (1 e‘1)2E[(ZJﬁV)2] 2 N

where we have used that, at criticality, E[(Z]%)Q] < clog N . For the second term, a straightfor-
ward calculation gives that

2 N N
Vlog Z5|? = P gee { S Sn}eanl6<wn,sN+wn,gN)—2A(ﬂ>] .

(Zx)?
Bounding Z ) v = e, we get that, applying also Markov’s inequality
8 -1, B2 e? E®2[g2 al BN 1
B S —— = 2 n= { n=— _n}
P(25 > e |[Viog Z{* > C(log N)*) < Clog N7 8 ;1{Sn25n}e s

with Aa(5) = A(28) — A(B). Then, we can use that, at criticality, we have the following bound,
that we prove below

Claim B.5. Assume that o%(8)Ry < eTEN for some 9 € Ry. Then there is a constant C' = C(V)
such that

N N
E®2 [62 Z 1{571:5'"}6)\2(5) Zn:l 1{S7L:S‘7L}i| S C (log N)2 .
n=1
All together, this gives that
c e2C’ c
“logN ClogN ~ 2logN’

IP’(logZ]/f, —1;|Vlog ZJB\,|2 > C(log N) )
provided that we had fixed C' large enough. O

Proof of Claim B.5. Recalling that o?(f) = e — 1 we can perform the following chaos
expansion:

N N
E®2|:Z 1 + o (5))271:1 1{5n=§n}:|
= (B.1)
0 ~
PILECLEEEDY ZP®2 (S, = S, Wi € {1,... k}, S = Sn).
= 1<ni;<---<np <N n=1
Now, we consider two contributions. First, if n € {ni,...,ng}, this gives a term
o
> k(B Y Hu — 1)
k=0 1<ni<--<np<Ni=1
where k is simply a combinatorial factor due to the choice of index i € {1,...,k} such that n = n;.
Second, if n ¢ {ni,...,ng}, this gives a term
oo

Y (k+1)a?(B)F > HU i = Mi-1)

k=0 1<n; < <np41 <N i=1
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where the combinatorial factor is due to the choice of interval (n;_1,n;) in which n falls. All
together, after a change of index for the second term, the left-hand side in (B.1) is equal to

00 k
(1+0%(B)7") D ka®(B)" > I u(ni —niz1).
k=0 1<n; <<n <N i=1

Noting that 82(1+ o2(8)~!) is bounded by a constant, we focus on sum. We use the following
upper bound, see [CSZ19a, Lemma 5.4]: there is a constant ¢ > 0 such that, for every k > 1

1
(Ry)*

With this bound at hand, we get that

k k +(_k
Z H u(n; —n;_q) <e “TosN log™ (5 w) |

1<n) <--<np <N i=1

0o k 0o
S kB S JJuln—nia) <3 k(02(B)Ry) e cme 8 (e
k=0 k=0

1<n1 < <np <N i=1

<(og N2 x 5 K _ ooaty-caty ot (nkw)
o logNkzologN ’

where we have also used that o2(8) Ry < /198N, The last term converges to [5° t et —ctlog+(t) q¢
by a Riemann approximation, so it is in particular bounded. This concludes the proof. O
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