SCALING LIMITS OF DISORDERED SYSTEMS AND DISORDER
RELEVANCE
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ABSTRACT. We review recent works where we have shown that disorder relevance is closely
related to the existence of non-trivial, random continuum limits.

1. INTRODUCTION

A basic question in disordered systems is whether arbitrarily small amount of disorder
changes the critical properties (e.g. shift in the critical curve, critical exponents, etc.) of
a statistical mechanics model. The Harris criterion [24] suggests that the answer to this
question depends on a suitably defined correlation length exponent v of the (pure) statistical
mechanics model and the dimension d. In particular, any amount of disorder, however
small, is sufficient to change the qualitative properties of the system if v < 2/d, while the
properties stay the same for small disorder, when v > 2/d. The case v = 2/d is marginal
and the Harris criterion is inconclusive. There has been some effort to mathematically verify
Harris’ criterion on a case by case basis, showing that certain critical points are shifted
[5, 20, 21], or that there is smoothing of phase transitions [I} 23]. Earlier efforts to build a
mathematical framework around the Harris criterion considered correlation lengths defined
via finite size scaling [15, [16]. We propose a new point of view, which focuses on the existence
of a non-trivial, random continuum limit when disorder scales to zero in a particular way
as a function of the lattice spacing. Our approach covers also the marginal cases (for the
moment of polymer type models) and further reveals a phase transition that takes place
therein.

Let us set our framework. We define a pure statistical mechanics model as a law P?ze(f
describing the distribution of a field of (correlated) variables o = (04)ze0;, on a sub-lattice
of Q c R%:

Q5 1= (6MZ x 0L x -+ x §*Z) nQ, with §>0, a; =1 and ay,...,aq >0,

where we allow for different scaling of the dimensions, in which case the effective dimension
of the model is deg := a1 + ... + ag. We assume that the field o is a binary field, e.g. an
occupation o, € {0,1} or spin o, € {£1} field. Disorder is modeled by a family of i.i.d.
random variables w := (wz)zeq, With zero mean, unit variance, and locally finite exponential
moments. Probability and expectation with respect to w will be denoted respectively by
P and E. Given 8 > 0, h € R and a P-typical realization of the disorder w, we define the
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disordered model as the following probability measure Pg"z&; 8h for the field o = (03)zeq;:

eZm695 (ﬁwx +h)0'x

P8, (d0) = Pii!(do) (1)

w
Z85:8.n

where the normalizing constant is the partition function defined by

f ze z+h)oe

256;67}14 = E?zeé [ez Q2 (ﬁw )U ] . <12)
For every k € N we define the k-point correlation function 1/)5(2]? (x1,...,zk), for x1,..., 2, € Q,

as follows: denoting by xs the point in {25 closest to x € 2, we set

ref . . .
e f(x; i)s for all
WO er,. ) o= | B s O+ O] I (@ids 2 () forall i gy )
9 0 , otherwise

We have defined the k-point function on the whole €2, rather than only on €5, for convenience.

Assumption 1.1. For every k € N, there exist a symmetric function 't,bgf) . QF S R and
an exponent y € [0,00) such that

O R CTIN) TS W @y, ) in LA(QF), (1.4)

and furthermore, for some € > 0,

. , 1+¢)*
lim sup lim sup Z Q ||wg? Hi?(m) =0. (1.5)

This assumption suggests that the correlation functions of the pure system decay as a
power law (if v > 0) and moreover that their continuum limit exists. This is a natural
assumption that one expects to hold for systems with a continuous phase transition at
critical temperature and which can be verified in many situations, see the examples later
on. Let us note that we have implicitly assumed here that Egg [a”] converges to zero as
6 | 0. In situations that this limit is not zero, we need in to consider the centered field

Ogs — Eg’éf [ax 5], instead. The case v = 0 is associated to a first order phase transition at

the critical temperature. The factor (1 + ¢)* in is needed when one considers an h for
which the variables e#“=t" — 1 are not mean zero. When these are mean zero, then ¢ can be
taken to be equal to zero in .

Under Assumption [1.1] we can determine the scaling limit of the partition function in
the continuum (6 | 0) and weak disorder (8, h — 0) limit: Fix 3 > 0, h € R and define the
continuum partition function by

k

o q . .
Zy =, o ffm ) (21, an) [ [ (BW(des) + hdas) (1.6)
k=0

=1

where the k£ = 0 term of the sum equals 1 by definition, and W (-) denotes white noise on
(the bounded open set) Q < R%. The convergence of the series in L? is guaranteed by (I.5).
If (1.5)) holds only with € = 0, the series (1.6) converges in L for all p € (0,2). We have
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Theorem 1.2 ([I1]). Let Assumption hold. For fized B > 0, h € R, rescale 8,h as
follows:

. hoden— — 182 ip case oy € {0, 1
B =B = B5%n/>, h=hsy=A. ? pe 0l (1.7)
h § et = in case o, € {—1,1}
Then we have the convergence in distribution to ZQB ~asd | 0:
Z65,557h5 in case o, € {0,1} (d) e
1252 510 QB

O5ps.hs M case op € {—1,1}

where the superscript (d) above the arrow denotes convergence in distribution.
The proof has been given in [I1]], cf. Theorems 2.3 and 2.5. Below we give a sketch of it
highlighting the main points.

Sketch of the proof of Theorem Let us consider the so-called high temperature
expansion (|B],|h| « 1) of the partition function Zg_ 5, and for simplicity let us assume
that the field takes the values o, € {0, 1}. In this case we can write

Z8s8n = E]ref [ H (1+ nxax)] , where e = eBweth) _ (1.8)

:EGQ(;
and expanding the product we have

$2s]

ng;&h =1+ Z % Z ¢( xla sy X H%» (19)

k=1 """ (21,22,...,25)€(Qs)*

where the k! takes into consideration that we sum over ordered k-tuples (z1,...,zx). In
this way the partition function is written as a multi-linear polynomial of the independent
random variables (1);)zeq, With coefficients given by the k-point correlation function of the
reference field. A Taylor expansion shows that when 3, h are small we have

Eln.] ~h+ 3% =1",  Var[n,] ~ 2. (1.10)

When |8], |h| « 1, the distribution of a polynomial chaos expansion, like the right hand
side of , is asymptotically, in the limit | 0, insensitive with respect to the distribution
of the random variables (7);)zeq;, as long as mean and variance are kept fixed. The precise
formulation of this loosely stated invariance principle is given by Theorems 2.6 and 2.8 in
[11], in the form of a Lindeberg principle and is the key point of the method: denoting by
(Wg)zeq, a family of i.i.d. standard Gaussians satisfying , we can approximate, in the
limit § | O,

195 k
Z8son =1+, o > %5 v1,. k) || (8@, + 1) (1.11)
k=1 """ (21,22,...,25)€(Qs)* i=1

Introducing the white noise W (-) on R? and considering the parallelepiped A := ( —&%, &%)
x (=82, 951, we can replace each @, by 0=%/2WW (z + A). Since h' = h'6~ % Leb(x + A),

the inner sum in (1.11)) coincides (recalling that wg? (x1,...,x)) is piecewise constant), with
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the following (deterministic + stochastic) integral:

k
f - J 0y () [ (86702 W(dar) + 1 67 day) (1.12)
Q

=1

Finally, applying (1.4]) and rescaling 3, h as in , equations (|1.11] - suggest that

as o l 0 ZQa ., converges in distribution to the Contmuum partition functlon zVv 050 defined

. The rigorous justification of these steps follows by Theorems 2.3 and 2.5 in [I1]. O

1.1. SOME EXAMPLES. Let us look at some examples of application of Theorem [I.2]

The disordered pinning model. Let 7 = (73)r>0 be a renewal process on N with
P(r; =n) = L(n)n~ 4% o > 0 and L(-) a slowly varying function. Consider Q = (0,1),
§ = N~! for N € N and define ng to be the law of (0, := 15:(2))zeq,, Where 07 =
{N=17,},50 is viewed as a random subset of €. It is known that this model goes through
a localization-delocalization transition when h crosses a critical value h.(3), [21]. If M(5)
is the log-moment generating function of w, then the quantity h.(8) + M(5) equals zero
for sufficiently small 3, if « € [0,1/2) (disorder irrelevance, [4]), is strictly positive for all
B >0, if a > 1/2, (disorder relevance, [5, 20] ), while either scenarios are possible when
a = 1/2 (marginal), according to whether the quantity 25:1 1/nL(n)? diverges or not [7].
For NeN, 3>0and heR, set b/ := h+ M(8) and

5 L(N) . ~ L(N
B (—1)2 if 3<a<l h (V) if 1<a<l
gy =4 N7 n=4{ N 1.13
N = R 1 9 N — A]- N (' )
54 if E[n] <o h— if E[n]<w

VN N

As a consequence of Theorem we have that, when o > 1/2, the partition function
Z Nt py.ny Of the disordered pinning model converges in distribution, for every ¢ > 0, when

N — o0 to the random variable Z WB i given by

k
zv, - +Zk'f JOtzbtl,...,tk)H(BW(dti)-l-iLdti), (1.14)

i=1
where W (-) denotes white noise on R and ,(t1,. .., tx) is a symmetric function, defined for
O<t1<---<tp<thy
Ck
oy Ly a T if $<a<l
Yltn,-ot) = 2 Bk . (1.15)
_— if E < 0
E[r]* ' (]

with C, := %(ﬂa) The series in (T.14]) converges in L?, and in addition E[(Zzu\?t,,BN,hN)Q] —
]E[(ZF;, 3)2] as N — o0. When E[71] < 00, e.g. when a > 1, the continuum partition function
is given concretely by

w (@ B h BZ
2l o\ gy (s~ 707 )1} 110

where W = (W;);>0 denotes a standard Brownian motion.
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The directed polymer model. Let (S,),>0 be a random walk on Z¢. Consider
Q=(0,1) xRY, § = N~! for N € N and set Q5 := ((0Z) x (6Y/2Z%)) A Q. Define ng to be
the law of the field (0, := 1.44(7))zeq,, Wwhere As := {(F, %)}ngo is viewed as a random
subset of 2. In this setting the external field h in is taken to be equal —M().

For d > 3 it is known that a small amount of disorder does not change the v/N fluctuations
of the simple, symmetric random walk, while superdiffusivity is expected and localization
occurs in d = 1,2 for any arbitrary § > 0, see [I8] and references therein. When d = 1, N2/3
fluctuations for the polymer path are predicted by the KPZ theory. In d = 2 the fluctuation
exponent is still elusive. In d = 1 we introduced [I1] a generalization of the directed polymer
model where the increments of the walk lie in the domain of attraction of an a-stable law,
with 1 < @ < 2. For N € N and /3’ > 0 we set By := Nﬁaﬁlﬁ and the application of Theorem
[I.2] in this situation yields that, for every ¢ > 0 and x € R, the point-to-point partition
function Z%, 5 (N 1/eg) converges in distribution as N — oo to a random variable ZXVB (x),

which is a solution to the fractional Stochastic Heat Equation
o =AYy pBWu  with  u(0,-) = do(-), (1.17)

where p is the period of the walk. When o = 2 the fractional Laplacian is the usual Laplacian
on R and this result was obtained in [2].

The random field Ising model (d = 2). Consider a bounded and connected set
Q < R? with smooth boundary and define Plgle(f to be the critical Ising model on €25 at

inverse temperature 8 = . = %log(l +4/2) and + boundary condition. The measure on
spin configurations {+1}% is given by

1
P?{f(a) = P;g& (o) = & OXD (5C 2 O'xO'y) H lo,—11
Qs z~yeQsuifls €N

It has been shown in [I7] that Assumption is satisfied for Pgé with v = 1/8. Theorem
allows to construct the continuum partition function of the random field perturbation of
P;g(g. The continuum partition function is given in terms of iterated Wiener integrals but it
is less explicit [11].

Remark 1.3. Theorem [I.2] allows to construct the continuum limit of partition functions.
Even though this is a main ingredient, additional work is required in order to construct the
continuum limit of the disordered measure. This is related to establishing convergence of
partition functions as a process. In this way, the construction of the continuum models has
been achieved for the pinning model [13] and for the directed polymer model [3] but not yet
for the random field Ising model.

2. MARGINAL RELEVANCE

Inspecting the first part of relation , we see that the situation v = deg/2 is incompat-
ible with the assumption of weak disorder as the exponent in the scaling vanishes and the
strength g of the disorder does not tend to zero when § | 0. This is essentially a restatement
of Harris” marginal condition v = 2/d (see [II] for a discussion). In the case of the pinning
model the incarnation of this condition is @ = 1/2 and in the case of the long range DPRM
«a = 1, which were both excluded. The issue with these marginal values is not technical but
rather structural. This can been seen if one sets, for example, the marginal value a = 1/2 in
the formula for the continuum pinning partition ([1.15)). This formal substitution leads to
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stochastic integrals, which cannot be given an It6 sense due to the fact that the kernel
is not L? integrable. The situation is similar in the case of (2 + 1)-dimensional directed
polymer corresponding to a simple symmetric random walk, since deg = 2, while by the
local limit theorem, the exponent v in takes the value deg/2 = 1.

A source of this difficulty is that the vanishing of the exponent d/2 — ~ induces a new
time scale, which is actually exponential. To be more precise, let us look at the multilinear
expansion . In this setting we will be assuming that E[n,] = 0 and, for the sake of
exposition, that the k—point correlation function is the correlation function of either a
simple, symmetric random walk on Z?, or a one dimensional Cauchy random walk, i.e.
¢((n1,x1), ceny (nk,xk)) = P(Snl = I, ,Snk = .%'k) = H?:l P(Sni—ni—l = T; — xi—l)- We
will denote by ¢, (z) the probability that the random walk is at location z at time n.
Computing the variance of the k-th term in the multilinear expansion, we obtain that it is
asymptotically equal to

E ( Z an, i1 (Ti — i1 anz) = Z qu iy (g — i )?

L1y Tk L1y Tk
I<ni<-- <nk<N 1<ni<-- <nk<N

~ (log N)*.

This computation indicates two things: First, that the right rescaling of 5 is Sy := B /+/log N.
Second, that the asymptotic variance will remain unchanged if we summed over a time
horizon tNN for any arbitrary but fixed time variable ¢. On the other hand, if we considered
a time horizon N* with ¢ > 0, we will see a (linear in ¢) change in the asymptotic behavior.
Therefore, the correct time scale is (N': ¢ > 0) and to incorporate this we decompose

the summations over ni,...,n; over intervals n; —n;_1 € Iij, with Ii (N M NM]
ij€{l,...,M} and M a coarse graining parameter which will eventually tend to infinity. We
can then rewrite the k-th term in the expansion (|1.9) as

Bk N,M
W 2 611, ik where (21)
1<iy,...,ix <M
NM
@h,...,ik T <IOgN> Z anj —nj— 1 - Zj— 1)77(71375])

nj—njflefij for j=1,...,k j=1
ml,...,xkEZd
We now observe that if an mdex z] is a running maximum for the k-tuple ¢ := (i1, ..., 1), i.€
i; > max{iy,...,ij_1} then (N i NM] snj»n, e (N, N#|, for all r < j[| Using a
version of the local limit theorem, the inequality implies that ¢, —n;_, (2 —2j-1) ~ qn,(2;) for
nj € I;; and n;_1 € I;;_,. Decomposing the sequence % := (i1, ..., i) according to its running
maxima, i.e. 3 = (¢, .., i)} with 4 = (i, g, — 1) and iy = dp <idg, < --- <ig,
the successive running maxima, it can be shown that (2.1]) factorizes (asymptotically when
N tends to infinity) as

B
M5

(D i(2) i(m)
ie{l,...M}}

fStrictly speaking, for this inequality to be valid uniformly, we need to restrict to values of 4 € {1, ..., M}{;C =
{ie{l,.., M}*: |i; —ix| > 1}, but this is a minor technical point that be easily taken care of.
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The heart of the argument is to show that all the @i\Z],)M converge jointly, when N — oo to

standard normal variables. This is established in Proposition 5.2 in [I2]. The argument is
combinatorial and makes use of (a version of) the Fourth Moment Theorem [19] 28], 27].
Once this convergence is established, a re-summation leads to

Theorem 2.1 (Limit of partition functions [12]). Let Z% 5 be the partition function of
a directed polymer or a pinning model whose transition probability kernel or renewal function
satisfies a form of local limit theorem. Assume that the replica overlap of two independent
random walks S, S’ (in case of directed polymers) or two independent renewals 7,7 (in case

of pinning)
E[ SN 15,9, ],
Ry =
E [ 27]1\121 Lnernr ]7

diverges as a slowly varying function when N — oo. Then, defining By = BA/\/RN with
B € (0,00), the following convergence in distribution holds, where (Wy)i=o is a standard
Brownian motion:

1 ~ 1 R
B _ 1 5% T 1
25—z, = eXp(L i 2L 1—52tdt> irp<1 (2.2)
T N 0 ifB=1

Moreover, for B <1 one has imy_q E[(Z]“\’,ﬂN)Q] = E[(Z3)2]'

An extension of the above Theorem at a process level is also established in Theorems
2.11 and 2.12 in [12] which show a multi scale and log-correlated structure. The analogous
results for the 2d Stochstic Heat Equation are also established in [12].

It is worth pointing out the phase transition at ﬁ = 1. It is by now well known [1§]
that there are two regimes in directed polymers in random media: the strong and the weak
disorder regimes, which can be classified as the regimes where the normalized partition
function Z%§, 5/E[Zy 5] has an a.s. zero or strictly positive limit, as N tends to infinity. In
the weak disorder regime the polymer path behaves, essentially, as a simple symmetric
random walk while in the strong disorder regime localization takes place. It was shown [18]
that for d > 3 and g smaller than a critical value 3., the model is in the weak disorder
regime. On the other hand in dimensions d = 1,2 it is shown [I8] that the critical value £,
equals zero, that is, for any 8 > 0 there is strong disorder. Theorem shows that actually
there is a transition between weak and strong disorder in dimension two, which is observed
when one looks on the scale B /Ry and with transition at BC = 1. Moreover, this transition
is common among all marginally relevant disordered polymer models that fall within the
scope of Theorem [2.1] Finally, it is worth noting that similar transition takes place in the
model of Gaussian Multiplicative Chaos [29].

3. SOME CONSEQUENCES

Having a continuum model at hand can be very useful in extracting sharp information
on the phase diagram of the discrete models. To describe one such use, we will use the
pinning model as an example. Its free energy (we recenter the parameter h to h — M(3) for
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convenience) is defined as

o1 .1
f(B. 1) == lim =10g Z§ 5, ey = Jim <E[log Z§ 5, aps)).

One can show that f is nonnegative and transition from a zero to a strictly positive value
determines a localization/delocalization transition. In particular, we can define the critical
value h.(f) := sup{h: F(B,h) = 0}. Much effort has been devoted to the study of this
critical value and in particular whether it is strictly positive for all sufficiently small values
of 5. It has been shown that h.(3) = 0, for all sufficiently small 8, when « € [0,1/2) [4], 30],

while if « € (1/2,1) there exist constants ¢, C' and a slowly varying function L(-) determined
20~ 200~

by L(-), such that c¢fZo-1L(1/8%) < he(B) < CBZo-1L(1/3?), for all sufficiently small 3

[5 20]. With the help of a continuum partition function, this result can be strengthened to

2a0 ~
a statement of existence of the limit limg_,o 8~ 22-1 L(1/5%)"h(). Denote the continuum
free energy (which we assume to exist) by

5 % 1 N
F(p,h) = lim ~Ellog Z, 5] = lim — lim Elog Znt,gy ny—M(sx)s
and assuming that we can interchange the limits over NV, ¢, this leads to
FR ) o1 .
F(B,h) = Aim N lim mElog ZNt By hy-M(py) = Jm NF(Bn,hn).
Expressing N and h in terms of 8, we can write the above as
20~ A~
- F(B,8%-1L(%)h
F(3,h) = lim ( — 1<5> )
B—0 B2a-T L(B)Q

R he
, indicating that h.(5) = lim #
A—0 Bza—1 L(%)

The quantitative estimate that justifies the above interchange of limits and thus the validity
of the limits in (3.1 was shown in [I4] and is

(3.1)

Theorem 3.1 ([14]). Let F(B,h) be the free energy of the disordered pinning model with
renewal exponent o € (1/2,1) and ¥ (B, h) the free energy of the corresponding continuum
model. For all > 0,h € R and n > 0 there ezist 6o > 0 such that for all 6 € (0, dp)

_ F(B8*2L(1/8), h6L(1/5))
= 5

The situation should be similar in other cases, like the Directed Polymer and the Random
Field Ising model but the corresponding quantitative estimates have not been established, yet.
We expect that one should be able to prove that for the 1d DPRM the limit limg o 87 f(53)
should exist and the same should be the situation for the limit limy,_,q A~ 15<O’0>[367h for the
2d RFIM at critical temperature, with the limits being given in terms of the corresponding
continuum free energies.
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