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Abstract. We consider sequences of homogeneous sums based on independent random
variables and satisfying a central limit theorem (CLT). We address the following question:

“In which cases is it not possible to reduce such an asymptotic result to the classical
Lindeberg–Feller CLT through a restriction of the summation domain?”

We provide several sufficient conditions for such irreducibility, expressed both in terms of
(hyper)graphs Laplace eigenvalues, and of a certain notion of combinatorial dimension.
Our analysis combines Cheeger-type inequalities with fourth moment theorems, showing
that the irreducibility of a given CLT for homogeneous sums can be naturally encoded by
the connectivity properties of the associated sequence of weighted hypergraphs. Several
ad-hoc constructions are provided in the special case of quadratic forms.
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1. Introduction
1.1. Overview. This paper focuses on homogeneous sums — sometimes called homogeneous
polynomials or polynomial chaoses — based on independent random variables, see (2.4)
for a definition. These objects are quintessential examples of degenerate U-statistics [42,
50, 56, 63, 84], and play a pivotal role e.g. in the construction of Wiener chaoses over
Gaussian or Poisson random measures [52, 69, 75, 78,79], in the study of directed polymers
[20–23], and in the analysis of Boolean (and more general) functions on discrete structures
[28,29,45,46,59,65,77].

Over the past few decades, several central limit theorems (CLTs) have been established
for sequences of homogeneous sums, ranging from the many ramifications of the fundamental
contributions by P. de Jong [30–32,37–39,55] to the universal CLTs established in [70,71]
(see also [69, Chapter 11]), whose proofs combine the discrete Fourier techniques from [65,82]
with classical fourth moment theorems on Gaussian Wiener chaoses [69,76].

Our goal in this paper is to investigate some previously unexplored aspects of these
results. To this end, let us first recall the universal de Jong CLT established in [71, Theorem
1.10], formally stated in Theorem 3.1 below:

Let tZnpXq : n ě 1u be a sequence of unit variance homogeneous sums, of
fixed order d ě 2 and based on a sequence of i.i.d. standard Gaussian random
variables X “ tXiu. Then, ZnpXq converges in distribution to a standard
normal random variable N „ N p0, 1q if and only if ErZnpXq

4
s Ñ ErN4

s “ 3.
If ZnpXq converges in distribution to N , then this convergence continues to
hold if X is replaced by an arbitrary sequence of i.i.d. random variables tYiu

with mean zero and unit variance.†

The results from [71] have led to notable applications to directed polymers [21,22], as
well as to Salem–Zygmund CLTs for random polynomials [3], and to spectral fluctuations of
non-Hermitian Gaussian random matrices [68]; see also [34,55,85].

†This statement is called a “de Jong CLT” since the characterization of a central limit theorem through a
fourth-moment condition matches phenomena first identified in [30, 31]. We also recall that, since X is a
Gaussian family, the relation

ZnpXq
d

ÝÝÑ N ðñ ErZnpXq
4
s Ñ 3 (1.1)

(where d
ÝÝÑ indicates convergence in distribution of random variables) follows from [76], together with the

fact that each ZnpXq lies in the dth Wiener chaos associated with X.
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An intriguing observation made recently in [20] is that, in many cases relevant to the
study of directed polymers and stochastic PDEs, the convergence in law of ZnpXq to a
Gaussian distribution can be deduced directly from the classical Lindeberg-Feller CLT
(see, e.g., [53, Theorem 4.12]) by restricting the summation domain of ZnpXq in such a
way that the homogeneous sum becomes a sum of independent random elements, up to a
negligible remainder. In this way, one can bypass the need to estimate higher-order moments
or cumulants, such as those of order four. Throughout this paper, we will refer to such a
simplified scenario as that of a reducible CLT.

The goal of our work is to understand to what extent this simplification applies, and in
which cases it fails to hold. In particular, our results address the following question:

(Q1) Assume that the homogeneous sums tZnpXqu verify a CLT. Under which conditions
is such a CLT irreducible, in the sense that it cannot be deduced from the classical

Lindeberg–Feller theorem through a restriction of the summation domain?
Motivated by Question (Q1), we begin by introducing a rigorous notion of (ir)reducibility

for homogeneous sums (see Definition 2.1). We then establish sufficient conditions for
irreducibility and construct explicit families of sequences of homogeneous sums that satisfy
irreducible CLTs—that is, they converge in distribution to a Gaussian limit, yet this
convergence cannot be deduced by restricting the summation domain and applying the
classical Lindeberg–Feller theorem.

The examples developed in this work are closely tied to the combinatorial structure of
the summation sets En associated with the homogeneous sums ZnpXq, with the property of
irreducibility naturally arising from the connectivity features of En. Our main contributions,
discussed in Section 2, rely in particular on tools from graph theory, including Cheeger-type
inequalities [1, 2, 25, 60, 86] and their extensions to hypergraphs [7, 83]. We also present
examples grounded in the concepts of combinatorial dimension and fractional Cartesian
products [11–15, 17, 38, 71]. The inherent challenges involved in establishing necessary
conditions for irreducibility are discussed in Subsection 2.5.

As illustrated below, our results complement and refine the recent characterizations of
the asymptotic behaviour of homogeneous sums derived in [9, 49], and provide a novel
perspective on the fourth moment phenomenon for chaotic random variables [69,74,76]. We
observe that fourth moment theorems have recently played a crucial role in the derivation of
CLTs for level sets of Gaussian waves [35,64,67,73,80], and have non-trivial counterparts in a
noncommutative setting [33,54]. See also I. Nourdin’s dedicated webpage for a comprehensive
list of references around the fourth moment phenomenon.

Remark 1.1 (Spectral vs. domain reducibility for quadratic forms). The asymptotic
normality of homogeneous sums of order 2 based on Gaussian variables can always be
inferred from the Lindeberg–Feller theorem, via a spectral decomposition. Indeed, for a
sequence tZn : n ě 1u in the second Wiener chaos of a separable Gaussian field †, the
following holds (see, e.g., [69, Proposition 2.7.11]):

(i) Each Zn admits a spectral representation of the following form, for N P N Y t`8u:

Zn “

N
ÿ

j“1
γj,n ξj,n, (1.2)

†Recall that homogeneous sums of order 2 based on a i.i.d. standard Gaussian family X are typical
elements of the second Wiener chaos associated with X (see [69, Sections 2.2 and 2.7.4]).

https://sites.google.com/site/malliavinstein/home
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where tξj,nu are i.i.d. centered chi-square random variables with one degree of
freedom and tγj,nu are the eigenvalues of a suitable Hilbert–Schmidt operator.

(ii) A direct application of the Lindeberg–Feller CLT yields the following equivalence: if
VarpZnq Ñ 1, then

Zn
d

ÝÑ N „ N p0, 1q ðñ max
jě1

|γj,n| Ñ 0. (1.3)

The kind of reducibility studied in the present paper is of a stronger nature: we are interested
in understanding whether a CLT for tZnu can be deduced by the Lindeberg–Feller theorem
via a restriction of the summation domain, rather than through implicit spectral conditions.
As we shall demonstrate, the spectral criterion (1.3) does not always imply reducibility in
our domain-based sense. For a direct application of criterion (1.3) to Gaussian quadratic
forms with 0–1 coefficients, see Remark 3.2-(2). To the best of our knowledge, no analogue
of the representation (1.2) exists for elements of Wiener chaoses of order d ě 3. As a
result, no systematic “spectral” reduction to the Lindeberg–Feller theorem is available for
homogeneous sums of higher order; see also [49].

Remark 1.2 (Reducibility and U-statistics). The notions of reducibility and irre-
ducibility introduced in Definition 2.1 below extend canonically from homogeneous sums to
the broader class of degenerate U -statistics [31, 38, 40, 42, 56, 84]. This observation suggests
a natural generalization of Question (Q1): one could ask which sequences of degenerate
U -statistics satisfy a CLT that cannot be reduced to the Lindeberg–Feller framework. We
view this as a distinct research direction, which we leave open for future investigation.

1.2. Organization of the paper/tables. In Section 2, we outline our general setting,
introduce a rigorous definition of (ir)reducibility (Definition 2.1), and present some of our
main results (Theorems 2.6, 2.11, and 2.13). We then discuss some of the challenges involved
in identifying necessary conditions for irreducibility, see Subsection 2.5.

In Section 3, we present a wider discussion of our main results, illustrated with some
explicit, non-trivial examples. The remaining sections are devoted to the proof of our results.

In Section 4, we prove our spectral criteria in the simplest setting of homogeneous
sums of order d “ 2, corresponding to graphs. After reviewing in Subsection 4.1 basic
notions, normalized Laplacians, and related connectivity estimates (Cheeger’s inequalities),
Subsection 4.2 contains the proof of Theorem 2.6, while Subsections 3.4 and 4.3 are devoted,
respectively, to examples and to a strengthened notion of irreducibility.

Our spectral results are then extended in Section 5 to homogeneous sums of generic
order d ě 2, relying on an extension of Cheeger-type estimates to the setting of weighted
hypergraphs (see Proposition 5.2 and Theorem 5.7).

Section 6 proves and illustrates Theorem 2.11, and Section 7 offers a detailed analysis of
the ad-hoc construction for homogeneous sums of order 2 that appears in Theorem 2.13.
Appendix A gathers additional proofs omitted in the main text, while Appendix B collects
some preliminaries on Cartesian products of graphs.

For the reader’s convenience, all irreducible CLTs discussed in this paper are summarized
in Table A, organized by the criterion used to establish irreducibility and the order of the
corresponding homogeneous sums. Similarly, Table B displays a list of the reducible CLTs
analyzed below, complete with their location.

From now on, every random object is assumed to be defined on a common probability
space pΩ, F ,Pq, with E denoting an expectation with respect to P.
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Criterion z Order d “ 2 d ě 3

Spectral
Theorem 2.6, Proposition 3.4

Examples (a), (b)-(i), (c),
(d)-(ii), (d)-(iii) in Section 3.4

Theorem 5.7, Example 5.8,
Example 5.9

Combinatorial dimension Theorem 2.15 Theorem 2.11,
Example 6.1, Proposition 6.2

Ad-hoc construction Theorem 2.13, Section 7 —

Table A: Irreducible CLTs and where to find them.

Reducible CLT Location

Trivial Example 3.3-(a)

Disjoint unions Example 3.3-(b)

Variations of the Rook’s graph Example 3.3-(b) and Section 3.4-(d)

The (generalized) hypercube Example 3.3-(c) and Section 3.4-(b)

Table B: Reducible CLTs.

1.3. Acknowledgments. This research is supported by the Luxembourg National Research
Fund (AFR/22/17170047/Bilateral-GRAALS). The first two authors acknowledge the
support of INdAM/GNAMPA.

2. General setting and main results
2.1. Preliminaries. We consider a sequence of nonempty finite sets tVn : n ě 1u with the
property that

|Vn| Ñ 8, as n Ñ 8. (2.1)
We define V :“

Ť

n Vn and let X “ tXv : v P V u be a collection of i.i.d. standard normal
random variables. For a fixed d ě 2, we let tEn : n ě 1u denote a sequence of sets such that

(1)
En Ă Vn ˆ ¨ ¨ ¨ ˆ Vn

looooooomooooooon

d times

, n ě 1, and |En| Ñ 8;

(2) each En is symmetric: if pv1, ..., vdq P En, then pvσp1q, ..., vσpdqq P En for all permuta-
tions σ of rds :“ t1, . . . , du;

(3) each En is non-diagonal: if pv1, ..., vdq P En, then vi ‰ vj for all i ‰ j.

For every n ě 1, we also consider a mapping

qn : En Ñ R : pv1, ..., vdq ÞÑ qnpv1, ..., vdq,

that we assume to satisfy the following properties:
(a) qn is symmetric: qnpv1, ..., vdq “ qnpvσp1q, ..., vσpdqq for every permutation σ of rds;
(b) as n Ñ 8,

ÿ

pv1,...,vdqPEn

qnpv1, ..., vdq
2 :“ }qn}

2
Ñ 8 . (2.2)
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Plainly, one can identify each qn with a symmetric mapping on Vn ˆ ¨ ¨ ¨ ˆ Vn, with support
equal to En. We will sometimes refer to the quantities qnpv1, ..., vdq as the coefficients of
the homogeneous sum, and to the squared coefficients

wnpv1, ..., vdq :“ qnpv1, ..., vdq
2 (2.3)

as the weights.
As anticipated, in this work we will focus on sequences tZn : n ě 1u of homogeneous

sums of order d, based on the Gaussian family X and defined starting from the triplets
pVn, En, qnq introduced above; for every n ě 1, these are defined as follows:

Zn “ ZnpXq :“
ÿ

pv1,...,vdq PEn

qnpv1, . . . , vdq

d
ź

i“1
Xvi

. (2.4)

One particularly interesting case considered below (studied, for instance, in [9] when d “ 2)
is that of constant coefficients, qn ” 1. In this setting, the distribution of the random
variable Zn is entirely determined by the combinatorial structure of the set En.

Since the random variables Xv’s entering the definition (2.4) are independent, centered
with unit variance, one has trivially that (using the notation (2.2))

ErZns “ 0 and ErZ2
ns “ d!}qn}

2 , (2.5)
and we observe that, if q2

n ” 1 (constant weights), the second relation in (2.5) reduces to
ErZ2

ns “ d!|En|. We are particularly interested in those sequences of homogeneous sums
satisfying a central limit theorem (CLT), that is, such that

rZn “ rZnpXq –
ZnpXq

b

d!}qn}
2

d
ÝÝÝÑ
nÑ8

N „ N
`

0, 1q , (2.6)

where d
ÝÝÑ indicates, as before, convergence in distribution.

It is by now a classical result (see the Introduction, as well as [69, Chapter 5 and
Chapter 11]) that the convergence (2.6) can be established by a substantial simplification
of the method of moments — via so-called fourth moment theorems — and has moreover a
universal nature that is grounded in the polynomial chaos estimates from [65,82]. For the
reader’s convenience, we discuss these results in Subsection 3.1 below (see, in particular,
Theorem 3.1).

2.2. Irreducibility. Sometimes the CLT (2.6) can hold as a direct consequence of the
classical Lindeberg–Feller CLT for triangular arrays [53, Theorem 4.12]. For instance, for
d ě 1 and V “ N, one easily verifies that the sequence

Z̃n :“ 1
?

n

n´1
ÿ

i“0

d
ź

ℓ“1
Xid`ℓ “

pX1 ¨ ¨ ¨ Xdq ` pXd`1 ¨ ¨ ¨ X2dq ` . . . ` pXpn´1qd`1 ¨ ¨ ¨ Xndq
?

n
(2.7)

with tXiu an i.i.d. standard Gaussian family, converges in distribution to a standard
Gaussian law as a direct consequence of the usual CLT. As anticipated, the initial impetus
for our work comes from reference [20], where the authors identified a class of highly non-
trivial examples for which a domain-wise reduction of Theorem 3.1 to the Lindeberg–Feller
setting remains possible. Their approach, motivated by applications to directed polymers,
also extends to superpositions of multiple chaos orders, relies solely on second-moment
computations, and provides natural criteria for proving Gaussian fluctuations in contexts
such as singular stochastic PDEs [21].
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As discussed in the Introduction, this paper aims to identify sequences of homogeneous
sums whose Gaussian convergence cannot be deduced from a Lindeberg–Feller-type central
limit theorem via a restriction of the summation domains; we call such sequences irreducible.
Building on [20, Theorem 2.1], we now provide a rigorous definition of (ir)reducibility
adapted to our setting.

Let the notation and assumptions of Section 2.1 prevail; for any subset B Ă Vn, we
denote by σ2

npBq the “contribution of B to the variance” defined by

σ2
npBq – d!

ÿ

v1,...,vdPB

1En
pv1, . . . , vdqqnpv1, ..., vdq

2 (2.8)

“ d!
ÿ

pv1,...,vdqP

EnXpBˆ¨¨¨ˆBq

wnpv1, ..., vdq ,

(where we have used the notation (2.3)) and observe that, when wn ” 1, one has simply
that

σ2
npBq “ d!

ˇ

ˇEn X pB ˆ ¨ ¨ ¨ ˆ B
loooooomoooooon

d times

q
ˇ

ˇ . (2.9)

Definition 2.1 (Reducibility/Irreducibility). Fix d ě 2 and consider the sequence of
homogeneous sum tZnpXq : n ě 1u “ tZnu defined in (2.4). We say that tZnu is reducible
if for any n P N there exist subsets (“boxes”) B1, . . . , Bmn

Ă Vn (where Bi “ Bipnq may
depend on n), such that Bi X Bj “ H for i ‰ j (that is, the boxes Bi are disjoint) and

(i) mn Ñ 8 ;
(ii) limnÑ8

1
d!}qn}

2
řmn

i“1 σ2
npBiq “ 1 ;

(iii) limnÑ8
1

d!}qn}
2 maxi“1,...,mn

σ2
npBiq “ 0 .

We say that tZnu is irreducible if it is not possible to find disjoint sets B1, . . . , Bmn
Ă Vn

such that (i), (ii) and (iii) hold. If tZnu is irreducible and verifies (2.6), we say tZnu verifies
an irreducible CLT.

Remark 2.2. The fact that reducible sequences always verify a CLT was a key observation
in [20]. For the sake of completeness, the argument is recalled in Subsection 3.2 below.

We refer to Section 3, see in particular Subsections 3.3 and 3.4, for a discussion of some
explicit but non-trivial examples of reducible and irreducible sequences. Before proceeding,
let us quickly compare the cases with constant vs. non-constant weights.

Remark 2.3. (1) (Constant weights) In the special case of constant coefficients qn ” 1,
or more generally constant weights q2

n ” 1, the conditions for irreducibility are
simpler to state. Indeed, by virtue of (2.9), Properties (i), (ii) and (iii) of Definition 2.1
can be equivalently expressed in terms of tEnu as follows: as n Ñ 8,
(a) mn Ñ 8 ;
(b)

řmn
i“1

ˇ

ˇEn X pBi ˆ ¨ ¨ ¨ ˆ Biq
ˇ

ˇ „ |En| ;
(c) maxi“1,...,mn

ˇ

ˇEn X pBi ˆ ¨ ¨ ¨ ˆ Biq
ˇ

ˇ “ o
`

|En|
˘

.
By extension, if a sequence tEnu verifies Properties (a)—(c), we say that tEnu is
reducible.

(2) (From constant to non-constant weights) Fix d ě 2, set qn ” 1, and consider a
sequence tEnu verifying Properties (1)—(3), stated at the beginning of Section



8 F. CARAVENNA, F. COTTINI, AND G. PECCATI

2.1. Consider symmetric non-diagonal mappings qn : En Ñ R : pv1, ..., vdq ÞÑ

qnpv1, ..., vdq such that, for some 0 ă ε ă η ă 8, one has that

ε ď
ˇ

ˇqnpv1, ..., vdq
ˇ

ˇ ď η, pv1, ..., vdq P En, n ě 1.

Then, it is easily seen that the sequence tEnu verifies Properties (a)—(c) of Point
(1) if and only if the sequence tZnu defined in (2.4) is irreducible in the sense of
Definition 2.1. In view of this transfer principle, and despite a moderate loss of
generality, we have chosen to center our analysis on the constant coefficient case
throughout most of the paper—with the notable exception of Section 5.

In line with our initial objective, this paper aims to characterize those sequences tZnu as
in (2.4) that satisfy the CLT (2.6), but for which a domain-wise reduction is not possible.
Our main contributions, presented in the forthcoming Subsections 2.3 and 2.4, revolve
around two distinct sets of techniques:

(I) Spectral graph theory. In the next Subsection 2.3, we will identify homogeneous sums
associated with (hyper)graphs (possibly weighted) and use notable spectral estimates
associated with their Laplacian — generally known as Cheeger-type inequalities [25]

— in order to characterize their irreducibility. The proof of these results are presented
in Sections 4 and 5. Our main references for spectral graph theory and Cheeger
inequalities are the outstanding lecture notes by Luca Trevisan [87], as well as the
classical texts [19,26,47]; see also [5,51,60–62]. The main tools allowing us to gauge
the connectivity of hypergraphs are substantially inspired by the theory developed
in [7, 83].

(II) Combinatorial dimensions and sparsity. In Subsection 2.4, we we will exploit the
notion of combinatorial dimension (following the framework developed in [11,13], see
Definition 2.8) in order to derive a general irreducibility criterion for homogeneous
sums whose support sets tEnu exhibit a sparse structure. The proof is presented in
Section 6. These constructions build on ideas from [12,14,15,17,38,71], and represent
a departure from the spectral approaches. In the case d “ 2, where no canonical
notion of fractional product exists [14, 17], we study in Section 7 an explicit sparse
construction yielding irreducible homogeneous sums (Theorem 2.13) that verify a
CLT.

2.3. Main results: spectral conditions. We present our main results linking irreducibil-
ity to spectral properties. For ease of exposition, we first consider the simpler setting of
graphs, then we discuss the case of hypergraphs.

2.3.1. Graphs. Let us consider the case of homogeneous sums of order d “ 2 with qn ” 1,
in such a way that Zn in (2.4) boils down to a quadratic form with 0-1 coefficients:

Zn “
ÿ

v1,v2PVn

1En
pv1, v2q Xv1

Xv2
, (2.10)

where tEnu satisfy the requirements (1)–(3), as stated at the beginning of Section 2.1.
We associate with Zn in (2.10) the finite undirected graph Gn “ pVn, Enq with adjacency

matrix Anpv, wq – 1En
pv, wq, that is En consists of unordered pairs tv, wu with pv, wq P En.

Letting tv1, ..., vNn
u be an enumeration of Vn, we let Dn be the diagonal matrix with

entries dpv1q, . . . , dpvNn
q, i.e. the degrees of each vertex. We also consider the normalized
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Laplacian matrix Ln – In ´ D´1{2
n AnD´1{2

n associated with Gn, whose eigenvalues are
noted 0 “ µ

pnq

1 ď ¨ ¨ ¨ ď µ
pnq

Nn
ď 2.

Convention 2.4. Unless otherwise specified, every graph considered in the present and
forthcoming sections is implicitly assumed to be undirected, simple (i.e. containing neither
loops nor multiple edges), and with no isolated vertices.

Definition 2.5. Let Gn “ pVn, Enq, n ě 1, be a sequence of graphs such that |Vn|, |En| Ñ 8,
and write An for the adjacency matrix of Gn. Consider the sequence tZnu defined as in (2.10)
by identifying An with the indicator 1En

of a symmetric and non-diagonal set En Ă Vn ˆ Vn.
We refer to tZnu as the sequence of homogeneous sums generated by tGnu. We say that tGnu

generates an irreducible CLT, if tZnu verifies an irreducible CLT in the sense of Definition
2.1 — that is, if tZnu is irreducible and

Z̃n :“ Zn
a

2|En|

d
ÝÝÑ N „ N

`

0, 1q. (2.11)

By extension, if the sequence tZnu is reducible, we will say that tGnu is reducible or,
more precisely, that tGnu generates a reducible CLT. Similar notions for hypergraphs and
associated sequences of homogeneous sums will be introduced in Definition 5.5.

As discussed in Section 4, it is a classical fact that, for k ě 2, the eigenvalue µ
pnq

k is closely
related to the connectivity properties of the graph Gn generating Zn, notably through
(multiway) Cheeger-type inequalities [60, 61, 87]. Our main result in this setting, proved in
Section 4, shows that these connectivity properties can be naturally related to the notions
of reducibility and irreducibility introduced in Definition 2.1.

Theorem 2.6. Let Zn be as in (2.10), and let Gn “ pVn, Enq be its associated graph.
Suppose that there exists k ě 2 such that, as n Ñ 8,

lim inf
n

µ
pnq

k ą 0. (2.12)

Then tZnu is irreducible, in the sense of Definition 2.1.

A large collection of irreducible CLTs for quadratic forms of the type (2.10) — spanning
in particular sequences tZnu generated by expanders and by generic Cartesian products of
regular graphs — is discussed in Subsection 3.4.

Remark 2.7 (Full irreducibility). Theorem 2.6 implies a stronger form of irreducibility,
that we call full irreducibility, see Subsection 4.3.

2.3.2. Hypergraphs. We next consider generic homogeneous sums of order d ě 2, as
defined in (2.4) (where the real coefficients qnpv1, . . . , vdq are arbitrary). In Section 5, we
will show that the content of Theorem 2.6 can be extended to this general setting. To this
end, we associate with each Zn a finite weighted hypergraph Gn “ pVn, En, wnq. Here, each
hyperedge e “ tv1, . . . , vdu P En is a subset of the vertices Vn having cardinality d. Each
hyperedge is also paired with the weight wnpv1, . . . , vdq – qnpv1, . . . , vdq

2 introduced above.
In this context, it is therefore natural to introduce a general definition of the normalized
Laplacian Ln associated with Gn and obtain an analogous version of Theorem 2.6 (see the
discussion contained in Section 5, as well as Theorem 5.7 therein).
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We refer to Section 5 for a precise statement of our results. As anticipated, we rely on an
extension of Cheeger-type estimates for graphs, directly inspired by [7, 83].

2.4. Main results: sparsity conditions. We next present our main results which link
irreducibility to a notion of sparsity, encoded by the concept of combinatorial dimension.

2.4.1. General results. The following definition — which was originally motivated by
problems in harmonic analysis [10,16] — is lifted from [11,13,15] and is meant to characterize
those subsets of Cartesian products displaying a certain form of sparsity, resulting in the
fact that they behave, in a precise sense, like Cartesian products of lower (and possibly
non-integer) order.

Definition 2.8 (Combinatorial dimension). Let tVnuně1 be sets with |Vn| Ñ 8. Fix
an integer d ě 2, as well as a real number α P p0, ds. We consider subsets

Jn Ď Vn ˆ ¨ ¨ ¨ ˆ Vn
looooooomooooooon

d times

, n ě 1,

(each Jn is not necessarily symmetric and has possibly diagonal components) and say that
the sequence tJnu has combinatorial dimension equal to α if there exist finite constants
0 ă c1

ď c such that the following two properties are verified for n sufficiently large:
‚ for all A1, ..., Ad Ď Vn,

|Jn X pA1 ˆ ¨ ¨ ¨ ˆ Adq| ď c max
i“1,...,d

|Ai|
α ; (2.13)

‚ moreover,
|Jn| ě c1

|Vn|
α , n ě 1. (2.14)

Remark 2.9. (1) For d ě 2, the existence of sequences tJnu with arbitrary combina-
torial dimension α P r1, ds is established in [14,17] through a random construction
(see Subsection 2.4.3 for details).

(2) If tJnu has combinatorial dimension α ą 0, then as n Ñ 8

|Jn| — |Vn|
α, i.e. c1 |Vn|

α
ď |Jn| ď c2 |Vn|

α (2.15)

for some 0 ă c1 ď c2 ă 8. In particular, when α ă d, then |Jn| “ op|Vn|
d
q; more

generally, for every tApnq
u such that Apnq

Ă Vn and |Apnq
| Ñ 8, one has that

|Jn X pApnq
ˆ ¨ ¨ ¨ ˆ Apnq

q| ď c |Apnq
|
α

“ o
`

|Apnq
|
d˘.

Such an estimate aligns with our heuristic characterisation of non-trivial combinato-
rial dimensions as signatures of sparsity.

(3) The combinatorial dimension of a given sequence of sets tJnu is not always well-
defined, even when the cardinality |Jn| grows as some power of |Vn|. To see this,
consider the case where Jn “ W d

n , with Wn Ă Vn such that |Wn| — |Vn|
β for some

β ă 1. Then |Jn| “ |Jn X pWn ˆ ¨ ¨ ¨ ˆ Wnq| “ |Wn|
d

— |Vn|
βd and these relations

are not compatible with both requirements (2.13) and (2.14) (which would entail
respectively d ď α and α ď βd).

Let us provide some basic examples.

Example 2.10. (a) (Full Cartesian products) The sequence Jn “ Vn ˆ ¨ ¨ ¨ ˆ Vn, n ě 1,
has a trivial full combinatorial dimension equal to d, since conditions (2.13) and
(2.14) are satisfied with c “ c1

“ 1.
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(b) (Sets with diagonal restrictions) Fix d ě 2 and consider a partition π “ tb1, ..., b|π|u

of rds, where |π| P rds is the number of blocks of π. For every n ě 1, we define V π
n

to be the subset of the d-th Cartesian product of Vn composed of those vectors
pv1, ..., vdq such that vi “ vj if and only if i and j belong to the same block b of
π. One easily sees that the sequence tV π

n u has combinatorial dimension |π|. Two
straightforward cases correspond to the choices π “ trdsu (fully diagonal set, in which
case the combinatorial dimension is 1) and π “ tt1u, ..., tduu (fully non-diagonal
set, in which case the combinatorial dimension is d). It is readily seen that, when
|π| ă d, the sequence tV π

n u cannot satisfy both Properties (2) (symmetry) and (3)
(non-diagonal structure) from the beginning of Section 2.1. This prevents the use of
such sets in constructing examples of irreducible CLTs.

(c) (Regular graphs) For d “ 2, we consider a sequence tEnu satisfying the properties
(1)–(3) listed at the beginning of Section 2.1. We also fix m ě 1, and assume that
the mappings pv, wq ÞÑ 1En

pv, wq, v, w P Vn, correspond to the adjacency matrices
of a sequence of m-regular graphs. Then, one has that |En| “ m|Vn|, and a direct
application of the expander mixing lemma (see e.g. [51, Lemma 2.5]) yields that, for
all n ě 1 and all A1, A2 Ď Vn,

|En X pA1 ˆ A2q| ď Opmq maxt|A1|, |A2|u,

implying that the sequence tEnu has combinatorial dimension 1.

The following result provides a sufficient condition for the irreducibility of a symmetric
and non-diagonal sequence tEnu, formulated in terms of its combinatorial dimension. The
second part of the statement also establishes the existence of infinitely many non-trivial
sequences tZnu of homogeneous sums of order d ě 3 that satisfy an irreducible CLT. (The
case d “ 2 will be studied in Theorem 2.15 through the use of a random construction.)

Theorem 2.11. For d ě 2, let tEnu satisfy Properties (1)—(3), as listed at the beginning
of Section 2.1.

(a) Assume that tEnu has combinatorial dimension

1 ă α ď d .

Then, tEnu is irreducible — recall Remark 2.3-(1).
(b) For every d ě 3 and b “ 2, . . . , d´1, there exists a sequence tEnu with combinatorial

dimension

α “
d

b
P p 1, d q ,

such that the corresponding sequence tZnu of homogeneous sums, defined as in (2.4)
for qn ” 1, satisfies an irreducible CLT.

We will prove Theorem 2.11 in Section 6. The construction of the irreducible sequences
tEnu featured in the second part of the statement is detailed in Example 6.1: for this, we
will take V “ Nb, Vn “ t1, . . . , nu

b, and En with a structure close to that of a fractional
Cartesian product, see [11–13, 15, 36, 71]. The exact computation of the combinatorial
dimension of tEnu exploits a discrete Brascamp-Lieb-type inequality due to Fissler [43],
while the asymptotic normality of the homogeneous sums follows from arguments already
rehearsed in [71].
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(a) n “ 8 (b) n “ 9 (c) n “ 11

Figure 1. A visualization of the set En defined in (2.18) for β “ 0.9 and different
values of n, when Svpaq “ tau ˆ t1, ..., tβnuu and Shpbq “ t1, ..., tβnuu ˆ tbu. Each element
of Vn “ tpi, jq : i, j P rnsu has been identified with an element of rn

2
s by ordering Vn

according to the lexicographic order. Pairs pv1, v2q not belonging to En are represented as
grey dots. The fact that tEnu is irreducible implies that one cannot discard the diagonal
bands framing the central blue tiles without drastically modifying the asymptotic behavior
of tZnu.

2.4.2. An ad-hoc construction in dimension 2. It is a well-known fact (discussed e.g.
in [14,17]; see also Subsection 2.4.3 below) that there is no canonical notion of fractional
Cartesian products in dimension d “ 2. This explains why the second part of Theorem 2.11
does not address the two-dimensional case.

To compensate for this limitation (and to probe the sharpness of our results), we study a
class of irreducible sequences of quadratic forms Zn of the type (2.10), constructed to satisfy
the following properties: (i) the combinatorial dimension of the corresponding sequence tEnu

is not defined (see Remark 2.12); (ii) the spectra of the associated normalized Laplacians
appear to be analytically intractable in their most general form.

Our explicit construction is realized as follows. For any n P N, we set

Vn “ t1, . . . , nu ˆ t1, . . . , nu “ rns
2 .

Fix β P p0, 1s and, for each a, b P t1, . . . , nu, consider subsets Svpaq Ď tau ˆ t1, . . . , nu and
Shpbq Ď t1, . . . , nu ˆ tbu (the labels v, h stand for vertical and horizontal) with

|Svpaq| “ |Shpbq| “ tβnu . (2.16)

We introduce the following equivalence relations on Vn: for any v1, v2 P Vn,

v1
h
„ v2 ðñ for some b one has v1, v2 P Shpbq with v1 ‰ v2 , (2.17)

v1
v
„ v2 ðñ for some a one has v1, v2 P Svpaq with v1 ‰ v2 .

We define the sequence tZnu according to (2.10), where En has the form

En “
␣

pv1, v2q P Vn ˆ Vn : either v1
h
„ v2 or v1

v
„ v2

(

. (2.18)

In words, v1
h
„ v2 means that v1, v2 are on the same horizontal line within a set Shp¨q, and

similarly for v1
v
„ v2. We refer to Figure 1 for some graphical representations of En.
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(a) α “ 1.1 (b) α “ 1.7 (c) α “ 1.9

Figure 2. Three realisations of the (symmetric and non-diagonal) random point configu-
ration rEnpα; 2q, as defined in Section 2.4.3, for n “ 80 and different values of α P p1, 2q.

Remark 2.12 (tEnu has no combinatorial dimension). As discussed in Section 7, one
has that |En| “ 2n

`

tβnu

2
˘

„ β2n3
— |Vn|

3{2 as n Ñ 8. As anticipated, for every β P p0, 1s

the sequence tEnu has no definite combinatorial dimension, because for every n and a P rns

|En X pSvpaq ˆ Svpaqq| “ |Svpaq| ¨
`

|Svpaq| ´ 1
˘

„ |Svpaq|
2

hence the two relations (2.13) and (2.14) cannot be fulfilled for the same α.

The following result proves that, for β ą 1
2 , the sequence tZnu is irreducibile, in fact it

verifies an irreducible CLT.

Theorem 2.13. Let the above notation and conventions prevail, and fix
1
2 ă β ď 1 .

Then, tZnu verifies an irreducible CLT, in the sense of Definition 2.1.

We prove this result in Section 7, where we actually obtain a strengthened version
of Theorem 2.13 (see, in particular, Theorem 7.1). We refer to Subsection 3.4 — see in
particular Example (d) — for a discussion of the irreducibility of tZnu in some special cases.

2.4.3. Random constructions. We now present a random construction from [14,17],
yielding for every d ě 2 the existence of a sequence tEnu with arbitrary combinatorial
dimension α P p1, dq. To state this result, we fix d and α as above and, for every n ě 1, we
consider an array

Hpnq
“

!

H
pnq

j1,...,jd
: pj1, ..., jdq P rns

d
)

(2.19)

of i.i.d. Bernoulli random variables with parameter nα´d. We define the random sets

Enpα; dq :“
!

pj1, ..., jdq P rns
d : H

pnq

j1,...,jd
“ 1

)

, n ě 1, (2.20)

and, for every pair of constants 0 ă ε ă η, we define the event Cnpε, η; α, dq to be the set of
all ω P Ω such that |Enpα; dqpωq| ě ε nα and |Enpα; dqpωq X pA1 ˆ ¨ ¨ ¨ ˆ Adq| ď η maxi |Ai|

α,
for all A1, ..., Ad Ď rns.
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Theorem 2.14 (Lemma 2 in [14]). Let the above notation and assumptions prevail.
Then, for every d ě 2 and every α P p1, dq there exist constants 0 ă ε0 ă η0 (depending on
d, α) such that

lim
nÑ8

P tCnpε0, η0; α, dqu “ 1.

It is easily seen that, for d “ 2, the conclusion of Theorem 2.14 continues to hold if one
replaces the set Enpα; 2q with the symmetrized and non-diagonal set rEnpα; 2q, obtained by
modifying (2.20) as follows: (a) define H

pnq

j1,j1
“ 0 for all j1 P rns, and (b) force symmetry by

setting H
pnq

j1,j2
“ H

pnq

j2,j1
, for all 1 ď j1 ă j2 ď n. In this way, the array

!

1
rEnpα;2q

pi, jq

)

“

!

H
pnq

i,j

)

coincides with the (random) adjacency matrix of the Erdös-Renyi random graph Gpn, pnq,
with pn “ nα´2; see e.g. [18]. Figure 2 displays several realizations of the random set
rEnpα; 2q, for n “ 80 and different values of α.

The next statement complements Theorem 2.11, by showing the existence of irreducible
CLTs for homogeneous sums of order 2, that are associated with sequences tEnu of arbitrary
combinatorial dimension α P p1, 2q. The (simple) proof is presented in Section A.1, and uses
the probabilistic method by exploiting the content of Theorem 2.14 in the case d “ 2. More
refined results (immaterial for our statement) can be obtained by following the strategy
outlined in [9, Example 2.3], exploiting the classical estimates from [57].

Theorem 2.15. Fix d “ 2 and α P p1, 2q. Then, there exists a sequence tEnu such that: (i)
tEnu satisfies Properties (1)—(3), as listed at the beginning of Section 2.1, (ii) tEnu has
combinatorial dimension α; (iii) the associated sequence of homogeneous sums tZnu, defined
as in (2.10), satisfies the irreducible CLT (2.11).

The next question is left open for further research, and could be in principle attacked by
refining the study of the sets Epα; dq introduced in the present section.

(Q2) Fix d ě 3 and α P p1, dq. Is there a sequence tZnu as in (2.4) such that:
(a) qn ” 1,
(b) tEnu has combinatorial dimension α,
(c) tZ̃nu verifies the (irreducible) CLT (2.6)?

Note that Theorem 2.11-(b) provides a positive answer to Question (Q2) for all d ě 3
and α “ d{b, b “ 2, ..., d ´ 1.

2.5. On necessary conditions for irreducibility. The main contribution of this paper
is the identification of several sufficient conditions for irreducibility, stemming from both
spectral (Theorem 2.6 and its extensions to hypergraphs) and combinatorial (Theorems 2.11
and 2.13) criteria. By contrast, we have not been able to establish corresponding necessary
conditions. This limitation is briefly discussed in the following list.

(i) The spectral condition (2.12) is not necessary for irreducibility, as shown, for in-
stance, in Example (d) of Section 3.4: one can construct sequences of irreducible
homogeneous sums whose Laplace eigenvalues vanish at every order. We conjecture
that necessary spectral conditions for irreducibility might be obtained by extending
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“hard” Cheeger-type inequalities (such as those presented in the forthcoming The-
orem 4.4) to incorporate constraints on the relative sizes of the blocks S1, . . . , Sk.
Some progress in this direction can be found, for instance, in [4].

(ii) Similarly, Example (d) in Section 3.4 and Example 2.10 will show, respectively, that
(a) irreducible CLTs may also arise in cases where the combinatorial dimension is
not well-defined, and (b) having a combinatorial dimension strictly greater than 1
is not necessary for irreducibility, since there exist sequences of regular graphs with
fixed degree that generate both irreducible and reducible CLTs (note that sequences
of regular graphs with a fixed degree are always associated with summation domains
having a combinatorial dimension equal to one; see Example 2.10-(c)). At the time
of writing, we are not aware of any additional combinatorial characterizations of
discrete symmetric sets that could help close this gap.

Remark 2.16. An alternative approach to studying the CLTs considered in the present
paper is based on the use of dependency graphs and Stein’s method; see, for instance, the
classical reference [6]. In the context of 0-1 quadratic forms as in (2.10), this would entail
addressing questions of reducibility and irreducibility by means of the so-called line graph
associated with Gn, that is, the graph whose vertices correspond to the edges of Gn and
where two edges are connected if and only if they are adjacent (see e.g. [19, Section 1.4.5]).
While some preliminary computations have shown that this approach may lead to suboptimal
results, we leave this direction open for future investigation.

3. Preliminaries, examples and applications
In this section, we first recall some (by now) classical conditions which ensure the validity

of the Central Limit Theorem for homogeneous sums. We then provide examples and
applications which illustrate our setting and our main results.

3.1. Universal fourth moment theorems. The following result, based on the material
discussed in [69, Chapter 5 and Chapter 11], corresponds to the universal de Jong theorem
evoked in the Introduction.

Theorem 3.1 (Theorem 1.10 in [71]). Let the assumptions and notation of Section 2.1
prevail. Then, the following three properties are equivalent, as n Ñ 8:

(i) The CLT (2.6) holds;
(ii) ErZ̃npXq

4
s Ñ 3;

(iii) For any collection Y “ tYv : v P V u of i.i.d. random variables with zero mean and
unit variance,

rZnpYq –
ZnpYq

b

d!}qn}
2

d
ÝÝÑ N „ N

`

0, 1q,

where ZnpYq is defined as in (2.4).
(iv) For any collection U “ tUv : v P V u of independent random variables with zero

mean, unit variance and such that supvPV Er|Uv|
p
s ă 8 for some p ą 2,

rZnpUq
d

ÝÝÑ N „ N
`

0, 1q,

where the notation is analogous to that introduced at Point (iii).
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Remark 3.2. (1) Under the above notation and assumptions, define q̃n to be the
mapping on Vn ˆ ¨ ¨ ¨ ˆ Vn such that q̃npv1, ..., vdq “ qnpv1, ..., vdq{

b

d!}qn}
2 if

pv1, ..., vdq P En, and q̃npv1, ..., vdq “ 0 otherwise. For every r “ 1, ..., d, define
the contraction

q̃n ‹r q̃n : Vn ˆ ¨ ¨ ¨ ˆ Vn
looooooomooooooon

2d ´ 2r times

Ñ R

: pv1, ..., v2d´2rq ÞÑ
ÿ

a1,...,arPVn

q̃npa1, ..., ar, v1, ..., vrqq̃npa1, ..., ar, vr`1, ..., v2d´2rq

:“ q̃n ‹r q̃npv1, ..., v2d´2rq.

Then, [71, Proposition 1.6] implies that Condition (ii) in Theorem 3.1 is verified if
and only if, for all r “ 1, ..., d ´ 1,

ÿ

v1,...,v2d´2rPVn

q̃n ‹r q̃npv1, ..., v2d´2rq
2

ÝÑ 0. (3.1)

(2) For d “ 2, consider the case of constant coefficients qn ” 1 and, for n ě 1, denote by
λn,1, ..., λn,|Vn| the eigenvalues of the matrix tAnpv, uq : u, v P Vnu such that Anpu, vq

equals one or zero according as pu, vq P En or not (that is, An is the adjacency
matrix of the undirected graph with vertices Vn induced by the symmetric set En).
In this case, a direct computation, based on criterion (1.3), shows that Condition
(ii) of Theorem 3.1 holds if and only if, as n Ñ 8,

max
u

|λn,u| “ o
`

|En|
1{2˘. (3.2)

Now denote by ∆pnq the maximal degree of the graph associated with the adjacency
matrix An. It is easily seen that, since maxu |λn,u| ď ∆pnq, condition (3.2) is implied
by the stronger relation

∆pnq “ o
`

|En|
1{2˘. (3.3)

Also, if such a graph is dn-regular, then relation (3.2) is equivalent to dn “ op|Vn|q.
See [9, Proposition 1.11] for a comprehensive statement applying to generic collections
of i.i.d. random variables, and also [24, Section 3.1].

3.2. Reducible sequences verify a CLT. In order to provide some intuition, we now
explain why reducible sequences satisfy a Lindeberg-Feller-type CLT, following [20]. Assume
that the sequence tZnu is reducible in the sense of Definition 2.1, and define

Tn :“
mn
ÿ

i“1

ÿ

pv1,...,vdqP

EnXpBiˆ¨¨¨ˆBiq

qnpv1, ..., vdq

d
ź

ℓ“1
Xvℓ

:“
mn
ÿ

i“1
Zn,i.

Then, for fixed n, one has that the random variables tZn,i : i “ 1, ..., mnu are stochasti-
cally independent and such that VarpZn,iq “ σ2

npBiq. Moreover, Property (ii) yields the
asymptotic relations (as n Ñ 8)

VarpTnq “

mn
ÿ

i“1
σ2

npBiq „ d!}qn}
2 and ErpZ̃n ´ T̃nq

2
s “ ErZ̃2

ns ´ ErT̃ 2
ns Ñ 0, (3.4)
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v

(a) kn “ 0

v

(b) kn “ tn
0.9

u “ 4

v

(c) kn “ n “ 5

Figure 3. The edges adjacent to the vertex v “ p2, 1q in the graph underlying Example
3.3-(b), for n “ 5 and different choices of kn.

where

T̃n :“ 1
b

d!}qn}
2

mn
ÿ

i“1
Zn,i :“

mn
ÿ

i“1
Z̃n,i.

Since every Z̃n,i is an element of the dth Wiener chaos associated with the Gaussian family
X, one can use standard hypercontractive estimates [69, Corollary 2.8.14] to deduce that,
for all p ą 2 and for some absolute constant cp,d,

mn
ÿ

i“1
E
“

|Z̃n,i|
p‰

ď
cp,d

pd!}qn}
2
q
p{2

mn
ÿ

i“1
pσ2

npBiqq
p{2

ď cp,d max
i“1,...,mn

σ2
npBiq

p{2´1
“ op1q , n Ñ 8,

(3.5)
where the last relation follows by combining Properties (ii) and (iii) of Definition 2.1.
Applying Markov inequality as in [20, formulae (4.12)—(4.14)], one sees that (3.5) implies
that T̃n, Z̃n

d
Ñ N „ N p0, 1q by the Lindeberg-Feller CLT, see e.g. [53, Theorem 4.12].

The next two sections present several examples of reducible and irreducible sequences,
focusing mainly on the case d “ 2, which corresponds to the results of Section 2.3.1 (except
for Example 3.3 (a)). Throughout Sections 3.3—3.4, we consider sequences of simple graphs
tGn “ pVn, Enqu, which may vary from one example to another, and adopt the notation

0 “ µ
pnq

1 ď ¨ ¨ ¨ ď µ
pnq

|Vn|
ď 2

for the eigenvalues of the normalized Laplacian associated with Gn. More background can
be found in Section 4.

Further illustrations in the case d ě 3 will require some non-trivial notions associated
with hypergraphs and their adjacency structure, and will be discussed in the forthcoming
Section 5, see in particular Examples 5.8 and 5.9.

3.3. Examples of reducible sequences. We start by illustrating some explicit examples
of reducible sequences.

Example 3.3. (a) A trivial example of reducible sequence is obtained by considering
the random variables Zn :“

řn´1
i“0

śd
ℓ“1 Xid`ℓ, n ě 1, appearing in (2.7). Indeed, in

this case one has that Vn “ t1, ..., dnu “ rdns, and one can take mn “ n and

Bi “ Bipnq “ tpi ´ 1qd ` 1, ..., idu, i “ 1, ..., n.
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(b) We now build a non-trivial example associated with the sequence Vn :“ tpi, jq :
i, j P rnsu, n ě 1. Let kn be an integer such that 0 ď kn ď n and define the set
En Ă Vn ˆ Vn as follows: given v1 “ pa, bq P Vn, v2 “ pi, jq P Vn, then pv1, v2q P En

if and only if:
‚ either a “ i with b ‰ j;
‚ or if a ‰ i with b “ j and, additionally, i ď kn.

Let us henceforth assume that kn “ opnq. Then, it is an exercise to show that
|En| „ n3. Moreover, since kn “ opnq, one has that the family tEnu is reducible in
the sense of Remark 2.3-(1), with mn “ n and

Bi “ Bipnq “ tpi, ℓq : ℓ “ 1, ..., nu, i “ 1, ..., n.

As already observed in Remark 3.2-(2), one can identify the function pv1, v2q ÞÑ

1En
pv1, v2q with the adjacency matrix An of the undirected graph Gn induced by

En on the vertex set Vn. An illustration of such a graph for n “ 5 and different
choices of kn can be found in Fig. 3. A graphical representation of the reducible set
En for n “ 8, 9, 11 and kn “ tn0.9

u is provided in Fig. 4: in such a picture, the blue
tiles around the diagonal correspond to the disjoint sets En X pBi ˆ Biq, i “ 1, ..., n,
whereas the collection of all red dots corresponds to the set

En z

mn
ď

i“1
pBi ˆ Biq.

The sequence of graphs illustrated in Figure 3-(a) corresponds to the limiting
case kn “ 0, yielding that Gn is the disjoint union of n copies of Kn, that is,
Gn “ Kn \ ¨ ¨ ¨ \ Kn, n ě 1. Now write tµ

pnq

k u for the Since each Gn has exactly n

connected components, one has that 0 “ µ
pnq

1 “ ¨ ¨ ¨ “ µpnq
n , n ě 1, so that µ

pnq

k Ñ 0
for every fixed k. This behavior is consistent with Theorem 2.6.

(c) For n ě 2, the hypercube Qn is the n-regular graph with vertex set Vn given by all
strings of the type x “ px1, ..., xnq P t0, 1u

n, and such that x, y P Vn are connected
by an edge (x „ y) if and only if they differ exactly by one coordinate, that is,
řn

i“1 |xi ´ yi| “ 1. One has that |Vn| “ 2n. Also, if one defines

En :“ tpx, yq P V 2
n : x „ yu, n ě 1, (3.6)

one has that |En| “ n2n (twice the number of edges in Qn). We now show that the
sequence tEnu is reducible in the sense of Remark 2.3-(1). To see this, for h ă n,
consider the set Vh “ t0, 1u

h and, for z P Vh, define

Bpzq
n –

␣

x P Vn : xi “ zi @i “ 1, . . . , h
(

,

in such a way that
ˇ

ˇBpzq
n

ˇ

ˇ “ 2k with k “ n ´ h. Choosing sequences hn, kn Ñ 8

as n Ñ 8 such that hn ` kn “ n, kn
n Ñ 1 as n Ñ 8†, one has that the family

of partitions
␣

Bpzq
n : z P Vhn

(

, n ě 1, satisfies the three requirements (a)—(c) of
Remark 2.3-(1). Indeed, (a) follows since mn :“ |Vhn

| “ 2hn Ñ 8. Moreover, for any
z P Vhn

one has that |En X pBpzq
n ˆ Bpzq

n q| “
ˇ

ˇ

␣

px, yq P En : x, y P Bpzq
n

(ˇ

ˇ “ kn2kn ,

†Choose for instance hn “ tlog nu and kn “ n ´ tlog nu.
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(a) n “ 8 (b) n “ 9 (c) n “ 11

Figure 4. The set En Ă Vn ˆ Vn (represented as the union of red dots and blue
dots) from Example 3.3-(b), for n “ 8, 9, 11 and kn “ tn

0.9
u, where each element of

Vn “ tpi, jq : i, j P rnsu has been identified with an element of rn
2
s by ordering Vn

according to the lexicographic order. Pairs pv1, v2q not belonging to En are represented as
grey dots. In this case, the reducibility of tEnu implies that the red dots can be removed
from En without affecting the asymptotic behavior of the homogeneous sum Zn defined
in (2.4) for qn ” 1.

which implies that (b) and (c) are verified because

|En X pBpzq
n ˆ Bpzq

n q|

|En|
“

kn2kn

n2n “
kn

n

1
2hn

ÝÑ
nÑ8

0 ,

uniformly in z P Vhn
, and

ř

zPVhn

|En X pBpzq
n ˆ Bpzq

n q|

|En|
“

2hnkn2kn

n2n “
kn

n
ÝÑ
nÑ8

1 .

We observe that, classically, Qn “ K˝n
2 , that is, Qn is the Cartesian product of n

copies of the complete graph over two vertices.

3.4. Examples of irreducible sequences. In this section, we make use of the lexical
conventions put forward in Definition 2.5 and present several examples of irreducible
sequences of graphs that generate irreducible CLTs.

We start with a general fact showing that, under fairly general conditions, Cartesian
products of regular graphs always generate irreducible CLTs. For definitions and properties
of Cartesian products, we refer to Appendix B, as well as to [48, Sections 4, 5 and 33]
or [19, Section 1.4].

Proposition 3.4. Consider a sequence G0
n “ pV 0

n , E0
nq, n ě 1, of connected graphs, with

normalized Laplace spectra given by

0 “ µ
p0,nq

1 ă µ
p0,nq

2 ď ¨ ¨ ¨ ď µ
p0,nq

|V
0

n |
ď 2, n ě 1.

Assume that (i) G0
n is dn-regular for some dn ě 1, (ii) |V 0

n | Ñ 8, and (iii) lim infnÑ8 µ
p0,nq

2 ą

0. Then, for any fixed integer m ě 2, the sequence of product graphs

Gn :“
´

G0
n

¯˝m
, n ě 1,
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generates an irreducible CLT, in the sense of Definition 2.5.

Proof. Writing |V 0
n | :“ Nn, one has that Gn is a mdn-regular connected graph with Nm

n

vertices. Denote by 0 “ µ
pnq

1 ă µ
pnq

2 ď ¨ ¨ ¨ ď µ
pnq

N
m
n

ď 2, n ě 1, the normalized Laplace
eigenvalues of Gn. Then, using the content of Appendix B (see also [19, Section 1.4.6])
and the regularity of Gn one has that µ

pnq

2 “ µ
p0,nq

2 {m (with multiplicity equal to m times
the multiplicity of µ

p0,nq

2 in G0
n), and the irreducibility of tGnu immediately follows from

Theorem 2.6. The fact that tGnu generates a CLT is a consequence of Remark 3.2-(2), and
of the property that, trivially,

mdn

Nm
n

ď
m

Nm´1
n

Ñ 0, as n Ñ 8.

□

Remark 3.5. We stress that Proposition 3.4 holds without any assumption on the
numerical sequence tdnu. In particular, one may have dn — |Vn|, in which case (by virtue of
Remark 3.2-(2)) the sequence tG0

nu does not generate a CLT (and is therefore irreducible,
see Subsection 3.2). Heuristically, Proposition 3.4 shows that, given such a tG0

nu, the m-fold
Cartesian power operation

G0
n ÞÑ

`

G0
n

˘˝m

creates enough sparsity to induce Gaussian fluctuations, yet without altering the irreducible
structure. See the forthcoming Examples (b) and (c) for two illustrations of this phenomenon.

To analyze some of the examples described below, we will use the following facts:
– for n ě 2, the complete graph Kn over n vertices has normalized Laplace spectrum

given by
"

0,
n

n ´ 1

*

, with respective multiplicities 1 and pn ´ 1q ; (3.7)

– for n ě 2, the complete bipartite graph Kn,n over 2n vertices has normalized Laplace
spectrum given by

t0, 1, 2u , with respective multiplicities 1, 2pn ´ 1q and 1 . (3.8)
See e.g. [19, Section 1.4]. For the rest of the section, and consistently with the notation

adopted before, we write tXi : i ě 1u to indicate a collection of i.i.d. N p0, 1q random
variables.
Some explicit examples of irreducible sequences (d “ 2):

(a) (Expanders) Fix m ě 2 and ε ą 0, and consider a sequence of m-regular graphs
Gn “ pVn, Enq, n ě 1, such that |En|, |Vn| Ñ 8. According to the classical definition
given e.g. in [51, Definition 2.2], the family tGnu is said to be a ε-expander if

min
0ă|S|ď|Vn|{2

EpS, S̄q

VolpSq
:“ φ̃2pGnq ě

ε

m

for all n, where EpS, S̄q indicates the number of edges of Gn connecting S with
its complement S̄, and VolpSq is the sum of the degrees of the vertices in S (see
Section 4, in particular the discussion around formula (4.5), for more details).
Using the Cheeger-type inequality stated below in (4.8), one sees that, in this case,
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lim infnÑ8 µ
pnq

2 ě ε2
{p2m2

q ą 0. Since m is fized while |Vn| Ñ 8, in particular
m{|Vn| Ñ 0, one can now combine Remark 3.2-(2) with Theorem 2.6 to infer that
tGnu generates an irreducible CLT, in the sense of Definition 2.5. An analogous
conclusion holds in the case of a sequence of mn-regular graphs verifying φ̃2pGnq ě

εn{mn for some εn such that lim infnÑ8 εn{mn ą 0, and such that mn “ op|Vn|q.
Canonical examples of expanders include Ramanujan graphs [51, 62,66] and random
d-regular graphs (which are expanders with high probability, see [27,44,81]).

(b) (Cartesian products of complete graphs) This example significantly expands the
content of Example (c) of Section 3.3. For integers q, m ě 2, consider the the m-fold
Cartesian product Gpq, mq :“ K˝m

q . Then, combining (3.7) (for n “ q) with the
content of Appendix B (see also [48, Proposition 33.6] or [19, Section 1.4.6]), one
sees that Gpq, mq is a mpq ´ 1q regular graph over qm vertices with a normalized
Laplace spectrum given by

"

ℓq

mpq ´ 1q
: ℓ “ 0, 1, ..., m

*

,

and respective multiplicities
ˆ

m

ℓ

˙

pq ´ 1q
ℓ, ℓ “ 0, ..., m.

We can immediately draw the following conclusions:
(i) For fixed m ě 2, the sequence of graphs Gn :“ Gpn, mq “ K˝m

n , n ě 1,
generates an irreducible CLT as a direct consequence of Proposition 3.4 in the
case Gn

0 “ Kn (taking into account (3.7)). Note that Gpn, 2q “ K˝2
n corresponds

to the “Rook’s graph”, studied e.g. in [58]. It is interesting to observe that the
sequence tGpn, 2qu can be identified with the sequence pVn, Enq, n ě 1, from
Example 3.3-(b) in the special case kn “ n (as illustrated in Figure 3-(c)). This
framework also corresponds to the example introduced in Subsection 2.4.2,
with Svpaq “ tau ˆ t1, . . . , nu and Shpbq “ t1, . . . , nu ˆ tbu.

(ii) For fixed q ě 2, the sequence of graphs Gn :“ Gpq, nq is such that, for all k ě 2,
limnÑ8 µ

pnq

k “ 0 and, in principle, one cannot use Theorem 2.6 to determine
whether tGnu is reducible or not. The reduciblity of tGnu can be established
by using a direct argument. To see this, observe that Gn is isomorphic to the
graph whose vertices are given by all vectors of the form v “ pv1, ..., vnq, where
vi P t0, 1, ..., q ´ 1u and v „ w if and only if vi ‰ wi for exactly one index
i “ 1, ..., n; in particular, Gp2, nq » Qn, the hypercube considered in Example
3.3-(c). The reducibility of tGnu can now be deduced by a straightforward
variation of the arguments rehearsed in Example 3.3 (the details are left to the
reader).

We observe that, if Kn is identified with the complete graph over rns, then the
sequence of homogeneous sums generated by tKnu (in the sense of Definition 2.5) is
given for n P N by

Zn “
ÿ

1ďi‰jďn

XiXj “ pX1 ` . . . ` Xnq
2

´ pX2
1 ` . . . ` X2

nq .

It is easily seen that VarpZnq “ 2npn´1q and that, as n Ñ 8, Z̃n :“ Zn{
a

2npn ´ 1q

converges in distribution towards 1?
2pN2

´ 1q with N „ N p0, 1q, that is a multiple
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of a centered χ2 random variable with one degree of freedom. See Remark 3.5, as
well as [9, formula (1.4)]. Thus, as announced, the sequence of graphs Kn does not
generate a CLT, while for any fixed m ě 2 the cartesian products K˝m

n generate
(an irreducible) CLT.

(c) (Cartesian products of bipartite graphs) Fix m ě 2. By virtue of (3.8), another
direct application of Proposition 3.4 in the case G0

n “ Kn,n, shows that the sequence
Gn “ K˝m

n,n , n ě 1, generates an irreducible CLT. We observe that Gn can be
identified with the graph having vertex set Vn “ tpv1, ..., vmq : vi P r2nsu and such
that v „ w if and only if vi ‰ wi for exactly one index i, and either vi P rns

and wi P tn ` 1, ..., 2nu, or wi P rns and vi P tn ` 1, ..., 2nu. See Figure 5 for an
illustration of this graph in the case n “ 3 and m “ 2. If Kn,n is identified with the
bipartite graph over r2ns, then the sequence of homogeneous sums generated by
tKn,nu can be written as

Zn “ 2
˜

n
ÿ

i“1
Xi

¸

ˆ

˜

2n
ÿ

j“n`1
Xj

¸

law
“ 2n X1X2, n ě 1.

See again Remark 3.5, as well as [9, Example 2.2]. Also in this case, the sequence
of graphs Kn,n does not generate a CLT, but for any fixed m ě 2 the Cartesian
products K˝m

n,n generate (an irreducible) CLT.

(d) (Cartesian products of graphs with isolated vertices) Let tmnu be an integer-valued
sequence such that mn Ñ 8 and consider the framework of Subsection 2.4.2 for
Svpaq “ tau ˆ t1, ..., mnu and Shpbq “ t1, ..., mnu ˆ tbu. In this case, it is easily seen
that the indicator 1En

coincides with the adjacency matrix of the graph

Upnq :“ pKmn
\ K̄n´mn

q˝pKmn
\ K̄n´mn

q,

where Kmn
is the complete graph over mn vertices and K̄n´mn

is the trivial graph
with n ´ mn isolated vertices. A direct inspection shows that the graph Upnq has
pn ´ mnq

2 isolated vertices, 2pn ´ mnq connected components isomorphic to Kmn

and one “giant” component isomorphic to Kmn
˝Kmn

(some visualizations of En in
the special setting of the present example are provided in Figure 1). Note that we
already know that the sequence tKmn

u is associated with an irreducible CLT (see
Point (i) in Example (b) of the present section).

We write Gn, n ě 1, to denote the graph obtained from Upnq after removing all
isolated vertices. Using once again (3.7), one easily deduces that, for each n, the
normalized Laplacian of Gn has spectrum

␣

0, mn{2pmn ´ 1q, mn{pmn ´ 1q
(

, with
respective multiplicities 1`2pn´mnq, 2pmn ´1q and 2pmn ´1q

2
`2pn´mnqpmn ´1q.

One can verify the following (details are left to the reader):
(i) If mn “ opnq then tGnu generates a reducible CLT;
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v

w

Figure 5. In blue: the edges adjacent to the vertex v “ p3, 1q in the graph pK3,3q
˝2. In

red: the edges adjacent to the vertex w “ p4, 5q, in the same graph.

(ii) If mn{n Ñ β P p0, 1q, then tGnu generates an irreducible CLT†, and limnÑ8 µ
pnq

k “

0 for all k since the multiplicity of the zero Laplace eigenvalue is 1`2pn´mnq Ñ

8;
(iii) If mn{n Ñ 1, then tGnu generates an irreducible CLT (by the same argu-

ment as for the case β P p0, 1q), and there exists an integer k ě 2 such
that lim infn µ

pnq

k ą 0 if and only if lim supnpn ´ mnq ă 8 (and, in this case,
lim infn µ

pnq

k “ 1{2).

4. Irreducibility and graph spectra: background and proofs
In this section we prove Theorem 2.6, yielding a characterization of irreducible sequences

tZnu defined as in (2.10).

4.1. Preliminaries: some connectivity estimates.

4.1.1. General setting. Let G “ pV, Eq be a finite (simple, undirected, loop-free) graph
with |V | “ N ě 2 vertices, each one having a possibly different degree dpvq – |te P E : v P

eu| , v P V . As usual, we regard edges e P E as unordered pairs e “ tv, wu and make extended
use of the basic degree sum formula

ř

vPV dpvq “ 2|E |. In resonance with Convention 2.4,
for our purposes there is no loss of generality in assuming that the graph has no isolated
vertices, that is, dpvq ą 0 for all v P V . For future use, we also fix an (arbitrary) enumeration
tv1, ..., vN u of V .

We write RV to indicate the set of all functions V Ñ R, whose generic element is written
x “ txv : v P V u. The space RV is canonically identified with the Euclidean space RN , while
the Euclidean scalar product and norm on RV are denoted by x¨, ¨y and } ¨ }, respectively.
Given S Ď V , we use the symbol 1S to indicate the element of RV such that xv equals one

†Since the total number of edges in Kmn
˝Kmn

scales as — β
3
n

3, one has that the corresponding sequence
of quadratic form tZnu (defined as in (2.10)) is such that each Zn can be written as as the sum of two
independent homogeneous sums of order 2,

Zn “ Z
1
n ` Z

2
n,

in such a way that, as n Ñ 8, tZ
1
nu is irreducible and such that

VarpZ
1
nq „ β VarpZnq.

This implies the irreducibility of tZnu.
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or zero according as v P S or v P sS, where we used the notation
sS :“ V zS . (4.1)

Given S, T Ď V , we write

EpS, T q :“
ˇ

ˇ

␣

e “ ts, tu P E : s P S, t P T
(ˇ

ˇ, (4.2)

that is, EpS, T q is the number of edges connecting S and T . We denote by A :“ tApv, wq “

1tv,wuPE : v, w P V u the N ˆ N adjacency matrix of G and write

λ1 ě λ2 ě ¨ ¨ ¨ ě λN

to indicate its eigenvalues, in such way that
N
ÿ

i“1
λ2

i “ TracepA2
q “

ÿ

vPV

A2
pv, vq “

ÿ

vPV

dpvq “ 2|E |.

We observe that, for every S Ď V , one has that

EpS, Sq “
1
2x1S , A 1Sy , EpS, sSq “ x1S , A 1

sSy ,

where the factor 1
2 is motivated by the fact that each edge e “ tv, wu with v, w P S is

associated with two distinct ordered pairs pv, wq and pw, vq.
The Laplacian matrix of G is defined as

L – D ´ A, where Dpv, wq – dpvq1v“w , v, w P V,

that is: D is the N ˆ N diagonal degree matrix, with diagonal entries dpv1q, . . . , dpvN q. We
also introduce the normalized Laplacian of G as

L – I ´ D´ 1
2 AD´ 1

2 ,

whose eigenvalues (see [87, Section 3.2]) satisfy

0 “ µ1 ď µ2 ď ¨ ¨ ¨ ď µN ď 2.

The second eigenvalue µ2 is the so-called spectral gap of G. In the special case where G is a
d-regular graph, i.e. dpvq “ d for all v P V and for some d ě 1, the normalized Laplacian
simplifies to L “ I ´ 1

dA and µi “ 1 ´
λi
d , i “ 1, . . . , N .

For every nonzero vector x P RV , and writing y – D´ 1
2 x, we define the Raleygh quotient

associated with L and y to be the ratio

xx, L xy

}x}
2 “

xx, D´ 1
2 LD´ 1

2 xy

}x}
2 “

xy, L yy
›

›D
1
2 y

›

›

2 “

ř

u„vpyu ´ yvq
2

ř

vPV dpvq y2
v

“: RLpyq .

Remark 4.1. In the sequel, we will use the following variational characterisation of the
eigenvalues of L (see e.g. [87, Section 1.3]): for all k “ 1, ..., N ,

µk “ min
MĎRV

dimpMq“k

max
zPMzt0u

RLpzq, (4.3)

where the minimum runs over all k-dimensional subspaces M of RV . It follows that µ1 “ 0
and the multiplicity of µ1 is equal to the number of connected components of G.
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4.1.2. Cheeger’s inequalities. To introduce Cheeger’s inequalities, we first define a
quantity that measures how well a subset S Ă V is connected to its complement S̄, relative
to the total number of edges incident to the vertices in S. Given H ‰ S Ď V , the edge
expansion of S is defined as

φpSq :“ RLp1Sq “
EpS, sSq

volpSq
, where we set volpSq –

ÿ

vPS

dpvq .

and the second equality follows from the relation x1S , pD ´ Aq1Sy “ volpSq ´ 2EpS, Sq “

EpS, sSq (see Figure 6 for illustrations). In particular, one has trivially that φpV q “ 0. The
quantity volpSq is called the volume of S, and it equals d|S| when G is d-regular.

S S̄

(a) φpSq “ φpS̄q “ 0

S S̄

(b) φpSq “ 1{3, φpS̄q “ 1

S S̄

(c) φpSq “ φpS̄q “ 1{3

Figure 6. Computing edge expansions in various graphs: in each picture, the number of
red edges equals the quantity EpS, S̄q entering the definition of φpSq.

For k ě 2 we introduce the notation
φkpGq :“ min

S1,...,SkĂV
nonempty and disjoint

max
i“1,...,k

φpSiq . (4.4)

Remark 4.2. (1) (A probabilistic interpretation of edge expansions) Fix a nonempty
S Ď V , and sample an edge adjacent to one of the vertices in S according to the
following procedure: (i) sample a vertex v0 in S with a probability proportional to
its degree, and (ii) sample an edge e0 adjacent to v0 uniformly at random. Then,
φpSq equals the probability that e0 connects S and S̄, that is, that e0 “ ta, bu for
some a P S and b P S̄. Note that, in the regular case, Step (i) above reduces to
selecting one vertex uniformly at random within S.

(2) For every k ě 2 one has that
φkpGq ď min

S1,...,Sk
partition of V with Si nonempty

max
i“1,...,k

φpSiq,

so that, in particular,
φ2pGq ď min

HĂSĂV
max

␣

φpSq, φpsSq
(

“ min
0ă|S|ď|V |{2

φpSq “: rφ2pGq . (4.5)

We now state the “easy direction” of Cheeger’s inequalities of order k, and include a
sketch of the proof — not only for completeness, but also because the result plays a crucial
role in the arguments developed below. The proof relies on the min-max characterization of
the eigenvalues of L; see Remark 4.1.

Proposition 4.3 (Cheeger’s inequalities, easy direction). Let G “ pV, Eq be a finite
graph respecting Convention 2.4 with |V | “ N and let µk be the k-th smallest eigenvalue of
the normalized Laplacian L, for k “ 2, . . . , N . Then,

µk ď 2 φkpGq . (4.6)
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Sketch of the proof. Fix nonempty disjoint subsets S1, ..., Sk Ă V . A standard extension
to irregular graphs of [87, Lemma 7.1] yields that, for all vectors pα1, ..., αkq P Rk not
identically zero,

RL

˜

k
ÿ

i“1
αi1Si

¸

ď 2
řk

i“1 α2
i volpSiq φpSiq

řk
i“1 α2

i volpSiq
ď 2 max

i“1,...,k
φpSiq. (4.7)

The conclusion follows from (4.3), first by computing maxzPMzt0u RLpzq when M is the
vector space generated by 1S1

, ..., 1Sk
, and then by taking the minimum over all nonempty

disjoint subsets S1, ..., Sk Ă V . □

The following statement (of which we omit the proof) is taken from [60, Theorem 3.8],
and is a version of the “hard Cheeger inequality” for graph partitions; see also [61].

Theorem 4.4 (Cheeger’s inequality, hard direction). Let G “ pV, Eq be a finite
graph, respecting Convention 2.4 and such that |V | “ N , and let µk be the k-th smallest
eigenvalue of its normalized Laplacian L, for k “ 2, . . . , N . Then, there exists an absolute
constant C ą 0 such that, for every k “ 2, ..., N , there exists a partition S1, ..., Sk of V with
nonempty subsets verifying

max
i“1,...,k

φpSiq ď Ck4 ?
µk .

In particular, one has that φkpGq ď Ck4 ?
µk.

We also remark that, in the case k “ 2, one has the stronger estimate

rφ2pGq ď
a

2µ2, (4.8)

where rφ2pGq is defined according to (4.5) — see e.g. [51, Theorem 2.4].

We conclude by stating an elementary bound, that will be exploited in the proof of
Theorem 2.6.

Proposition 4.5. Let G “ pV, Eq be a finite graph as in Convention 2.4, with |V | “ N .
Fix an integer 1 ď m ď N . Consider a collection B1, ..., Bm of nonempty disjoint subsets
of V , and assume that

φpB1q ď φpB2q ď ¨ ¨ ¨ ď φpBmq . (4.9)

Then, for all k “ 1, ..., m,

µk ď 2
řm

i“k volpBiq φpBiq
řm

i“k volpBiq
. (4.10)

Proof. Fix k “ 1, ..., m. Then (4.9) implies that
řm

i“k volpBiq φpBiq
řm

i“k volpBiq
ě φpBkq.

The conclusion follows by observing that, again because of (4.9),

φpBkq “ min
1ďj1ă¨¨¨ăjkďm

max
ℓ“1,...,k

φpBjℓ
q ě φkpGq ě

µk

2 ,

where we have used Proposition 4.3. □
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4.2. Laplace spectra and irreducibility. This subsection focuses on the proof of
Theorem 2.6, which requires us to consider a sequence of quadratic sums tZnu as in (2.10).
We stress that such a framework corresponds to the case d “ 2 and qn ” 1 in our general
setting (2.4), that the sequence tEnu is assumed to satisfy conditions (1)—(3) from the
beginning of Section 2.1, and that the indicator 1En

is identified with the adjacency matrix
of an appropriate graph Gn “ pVn, Enq such that |En| “ 2|En|. For n ě 1, the normalized
Laplace spectrum of Gn is written 0 “ µ

pnq

1 ď µ
pnq

2 ď ¨ ¨ ¨ ď µ
pnq

Nn
ď 2.

The following elementary result (whose proof is left to the reader) uses the fact that, in
the framework of the present section and using the notation (2.8) and (4.2), one has that

σ2
npBq “ 2|En X pB ˆ Bq| “ 4EpB, Bq, B Ď V.

Lemma 4.6 (Reducibility and graphs). Let the assumptions and conventions of the
present section hold. Then, the sequence tZnu is reducible in the sense of Definition 2.1
(see also Remark 2.3-(a),(b),(c)) if and only if there exist partitions tB1, . . . , Bmn

u “

tB
pnq

1 , . . . , Bpnq
mn

u of the vertex sets Vn, such that, as n Ñ 8,
(i’) mn Ñ 8;
(ii’)

řmn
i“1 EpBi, Biq „ |En|;

(iii’) maxi“1,...,mn
EpBi, Biq “ o

`

|En|
˘

.

As indicated in the statement, the definition of the elements partition tB1, . . . , Bmn
u

depends in principle on n; this dependence has been omitted in (i’), (ii’), and (iii’) to avoid
overloading the notation.

We can now prove one of the main results of the paper.

Proof of Theorem 2.6. We reason by contradiction by assuming that (2.12) holds for
some k ě 2 and that there exists partitions tB1, . . . , Bmn

u, n ě 1, such that the three
properties (i’)—(iii’) listed in Lemma 4.6 hold true. Without loss of generality we can always
assume that the partition B1, . . . , Bmn

satisfies the ordering relation (4.9) for all n ě 1, so
that (4.10) yields

µ
pnq

k

2 ď

řmn
i“k q

pnq

i φpBiq
řmn

i“k q
pnq

i

, where q
pnq

i :“
vol

`

Bi

˘

volpVnq
“

vol
`

Bi

˘

2 |En|
. (4.11)

To achieve the desired contradiction and conclude the proof, it is now sufficient to show
that the right-hand side of the previous inequality converges to zero. Note that

1
2

mn
ÿ

i“1
EpBi,ĎBiq “

1
2

mn
ÿ

i“1
vol

`

Bi

˘

´

mn
ÿ

i“1
EpBi, Biq

“
1
2volpVnq ´

mn
ÿ

i“1
EpBi, Biq

“ |En| ´

mn
ÿ

i“1
EpBi, Biq “ o

`

|En|
˘

(4.12)

by property (ii’). As a consequence,
mn
ÿ

i“1

EpBi,ĎBiq

2 |En|
“

mn
ÿ

i“1
q

pnq

i φpBiq “ op1q . (4.13)
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This implies that the numerator on the right-hand side of the inequality (4.11) vanishes,
and it remains to show that the denominator is bounded away from zero. We conclude by
observing that such a denominator converges indeed to to 1, which is equivalent to the
relation

řk´1
i“1 q

pnq

i Ñ 0 since
řmn

i“1 q
pnq

i “ 1. To see this, we simply write

q
pnq

i “
volpBiq

volpVnq
“

volpBiq

2|En|
“

EpBi, Biq

|En|
`

EpBi,ĎBiq

2 |En|
“ op1q , (4.14)

uniformly for i P t1, . . . , mnu (because of (iii’)). □

4.3. Full irreducibility. We conclude this section with a (slight) generalization of Theo-
rem 2.6. Let Gn “ pVn, Enq, n ě 1, be a sequence of graphs, as those studied in the previous
section, and consider the associated sequence tZnu. We say that the sequence tGnu is
partially reducible if the following conditions hold.

‚ There exist ϱ P p0, 1s and a subset V 1
n Ď Vn, n ě 1, such that (recall (4.1))

volpV 1
nq “ pϱ ` op1qqvolpVnq , E

`

V 1
n, ĎV 1

n

˘

“ op|En|q , (4.15)

that is, V 1
n contains asymptotically a fraction ϱ ą 0 of vertices and it is loosely

connected to its complement.
‚ There exist partitions B1, . . . , Bmn

of V 1
n, n ě 1, where Bi “ B

pnq

i for i “ 1, . . . , mn,
such that
(i”) mn Ñ 8;
(ii”)

řmn
i“1 EpBi, Biq “ EpV 1

n, V 1
nq ` op|En|q;

(iii”) maxi“1,...,mn
EpBi, Biq “ op|En|q.

We say that a sequence of graphs tGnu is fully irreducible if it is not partially reducible.

Remark 4.7. The second condition in (4.15) is equivalent to φpV 1
nq “ op1q, thanks to

the first condition which yields |En| “ 1
2dn|Vn| „ 1

2
1
ϱdn|V 1

n|. Also note that the second
condition in (4.15) follows by the first one in the extreme case ϱ “ 1, simply because
E
`

V 1
n, ĎV 1

n

˘

ď dn|
ĎV 1

n| “ dnp|Vn| ´ |V 1
n|q “ dn|Vn|p1 ´ ϱ ` op1qq “ opdn|Vn|q “ op|En|q.

With little effort, we can deduce a slightly improved version of Theorem 2.6, whose proof
is presented in Appendix A.

Theorem 4.8. If condition (2.12) holds, then tGnu is fully irreducible.

5. Irreducibility and hypergraph spectra
In this section we derive a generalization of Theorem 2.6, extending our results to

the setting of homogeneous sums of arbitrary order d ě 2, possibly involving non-trivial
coefficients qn. To this end, we broaden the spectral framework developed in Section 4 by
moving to the setting of weighted hypergraphs, partially following the approach of [7,83].
The main result of this section, Theorem 5.7, strictly contains Theorem 2.6 as a particular
case. Nevertheless, we chose to treat the case d “ 2 separately in order to highlight its
specific features and maintain clarity.

5.1. Hypergraphs and extended Cheeger’s inequalities. A hypergraph G is a pair
G “ pV, Eq consisting of a finite vertex set V and a collection E of non-empty subsets of
V , referred to as hyperedges (or simply edges when the context is clear). To accommodate
the most general setting, we consider weighted hypergraphs, where a non-negative weight
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1 2 3 4
(a)

AG “

»

—

–

0 1{2 1{2 0
1{2 0 1 1{2
1{2 1 0 1{2
0 1{2 1{2 0

fi

ffi

fl

1 2 3 4
(b)

AG “

»

—

–

0 4{3 1{3 1{3
4{3 0 5{6 5{6
1{3 5{6 0 5{6
1{3 5{6 5{6 0

fi

ffi

fl

1 2 3 4
(c)

AG “

»

—

–

0 5{6 5{6 4{3
5{6 0 1{3 5{6
5{6 1{3 0 5{6
4{3 5{6 5{6 0

fi

ffi

fl

Figure 7. Three non-weighted hypergraphs (w ” 1) over the vertex set V “ r4s, endowed
with their adjacency matrices. Each hyperedge is represented as a bundle of 2-edges
with the same colour, so that, noting d “ pdp1q, dp2q, dp3q, dp4qq the corresponding degree
vector, one has the following configurations: (a) E “ tt1, 2, 3u, t2, 3, 4uu, d “ p1, 2, 2, 1q;
(b) E “ tt1, 2u, t1, 2, 3, 4u, t2, 3, 4uu, d “ p2, 3, 2, 2q; (c) E “ tt1, 2, 4u, t1, 2, 3, 4u, t1, 3, 4uu,
d “ p3, 2, 2, 3q. The hypergraph in (a) is 3-uniform.

function w “ twpeq : e P Eu is assigned to the edges of G. We exclude the presence of loops,
and therefore assume that |e| ě 2 for all e P E. For d ě 2, we say that G is d-uniform if
|e| “ d for every e P E .

It is evident that the notion of a hypergraph generalizes that of a standard graph, which
corresponds to the special case of 2-uniform hypergraphs, that is, hypergraphs where each
edge connects exactly two vertices. As in the case of graphs, two vertices v, w P V are said
to be adjacent, written v „ w, if there exists an edge e P E such that tv, wu Ď e.

Consider a weighted hypergraph G “ pV, E , wq with V “ tv1, . . . , vN u. Our goal is to
define an extended version of the adjacency matrix associated with a graph, capable of
capturing the connectivity structure of G. To this end, we follow the approach of [7], which
deals with the unweighted case where w ” 1. Writing Eij – te P E : vi, vj P eu, i, j “ 1, ..., N ,
the adjacency matrix AG associated with G is the N ˆ N matrix that is zero on the diagonal,
and otherwise defined as

pAGqij –
ÿ

ePEij

wpeq

|e| ´ 1 , i ‰ j P rN s . (5.1)

Heuristic interpretation of (5.1): Fix vi P V and assign mass 1 to every edge containing it.
Assuming w ” 1, the adjacency matrix AG quantifies the connectivity of vi by distributing
the unit mass of each edge e Q vi uniformly among the other vertices vj P eztviu.

As a consequence of the choice of normalization in (5.1), if one sums the elements of the
ith row (or column) of AG , one obtains exactly the total number of edges that include vi as
an element, a quantity that corresponds to the degree (or weighted degree, if w ‰ 1) dpviq of
vi. Such a quantity is defined as

dpviq “

N
ÿ

j“1
pAGqij “

N
ÿ

j“1
j‰i

ÿ

ePEij

wpeq

|e| ´ 1 “
ÿ

ePE : eQvi

wpeq , vi P V . (5.2)

See Figure 7 for some examples. Notice that, when G “ G is a graph, the expression (5.1)
coincides with the standard definition of the adjacency matrix associated with G.

As announced, we can now generalize the definitions introduced in Section 4. Denoting
by D the diagonal matrix with degrees dpv1q, . . . , dpvN q as entries, we define the Laplacian
matrix LG :“ D´AG and the normalized Laplacian matrix associated with the hypergraph G
as LG :“ I ´ D´ 1

2 AGD´ 1
2 . We observe that, for non-zero functions g “ pgpv1q, . . . , gpvN qq P



30 F. CARAVENNA, F. COTTINI, AND G. PECCATI

RV and f “ pfpv1q, . . . , fpvN qq :“ D´ 1
2 g, the Raleygh quotient associated with LG at f is

given by the ratio

xg, LGgy

xg, gy
“

xg, D´ 1
2 LGD´ 1

2 gy

xg, gy
“

xf , LGfy

xD
1
2 f , D

1
2 fy

“

ř

vi„vj

ř

ePEij

wpeq

|e|´1
`

fpviq ´ fpvjq
˘2

ř

viPV dpviqfpviq
2 “: RGpfq .

In particular, recalling the variational characterization of the eigenvalues µ1 ď ¨ ¨ ¨ ď µN of
LG (which is valid in our case since LG is symmetric; see Remark 4.1), one has that

µk “ min
MĎRV

dimpMq“k

max
fPMzt0u

RLG
pfq , @k “ 1, . . . , N, (5.3)

from which one infers that 0 “ µ1 ď µ2 ď ¨ ¨ ¨ ď µN ď 2.

Given H ‰ S Ď V , we define

BS –
␣

e P E : D vi, vj P e with vi P S, vj P S̄
(

(5.4)

to be the set of edges with at least one vertex in S and one in its complement S̄ – V zS.
Moreover, we define the volume of S as

volpSq “ wpSq –
ÿ

vPS

dpvq “
ÿ

vPS

ÿ

ePEv

wpeq , (5.5)

where Ev – te P E : v P eu, while for F Ď E we set

wpFq –
ÿ

ePF
wpeq . (5.6)

The edge expansion of a nonempty subset S Ď V is given by

φpSq :“ wpBSq

volpSq
, (5.7)

and for k ě 2, we set

φkpGq :“ min
S1,...,Sk

nonempty and disjoint

max
i“1,...,k

φpSiq.

Example 5.1. Consider the examples in Figure 7, and set S “ t1, 2u, S̄ “ t3, 4u. Then
one has the following computations: (a) φpSq “ φpS̄q “ 2{3; (b) φpSq “ 2{5, φpS̄q “ 1{2;
(c) φpSq “ φpS̄q “ 3{5.

It is now possible to derive an analogue of the “easy direction” of the Cheeger inequality
of order k (see Proposition 4.3) for hypergraphs. To this end, we take inspiration from [7,
Theorems 3.3 and 4.1], where a bound is established for the hypergraph analogue of φ̃pGq

(see (4.5)) in the case k “ 2.

Proposition 5.2. Let G “ pV, E , wq be a weighted hypergraph as above. Then, for all
k “ 2, . . . , N ,

µk ď
2
`

rpGq ´ 1
˘2

crpGq ´ 1 φkpGq , (5.8)
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where rpGq and crpGq are called, respectively, the rank and co-rank of G and correspond to
the maximum and the minimum of the cardinalities of the edges e P E.

Note that the inequality (5.8) reduces to (4.6) in the graph setting, where rpGq “ crpGq “

2. We outline the main steps of the proof, which extends to the case of hypergraphs the
strategy used in the proof of Proposition 4.3.
Proof of Proposition 5.2. Let S1, ..., Sk Ď V be non–empty disjoint subsets of V . For
ℓ “ 1, . . . , k, let fℓ – pvolpSℓqq

´ 1
2 1Sℓ

, where 1Sℓ
– p1Sℓ

pv1q, . . . ,1Sℓ
pvN qq. For all not

identically zero vectors pα1, ..., αkq, we have

RG

ˆ k
ÿ

ℓ“1
αℓfℓ

˙

“

ř

ePE
ř

vi„vj
vi,vjPe

wpeq

|e|´1

ˆ

řk
ℓ“1

αℓ?
volpSℓq

`

1Sℓ
pviq ´ 1Sℓ

pvjq
˘

˙2

ř

viPV dpviq

ˆ

řk
ℓ“1

αℓ?
volpSℓq

1Sℓ
pviq

˙2

ď

2
řk

ℓ“1
α

2
ℓ

volpSℓq

ř

ePE
ř

vi„vj
vi,vjPe

wpeq

|e|´1
`

1Sℓ
pviq ´ 1Sℓ

pvjq
˘2

řk
ℓ“1 α2

ℓ

,

where the last inequality is a consequence of the fact that S1, . . . , Sk are pairwise disjoint,
hence the sum over ℓ contains at most two non-zero terms. Observe indeed that for any
ℓ “ 1, . . . , k, the term

`

1Sℓ
pviq ´ 1Sℓ

pvjq
˘

does not vanish if and only if exactly one of the
vertices vi and vj belongs to Sℓ. As a consequence, we can rewrite
ÿ

vi„vj

ÿ

ePEij

`

1Sℓ
pviq ´ 1Sℓ

pvjq
˘2

“
ÿ

ePBSℓ

ÿ

vi„vj
vi,vjPe

`

1Sℓ
pviq ´ 1Sℓ

pvjq
˘2

“
ÿ

ePBSℓ

|e X Sℓ| |e X sSℓ| ,

and, for any e P BSℓ, we have |e X Sℓ| |e X sSℓ| ď p|e| ´ 1q
2

ď prpGq ´ 1q
2. Using the bound

|e| ´ 1 ě crpGq ´ 1, we eventually obtain that

RG

ˆ k
ÿ

ℓ“1
αℓfℓ

˙

ď
2prpGq ´ 1q

2

crpGq ´ 1

řk
ℓ“1 α2

ℓφpSℓq
řk

ℓ“1 α2
ℓ

ď
2prpGq ´ 1q

2

crpGq ´ 1 max
ℓ“1,...,k

φpSℓq .

The conclusion now follows from (5.3), following the same route as in the graph setting. □

As a consequence of Proposition 5.2, we state an estimate analogous to(4.10) for hyper-
graphs, that one can deduce from arguments similar to those in the proof of Proposition 4.5.

Proposition 5.3. Let the above assumptions prevail, and fix integers 1 ď m ď N . Consider
a collection B1, ..., Bm of nonempty disjoint subsets of V , and assume that

φpB1q ď φpB2q ď ¨ ¨ ¨ ď φpBmq. (5.9)
Then, for all k “ 1, ..., m,

µk ď
2
`

rpGq ´ 1
˘2

crpGq ´ 1

řm
i“k volpBiq φpBiq
řm

i“k volpBiq
. (5.10)

5.2. Irreducibility. The aim of this section is to state a generalization of Theorem 2.6
to the setting of homogeneous sums of a generic order d ě 2. To this end, we consider a
sequence tpVn, En, qnq : n ě 1u such that, for a fixed d ě 2: (i) tVnu verifies (2.1), (ii) tEnu

satisfies the subsequent requirements (1)–(3), and (iii) the symmetric coefficients tqnu verify
(2.2). Following the convention (2.3), we continue to use the notation wnp¨q “ qnp¨q

2.
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For each n ě 1, the triple pVn, En, qnq is canonically associated with the weighted
hypergraph Gn “ pVn, En, wnq such that†

En “ ttv1, ..., vdu Ă Vn : pv1, ..., vdq P Enu, and (5.11)
wnptv1, ..., vduq “ wnpv1, ..., vdq “ qnpv1, ..., vdq

2. (5.12)

Note that, by construction, each Gn is d-uniform, and consequently rpGnq “ crpGnq “ d (see
Proposition 5.2). Also, one has that |En| “ d!|En|. For n ě 1, the Laplace spectrum of Gn is
written 0 “ µ

pnq

1 ď µ
pnq

2 ď ¨ ¨ ¨ ď µ
pnq

Nn
ď 2.

As before, we denote by tZnu “ tZnpXq : n ě 1u the sequence of homogeneous sums
defined in (2.4), and we observe that the second relation in (2.5) implies that

ErZ2
ns “ d!2wnpEnq, (5.13)

where we have used the notation (5.6) in the case F “ En.

In order to generalize Lemma 4.6 in the context of hypergraphs, we define the set of
edges entirely contained in a nonempty subset S Ď V as follows:

EnpS, Sq :“
␣

e P En : e Ă S
(

. (5.14)

The following statement is the exact analogous of Lemma 4.6. The proof is left to the
reader.

Lemma 5.4 (Reducibility and hypergraphs). Let the above assumptions and conven-
tions prevail. Then, the sequence tZnu is reducible in the sense of Definition 2.1 if and only
if there exist partitions tB1, . . . , Bmn

u “ tB
pnq

1 , . . . , Bpnq
mn

u of the vertex sets Vn, such that,
as n Ñ 8,

(i) mn Ñ 8;
(ii)

řmn
i“1 wnpEpBi, Biqq „ wnpEnq;

(iii) maxi“1,...,mn
wnpEpBi, Biqq “ o

`

wnpEnq
˘

.

Definition 5.5. Let Gn “ pVn, En, wnq, n ě 1, be a sequence of weighted hypergraphs
such that |Vn|, |En|, wnpEnq Ñ 8. Consider a sequence tZnu defined as in (2.4) such that
(5.11)–(5.12) are verified. We say that tZnu is a sequence of homogeneous sums associated
with tGnu. As before, we say that tGnu generates an irreducible CLT, if tZnu verifies an
irreducible CLT in the sense of Definition 2.1. If tZnu is reducible, we will say that tGnu is
reducible or, more precisely, that tGnu generates a reducible CLT.

Remark 5.6. A natural open question is whether, for d ě 3, one can obtain a spectral
characterization of Condition (ii) in Theorem 3.1, analogous to the necessary and sufficient
condition (3.2) established in the case d “ 2, but now based on the spectral analysis of
hypergraphs developed in the previous section. We refer the reader to the breakthrough
work by Herry, Malicet, and Poly [49] for significant progress in this direction.

We state the main result of the section, which establishes the sufficient condition for
irreducibility.

†Due to the symmetry of En, the way in which the elements of a given d-subset tv1, ..., vdu are enumerated
is immaterial.
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Theorem 5.7. Fix d ě 2 and let tZnu be a sequence of homogeneous sum as in (2.4). Let
Gn “ pVn, En, wnq, n ě 1, be the sequence of weighted hypergraphs associated to tZnu via
(5.11)–(5.12). If there exists k ě 2 such that, as n Ñ 8,

lim inf
n

µ
pnq

k ą 0 , (5.15)

then tZnu is irreducible in the sense of Definition 2.1.

The proof of Theorem 5.7 is provided in Appendix A: it consists of a technical general-
ization of the proof of Theorem 2.6.

Example 5.8 (Rook-like hypergraphs). For every d ě 3, we will now build an example
of a sequence of homogeneous sums tZnu, of order d ě 3, and such that (i) they verify an
irreducible CLT, (ii) irreducibility follows from Theorem 5.7 via the fact that the adjacency
matrices (5.1) of the associated weighted hypergraphs (via (5.11)–(5.12)) coincide with
those of the Rook’s graph discussed in Example (b)-(i) of Section 3.4. To this end, for every
n ą d large enough, define Gn “ pVn, En, wnq to be the hypergraph such that Vn “ rns

2, En

is given by all d-subset with the form

e “ tpa, b1q, pa, b2q, ..., pa, bdqu or e “ tpb1, aq, pb2, aq, ..., pbd, aqu

with a P rns and b1, ..., bd distinct, and we choose a constant weight (for convenience, we fix
the weight so that it yields the same adjacency matrix of the Rook’s graph)

wnpeq ” pd ´ 1q

ˆ

n ´ 2
d ´ 2

˙´1
, e P En.

It is easily seen that two vertices v1 “ pa1, b1q, v2 “ pa2, b2q are adjacent in Gn if and only if
they are adjacent in the Rook’s graph and, in this case, they are both contained in exactly
`

n´2
d´2

˘

edges. The choice of wn then ensures that the adjacency matrix of Gn, as given in
(5.1), coincides with that of the Rook’s graph. Writing 0 “ µ

pnq

1 ď µ
pnq

2 ď ¨ ¨ ¨ ď µ
pnq

n
2 for

the normalized Laplace eigenvalues of Gn, one therefore has that µ
pnq

k ÝÑ 1
2 for all k ě 2,

and Theorem 5.7 implies that any associated sequence of homogeneous sums tZnu (via
(5.11)–(5.12)) is irreducible. We observe that

|En| “ 2n

ˆ

n

d

˙

— nd`1, n Ñ 8.

We now define tZnu according to (2.4), with

qnpv1, ..., vdq “

#?
d ´ 1

`

n´2
d´2

˘´1{2
, tv1, ..., vdu P En

0, otherwise.

In this way, ErZ2
ns — n, and a direct computation shows that the numerical sequences

defined in (3.1) scale as Opn´1
q for every r “ 1, ..., d´1, and thus tZnu verifies an irreducible

CLT.

Example 5.9 (3-uniform hypergraphs generating an irreducible CLT). We present
the following example as an application of Theorem 5.7. Consider the vertex set

Vn “ tpa, bq : 1 ď a ‰ b ď nu Ď N ˆ N
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in such a way that Nn “ |Vn| “ npn ´ 1q. For every n, we define the symmetric and non-
diagonal set En Ď pVnq

3 consisting of all ordered triples pv1, v2, v3q, where each vi “ pai, biq

is an element of Vn, satisfying the following conditions:
‚ For every pair ℓ ‰ k, the entries vℓ and vk share exactly one coordinate: |taℓ, bℓu X

tak, bku| “ 1.
‚ The number of distinct labels among ta1, b1, a2, b2, a3, b3u equals 3.

Note that En is the disjoint union of eight sets Ep1q
n , . . . , Ep8q

n , each one with a similar
structure and of the same size as

Ep1q
n “

!

`

pa, bq , pb, cq , pc, aq
˘

: 1 ď a ‰ b ‰ c ‰ a ď n
)

.

Thus, |En| “ 8npn ´ 1qpn ´ 2q, and the hypergraph Gn “ pVn, Enq, obtained from tEnu by
setting qn ” 1 and using (5.11), is unweighted and 3-uniform. For n ě 3, we consider the
homogeneous sum

Zn :“
ÿ

v1,v2,v3PVn

1En
pv1, v2, v3q Xv1

Xv2
Xv3

,

whose variance is commensurate to n3, as n Ñ 8. To determine the irreducibility of tZnu,
we observe that Gn “ pVn, Enq has adjacency matrix

pAGn
qij “

ÿ

ePEij

1
|e| ´ 1 “

1
2
ˇ

ˇt e P En : vi, vj P e u
ˇ

ˇ , vi, vj P Vn , i ‰ j .

In particular, when vi and vj are adjacent, say vi “ pa, bq and vj “ pb, cq, they are contained
in exactly two edges, which have pa, cq and pc, aq as their third vertices. This implies that
|Eij | “ 2, thus pAGn

qij “ 1tvi„vju for every vi, vj P Vn, where the adjacency relation „ is
given by

vi „ vj ðñ vi “ pa, bq , vj “ pa1, b1
q and either

$

’

’

’

&

’

’

’

%

a “ a1 , b ‰ b1 , or
b “ b1 , a ‰ a1 , or
a “ b1 , a1

‰ b , or
a1

“ b , a ‰ b1 .

One can verify that this equivalence relation induces a graph structure on the vertex set Vn,
corresponding to the union of two graphs: the Rook’s graph (see Example 3.3-(b)) with
the diagonal removed, and a second graph—also isomorphic to the diagonal-free Rook’s
graph—obtained by permuting the two coordinates of each vertex. A direct computation
yields that the degree of each vertex is dn “ 4pn ´ 2q, and the spectrum of AGn

is
given by the integers t 4pn ´ 2q, p2n ´ 8q, 0, ´4u with multiplicities 1, pn ´ 1q, npn ´ 1q{2
and ´1 ` pn ´ 1qpn ´ 2q{2. As a consequence, the Laplace spectrum of Gn is given by
t0, n{p2pn ´ 2qq, 1, pn ´ 1q{pn ´ 2qu, with the same respective multiplicities. Since, for all
fixed k ě 2, one has that limnÑ8 µ

pnq

k “ 1
2 , we deduce from Theorem 5.7 that tZnu is

irreducible. Finally, we remark that this example will be revisited in the subsequent section,
where we will show that the hyperedge sets tEnu can be realized as a special cases of a
fractional Cartesian product, as defined in Example 6.1. As such, the asymptotic normality
of the (normalized) sequence tZnu will follow directly from Proposition 6.2.

6. Irreducibility via combinatorial dimensions
The aim of this section is to prove Theorem 2.11. The proof of Part (b) (see Section

6.2) is based on an explicit construction, described in full detail in Example 6.1 below.
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The arguments used in this part are purely combinatorial and do not rely on the spectral
analysis developed in the previous sections. We note, however, that one special instance of
Example 6.1 was already addressed in Section 5 by means of hypergraph techniques (see
Example 5.9).

From now on, we let the assumptions and notation in the statement of Theorem 2.11
prevail.

6.1. Proof of Part (a) of Theorem 2.11. Assume that tEnu has combinatorial dimension
1 ă α ď d. We have to show that it is not possible to find a sequence Πn – tB1, . . . , Bmn

u,
n ě 1, with Bi “ Bipnq, such that each Πn is a partition of Vn, and, as n Ñ 8,

max
i“1,...,mn

ˇ

ˇ

ˇ
En X pBi ˆ ¨ ¨ ¨ ˆ Bi

looooooomooooooon

d times

q

ˇ

ˇ

ˇ
“ op|En|q, (6.1)

mn
ÿ

i“1

ˇ

ˇ

ˇ
En X pBi ˆ ¨ ¨ ¨ ˆ Bi

looooooomooooooon

d times

q

ˇ

ˇ

ˇ
— |En| , (6.2)

(note that, if (6.1) and (6.2) are both verified, then, necessarily, mn Ñ 8).
We reason by contradiction, and assume that there exists a sequence of partitions tΠnu

such that the two properties (6.1) and (6.2) are satisfied. Without loss of generality, we can
assume that |B1| ě |B2| ě ¨ ¨ ¨ ě |Bmn

|, n ě 1. For all β ą 0, we set

Knpβq :“ max ts ď mn : |Bs| ě β|Vn|u ,

with max H :“ 0. Since each Πn is a partition of Vn we have that

|Vn| “

mn
ÿ

s“1
|Bs| ě

Knpβq
ÿ

s“1
|Bpnq

s | ě Knpβqβ|Vn|,

where we have used the convention
ř0

s“1 :“ 0, thus yielding the bound

Knpβq ď
1
β

, for all β ą 0. (6.3)

In the sequel, we write Mpβq :“ rβ´1
s ` 1, β ą 0. We will also use the following estimate,

valid for every n ě 1 and every t ď mn:
mn
ÿ

s“t

ˇ

ˇBs

ˇ

ˇ

α
ď
ˇ

ˇBt

ˇ

ˇ

α´1
mn
ÿ

s“t

ˇ

ˇBs

ˇ

ˇ ď
ˇ

ˇBt

ˇ

ˇ

α´1
|Vn|, (6.4)

where the first inequality uses the fact that α P p1, ds and that the sequence s ÞÑ
ˇ

ˇBs

ˇ

ˇ is
decreasing. Since (6.2) is in order and tEnu has combinatorial dimension α, using (2.15) for
Jn “ En one infers that there exist a finite constant Γ ą 0 and an integer n0 ě 1 such that,
for all n ě n0,

Γ ą
|Vn|

α

řmn
s“1 |En X pBs ˆ ¨ ¨ ¨ ˆ Bsq|

ě
|Vn|

α

c
řmn

s“1
ˇ

ˇBs

ˇ

ˇ

α ě
|Vn|

α´1

c
ˇ

ˇB1
ˇ

ˇ

α´1 ,

where the constant c is the one appearing on the right-hand side of (2.13) (choosing
Jn “ En), and the last estimate exploits (6.4) in the case t “ 1. This implies that, for
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n ě n0,
ˇ

ˇB1
ˇ

ˇ ě b|Vn|, where b :“ pc Γq
´ 1

α´1 . Now, assumption (6.1) combined once again
with (2.15) (with Jn “ En) yields that, as n Ñ 8,

1
|Vn|

α

Mpbq´1
ÿ

s“1
|En X pBs ˆ ¨ ¨ ¨ ˆ Bsq| ÝÑ 0.

From this we infer that there exists an integer n1 ě n0 such that, for all n ě n1

Γ ą
|Vn|

α

řmn

s“Mpbq
|En X pBs ˆ ¨ ¨ ¨ ˆ Bsq|

ě
|Vn|

α

c
řmn

s“Mpbq

ˇ

ˇBs

ˇ

ˇ

α ě
|Vn|

α´1

c
ˇ

ˇBMpbq

ˇ

ˇ

α´1 ,

where the last inequality uses (6.4) in the case t “ Mpbq. These relations imply that, for
n ě n1, one necessarily has

ˇ

ˇBMpbq| ě b|Vn|, which is absurd, since it would yield
1
b

ă Mpbq ď Knpbq ď
1
b

,

where we used (6.3). The proof of Part (a) is concluded.

6.2. Proof of Part (b) of Theorem 2.11. The following example shows that, at least for
d ě 3, one can easily build examples of sequences tEnu that have combinatorial dimensions
strictly between 1 and d.

Example 6.1 (Fractional Cartesian products). The following construction is a variation
of the definition of fractional Cartesian products, as discussed in [11, Chapters XII-XIII]
and [13, 38, 71]. Fix d ě 3 and b “ 1, ..., d ´ 1. For every n ą b, we define Vn :“ tv “

pv1, ...vbq P rns
b : vs ‰ vt, s ‰ tu. In what follows, generic elements pv1, ..., vdq of the

Cartesian product Vn ˆ ¨ ¨ ¨ ˆ Vn
looooooomooooooon

d times

will be written

pv1, ..., vdq “ pvp1,1q, vp1,2q, ..., vp1,bq; vp2,1q, ..., vp2,bq; ...; vpd,1q, ..., vpd,bqq, (6.5)
where pvps,1q, vps,2q, ..., vps,bqq “ vs P Vn, s “ 1, ..., d. We now fix a partition S “ tS1, ..., Sdu

of the index set I :“ tp1, 1q, p1, 2q, ..., pd, bqu with the following properties:
(a) |Si| “ b, i “ 1, ..., d;
(b) for every ℓ “ 1, ..., d, each Si contains at most one index of the form pℓ, sq, for

s “ 1, ..., b.
We will also say that the partition S is connected if there do not exist partitions tB1, B2u

and tC1, C2u of rds such that, for i “ 1, 2

tpℓ, sq : ℓ P Biu “
ď

jPCi

Sj .

See Figure 8 for examples of such partitions.
For every n ą d we define the set E0

n Ă Vn ˆ ¨ ¨ ¨ ˆ Vn as follows:
E0

n :“ tpv1, ..., vdq : vps,uq “ vpt,vq iff ps, uq, pt, vq P Si for some i “ 1, ..., du, (6.6)
where we used the notation (6.5). Finally, we define En to be the collection of those
pv1, ..., vdq such that pvσp1q, ..., vσpdqq P E0

n, for some permutation σ of rds. In this way,
each En automatically satisfies the properties (1) and (2) (symmetry), introduced at the
beginning of Section 2.1. It is easily seen that a connected partition S with the properties
(a) and (b) listed above always exists; moreover, standard combinatorial considerations yield
that such an S can always be chosen so that each En also verifies (3) from the beginning
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b

(a)

d

S3
S1

S2
S3

b

(b)

d

S1 S2

S3 S4

b

(c)

d

S4
S1

S2

S3
S4

Figure 8. Some examples of partitions S of the index set I. Case (a): for d “ 3 and b “ 2
there are only four partitions S “ tS1, S2, S3u verifying (a) and (b) and all are connected; in
the example, we have S1 “ tp1, 2q, p2, 2qu, S2 “ tp2, 1q, p3, 1qu and S3 “ tp3, 2q, p1, 1qu. Case
(b): for d “ 4 and b “ 2, an example of disconnected partition S “ tS1, S2, S3, S4u verifying
(a) and (b) is given by S1 “ tp1, 1q, p2, 1qu, S2 “ tp1, 2q, p2, 2qu, S3 “ tp3, 1q, p4, 1qu and
S4 “ tp3, 2q, p4, 2qu (for which B1 “ C1 “ t1, 2u and B2 “ C2 “ t3, 4u). Case (c): for
d “ 4 and b “ 2, an example of a connected partition is given by S1 “ tp1, 2q, p2, 2qu,
S2 “ tp2, 1q, p3, 1qu, S3 “ tp3, 2q, p4, 2qu and S4 “ tp1, 1q, p4, 1qu.

of Section 2.1, that is: En is non-diagonal. We claim that the sequence tEn : n ą du has
combinatorial dimension α “ d

b , as per Definition 2.8. To see this, we first observe that, by
definition, as n Ñ 8, one has that |Vn| — nb, and

|E0
n| — |En| — nd

— |Vn|
d
b ,

proving that (2.14) is satisfied for Jn “ En. On the other hand (e.g. by the triangle
inequality), to prove (2.14) for Jn “ En it is sufficient to show that

|E0
n X pA1 ˆ ¨ ¨ ¨ ˆ Adq| ď c max

i“1,...,d
|Ai|

d
b , (6.7)

for some absolute constant c. It turns out that such a bound is a direct consequence of a
classical estimate by Finner, stated in [43, Theorem 2.1] (see also [8, Proposition 2.8]). We
refer to Appendix A.4 for a complete proof of (6.7).

The following statement shows that the sequence of homogeneous sums associated with
the irreducible sequence tEnu verifies a CLT, thus concluding the proof of Part (b) of
Theorem 2.11.

Proposition 6.2 (Fractional products yield irreducible CLTs). For d ě 3, let
tEn : n ą ku be the sequence of sets constructed in Example 6.1. Assume in addition that
the underlying partition S “ tS1, ..., Sku is connected, and verifies Properties (a) and (b) in
Example 6.1. For n ą d, we consider the sequence tZnu defined as in (2.4) for qn ” 1. Then,
as n Ñ 8, ErZ2

ns “ d!|En| — nd, and the sequence rZn “
Zn?
d!|En|

converges in distribution
to a standard Gaussian random variable N .

Proof. To show that rZn converges in distribution to N , we can directly use [72, Proof of
Proposition 6.6 and Proposition 6.8] to deduce that, for every thrice differentiable bounded
function h : R Ñ R with bounded derivatives,

|Erhp rZnqs ´ ErhpNqs| ď
C

|Vn|
1
2b

, (6.8)
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for some absolute constant C, so that the conclusion follows from the fact that |Vn| Ñ 8. □

Remark 6.3. The estimate (6.8) follows from [72, formula (6.72)], implying that the
quantity |Erhp rZnqs ´ ErhpNqs| is bounded by a multiple of the sum

|E#
n |

1{2

|En|
`

maxiPVn
|E˚

n,i|
1{4

|En|
1{4 ,

where E˚
n,i :“ tpv1, ..., vdq P En : i “ vℓ for one ℓ P rdsu, and E#

n Ă En ˆ En is defined as
the collection of all pairs pF, Gq :“ ppf1, ..., fdq, pg1, ..., gdqq P En ˆ En such that: (a) F and
G have no elements in common, and (b) there exists p P rd ´ 1s, as well as distinct integers
ℓ1, .., ℓp P rds such that replacing each fℓi

in F with the corresponding gℓi
in G (and vice

versa) results in a (possibly different) element of En ˆ En. The claimed estimate (6.8) then
follows from [72, formula (6.70)], implying that, for some absolute constant C, one has that
|E#

n | ď C|Vn|
2α´ 1

b and maxiPVn
|E˚

n,i| ď C|Vn|
α´1.

7. Irreducibility and sparsity: ad hoc construction for d “ 2
This section provides the proof of Theorem 2.13, under the assumptions stated in

Subsection 2.4.2. In particular, we prove a refined version of Theorem 2.13 (see Theorem 7.1
below). We not only show that any partition B1, . . . , Bmn

of Vn satisfying (i) and (ii) cannot
satisfy (iii) (this already implies irreducibility; see Definition 2.1 and Remark 2.3-(1)), but
we also provide a quantitative bound contradicting (iii). In more detail, we provide a lower
bound away from zero for the main contribution to the second moment coming from one of
the sets in the partition (see inequality (7.5)), which is in conflict with (iii).

We briefly recall the notation of Section 2.4.2. For n P N, we set Vn “ rns
2, fix β P p0, 1s and

for a, b P t1, . . . , nu consider the subsets Svpaq Ď tauˆt1, . . . , nu and Shpbq Ď t1, . . . , nuˆtbu

with |Svpaq| “ |Shpbq| “ tβnu.

We recall the equivalence relations h
„ and v

„ on Vn: for any v1, v2 P Vn

v1
h
„ v2 ðñ for some b we have v1, v2 P Shpbq with v1 ‰ v2 , (7.1)

v1
v
„ v2 ðñ for some a we have v1, v2 P Svpaq with v1 ‰ v2 , (7.2)

and we write v1 „ v2 if and only if v1
h
„ v2 or v1

v
„ v2. We set En –

␣

pv1, v2q P Vn ˆ Vn :
v1 „ v2

(

and we consider the homogeneous sum

Zn “
ÿ

v1,v2PVn

1En
pv1, v2q Xv1

Xv2
, (7.3)

where tXvuvP
Ť

n Vn
is a family of i.i.d. standard Gaussian random variables. We recall that

Zn is centered with second moment

ErZ2
ns “ 2|En| “ 2

" n
ÿ

b“1
|Shpbq| p|Shpbq| ´ 1q `

n
ÿ

a“1
|Svpaq| p|Svpaq| ´ 1q

*

„
nÑ8

4β2n3 .

The following result establishes irreducibility for the sequence tZnu.

Theorem 7.1 (Irreducibility and quantitative bounds). Fix any β P p1
2 , 1s. Then
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(1) Any partition tBℓ “ Bℓpn, mnquℓ“1,...,mn
, which satisfies as n Ñ 8

mn
ÿ

ℓ“1
σ2

npBℓq “ p4β2
` op1qq n3 (7.4)

must also satisfy

max
ℓ“1,...,mn

σ2
npBℓq ě

`

2β2
p2β ´ 1q ` op1q

˘

n3 . (7.5)

(2) As a consequence, tZnu satisfies an irreducible CLT in the sense of Definition 2.1.

Let us prove point (2), while the (longer) proof of the quantitative bound is presented
separately in Subsection 7.1.
Proof of Theorem 7.1-(2). Assuming (1) in Theorem 7.1, the conditions (i), (ii) and (iii)
in Definition 2.1 cannot hold together, thus tZnu is irreducible. We only need to prove
the convergence in distribution towards N „ N p0, 1q by applying the Fourth Moment
Theorem (see [71, Proposition 1.6] and [22, Theorem 4.2]). Recall rZn – Zn{

a

2|En|. Since
limnÑ8 E

“

rZ2
n

‰

“ 1, we only need to prove that limnÑ8 Er rZ4
ns “ 3. We have

Er rZ4
ns “

1
4|En|

2

ÿ

v1,...,v8PVn

1En
pv1, v2q1En

pv3, v4q1En
pv5, v6q1En

pv7, v8qE
„ 8
ź

i“1
Xvi

ȷ

“
4

|En|
2

ÿ

A,B,C,DĎVn

qnpAqqnpBqqnpCqqnpDqE
“

XAXBXCXD

‰

, (7.6)

where for convenience we rearranged the sum over (unordered) subsets A “ tv1, v2u,
B “ tv3, v4u, C “ tv5, v6u, D “ tv7, v8u (recall that each vertex vi is an ordered couple in
the square rns

2) and for each of these subsets, say A Ď Vn, we set qnpAq – 1En
pv1, v2q and

XA – Xv1
Xv2

.
Recall that the Xv’s are centered and independent and that all pairs A, B, C, D Ď Vn

contain two distinct vertices (the diagonal points of Vn ˆ Vn are not in En). Therefore,
the only non–zero contribution to ErXA XB XC XDs “ ErXv1

Xv2
Xv3

Xv4
Xv5

Xv6
Xv7

Xv8
s is

given by those terms where the individual Xv’s match either in pairs or in quadruples. We
outline the possible cases below, recalling that 2|En| „ 4β2n3 as n Ñ 8.

(1) The Xv’s match in quadruples, i.e. A “ B “ C “ D, and the contribution to (7.6)
is negligible as n Ñ 8:

4|En|
´2 ÿ

AĎVn

qnpAq
4ErX4

As “ 4|En|
´2 ÿ

tv1,v2uĎVn

1En
pv1, v2qErX4

v1
X4

v2
s

“ 18|En|
´1

“ O
`

n´3˘ .

(2) The Xv’s match in pairs, however A, B, C, D Ď Vn do not pair up two by two, for
instance when A “ tv1, v2u, B “ tv1, v3u, C “ tv3, v4u and D “ tv2, v4u. It is simple
to see that their contribution to (7.6) is always either O

`

n´1˘ or O
`

n´2˘. To give a
brief idea, let us consider the term when „ is always v

„, thus the indicator function
of En imposes that v1 “ pa1, b1q, v2 “ pa1, b2q, v3 “ pa1, b3q and v4 “ pa1, b4q. The
corresponding term is then negligible for large n, indeed

4|En|
´2 ÿ

v1,...,v4PVn

1En
pv1, v2q1En

pv1, v3q1En
pv3, v4q1En

pv2, v4q ď O
`

n´1˘ ,
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since the sum above can be bounded by the sum over the five degrees of freedom
a1, b1, b2, b3, b4 P t1, . . . , nu. The other cases work similarly.

(3) The Xv’s match in pairs and A, B, C, D Ď Vn pair up two by two, i.e. either A “ B
and C “ D, or A “ C and B “ D, or A “ D and C “ B. If two distinct
couples A, B Ă Vn differ from each other but have a common element v P Vn, the
corresponding term can be treated similarly as in the previous case, thus giving
a negligible contribution. Therefore, consider the case where all distinct couples
A, B Ď Vn are also disjoint: this is the only non–negligible contribution and gives
exactly

3
˜

4|En|
´2 ÿ

A,BĎVn
AXB“H

qpAq
2 qpBq

2E
“

X2
AX2

B

‰

¸

“ 3
`

4|En|
´2˘

˜

ÿ

tv1,v2uĎVn

1En
pv1, v2q

¸2

“ 3 .

□

7.1. Proof of Theorem 7.1-(1). We divide the proof into three steps, which we first
outline below.

7.1.1. Strategy of the proof. We assume that (7.4) holds. We fix η P p0, 1q small and
we take n large enough so that (the factor 1

2 is for later convenience)
mn
ÿ

ℓ“1
σ2

npBℓq ě p4β2
´ 1

2 ηq n3 . (7.7)

We are going to show that there is ℓ̄ “ ℓ̄n,η P t1, . . . , mnu such that

σ2
npBℓ̄q ě 2

`

β2
p2β ´ 1q ´ 11?

η ` Op 1
nq
˘

n3 . (7.8)

(The factor 11 multiplyng ?
η is immaterial, but it will be transparent to carry out explicit

computations.) Since we can take η ą 0 as small as we wish, this proves (7.5).
It remains to prove (7.8). Given a subset A Ď Vn, we denote its “rows” by

Ap¨, bq – A X
`

t1, . . . , nu ˆ tbu
˘

for b P t1, . . . , nu , (7.9)

and similarly we denote its “columns” by

Apa, ¨q – A X
`

tau ˆ t1, . . . , nu
˘

for a P t1, . . . , nu . (7.10)

To help explanations, we refer to the labels ℓ P t1, . . . , mnu of the partition tBℓu as colors.
We are going to prove the following three steps.

(1) Almost each row and column has a “dominant” color, almost filling up Shpbq or
Svpaq:

DI, I 1
Ď t1, . . . , nu such that

|I| ě
`

1 ´ 1
4
?

η
˘

n and @b P I Dℓb : |Bℓb
p¨, bq X Shpbq| ě pβ ´ 2?

ηq n , (7.11)
|I 1

| ě
`

1 ´ 1
4
?

η
˘

n and @a P I 1
Dℓ1

a : |Bℓ
1
a
pa, ¨q X Svpaq| ě pβ ´ 2?

ηq n . (7.12)

(2) There is a color ℓ̄ which is dominant for a positive fraction of rows:

Dℓ̄ : |tb P I : ℓb “ ℓ̄ u| ě pβ1
´ 7?

ηq n where β1 :“ 2β ´ 1 ą 0 . (7.13)

(3) Color ℓ̄ fulfils relation (7.8).
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7.1.2. Step 1. By symmetry, we only prove (7.11). We argue in three parts.

Part A. Recalling (2.8), for B Ď Vn we define σ2
n,hpBq and σ2

n,vpBq by

σ2
npBq “ 2

ÿ

v1,v2PB

1
v1

h
„v2

loooooooomoooooooon

σ
2
n,hpBq

` 2
ÿ

v1,v2PB

1
v1

v
„v2

loooooooomoooooooon

σ
2
n,vpBq

. (7.14)

We prove in this part that
mn
ÿ

ℓ“1
σ2

n,hpBℓq ě p2β2
´ 1

2ηq n3 , (7.15)

Note that by (7.1) and (7.2) we can write for B Ď Vn:

σ2
n,hpBq “ 2

n
ÿ

b“1
|Bp¨, bq X Shpbq|

`

|Bp¨, bq X Shpbq| ´ 1
˘

(7.16)

and

σ2
n,vpBq “ 2

n
ÿ

a“1
|Bpa, ¨q X Svpaq|

`

|Bpa, ¨q X Svpaq| ´ 1
˘

,

in particular
mn
ÿ

ℓ“1
σ2

n,hpBℓq “

n
ÿ

b“1
Θn,hpbq where Θn,hpbq – 2

mn
ÿ

ℓ“1
|Bℓp¨, bq X Shpbq|

`

|Bℓp¨, bq X Shpbq| ´ 1
˘

.

(7.17)
Since pBℓp¨, bqqℓ“1,...,mn

is a partition of t1, . . . , nu ˆ tbu, we can bound

Θn,hpbq “ 2
mn
ÿ

ℓ“1

ÿ

v1‰v2PBℓp¨,bqXShpbq

1 ď 2
ÿ

v1‰v2PShpbq

1 “ 2tβnu
`

tβnu ´ 1
˘

ď 2β2 n2 , (7.18)

which yields
řmn

ℓ“1 σ2
n,hpBℓq ď 2

řn
b“1 β2 n2

ď 2β2 n3. The same arguments apply to σ2
n,v,

hence
mn
ÿ

ℓ“1
σ2

n,vpBℓq ď 2β2 n3 . (7.19)

Finally, relation (7.15) follows by σ2
n,hpBℓq “ σ2

npBℓq ´ σ2
n,vpBℓq applying (7.7) and (7.19).

Part B. We now show that Θn,hpbq from (7.17) is close to its maximum 2β2 n2 for most
values of b: more precisely, setting

I –

"

b P t1, . . . , nu : Θn,hpbq ą 2pβ2
´

?
ηq n2

*

, (7.20)

we show that
|I| ě

`

1 ´ 1
4
?

η
˘

n . (7.21)
To this purpose, we can write

mn
ÿ

ℓ“1
σ2

n,hpBℓq “
ÿ

bPI

Θn,hpbq `
ÿ

bPI
c

Θn,hpbq ď |I| 2β2 n2
` pn ´ |I|q 2pβ2

´
?

ηq n2 ,
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which can be rewritten as
?

η 2n2
|I| ě

mn
ÿ

ℓ“1
σ2

n,hpBℓq ´ 2pβ2
´

?
ηq n3 .

Plugging in the bound (7.15), we obtain precisely (7.21).
Part C. Given b P I, see (7.20), let ℓb be a color for which |Bℓp¨, bq X Shpbq| is maximal:

ℓb – arg max
␣

|Bℓp¨, bq X Shpbq| : 1 ď ℓ ď mn

(

.

We show that
@b P I : |Bℓb

p¨, bq X Shpbq| ě pβ ´ 2?
ηq n , (7.22)

which completes the proof of (7.11).
To prove (7.22), we recall from (7.17) that, setting kℓ – |Bℓp¨, bq X Shpbq|, we have

Θn,hpbq “ 2
mn
ÿ

ℓ“1
kℓpkℓ ´ 1q with kℓ ě 0 such that

mn
ÿ

ℓ“1
kℓ “ |Shpbq| “ tβ nu . (7.23)

The function pk1, . . . , kmq ÞÑ 2
řm

ℓ“1 kℓpkℓ ´ 1q with the above constraints is maximised for
m “ 1 and k1 “ tβ nu, where it takes the value 2tβ nuptβ nu ´ 1q „ 2β2 n2. Since Θn,hpbq is
close to 2β2 n2 for b P I, see (7.20), this explains intuitively why kℓb

“ |Bℓb
p¨, bq X Shpbq| “

maxℓ“1,...,mn
kℓ should be close to β n, so that (7.22) holds. To make this precise, we simply

bound
Θn,hpbq “ 2kℓb

pkℓb
´ 1q ` 2

ÿ

ℓ‰ℓb

kℓpkℓ ´ 1q

ď 2k2
ℓb

` 2kℓb

ÿ

ℓ‰ℓb

kℓ “ 2k2
ℓb

` 2kℓb
ptβ nu ´ kℓb

q ď 2kℓb
β n .

(7.24)

Since Θn,hpbq ě 2pβ ´
?

ηq n2 for b P I and β ą 1
2 , we see that kℓb

fulfils (7.22). □

7.1.3. Step 2. We prove (7.13) by contradiction: we assume that
@ℓ : |tb P I : ℓb “ ℓ u| ă pβ1

´ 7?
ηq n with β1 :“ 2β ´ 1 , (7.25)

and we deduce a contradiction with (7.12), namely
Da P I 1

@ℓ : |Bℓpa, ¨q| ă pβ ´ 2?
ηq n . (7.26)

Recalling (7.11), let D be the union of all rows of boxes with dominant colors:

D :“
ď

bPI

␣

Bℓb
p¨, bq X Shpbq

(

.

By assumption (7.25), each color ℓ appears in less than pβ1
´ 7?

ηq n rows of D, therefore

@a @ℓ : |Bℓpa, ¨q X D| ă pβ1
´ 7?

ηq n . (7.27)
We claim that we can obtain the following bound for a suitable a P I 1:

Da P I 1 : @ℓ : |Bℓpa, ¨q X Dc
| ď p1 ´ β ` 5?

ηq n . (7.28)
Summing (7.27) and (7.28) we obtain (7.26) (note that β1

` p1 ´ βq “ β).
It only remains to prove (7.28). We observe that by (7.11)

|D| ě |I| pβ ´ 2?
ηq n ě

`

1 ´ 1
4
?

η
˘

pβ ´ 2?
ηq n2

ě pβ ´ 3?
ηq n2 . (7.29)

We then define
J :“ ta P t1, . . . , nu : |Dpa, ¨q| ą pβ ´ 5?

ηq nu (7.30)
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so that, by Lemma 7.2 below, we have

|J | ě 2?
η n . (7.31)

Since |I 1
| ě

`

1 ´ 1
4
?

η
˘

n ą p1 ´
?

ηq n, see (7.12), we have |I 1
| ` |J | ą n and therefore

I 1
X J ‰ H. We then select any a P I 1

X J and note that |Bℓpa, ¨q X Dc
| ď |Dpa, ¨q

c
| “

n ´ |Dpa, ¨q|, hence the bound (7.28) follows by the definition (7.30) of J . □

It remains to prove the following elementary lemma (recall that Vn “ t1, . . . , nu
2).

Lemma 7.2. If C Ď Vn satisfies |C| ě u n2 for some u P p0, 1q, then for any u1
ă u

ˇ

ˇ

␣

a P t1, . . . , nu : |Cpa, ¨q| ą u1 n
(ˇ

ˇ ě
u ´ u1

1 ´ u1 n ě pu ´ u1
q n .

Proof. Setting J :“
␣

a P t1, . . . , nu : |Cpa, ¨q| ą u1 n
(

we can bound

|C| “
ÿ

aPJ

|Cpa, ¨q| `
ÿ

aPJ
c

|Cpa, ¨q| ď |J | n ` pn ´ |J |q u1 n

“ p1 ´ u1
q n |J | ` u1 n2 ,

that is |J | ě
|C|´u

1
n

2

p1´u
1
q n

. Plugging in |C| ě u n2 completes the proof. □

7.1.4. Step 3. We finally prove (7.8). From (7.14) and (7.16) we can write

σ2
npBℓ̄q ě σ2

n,hpBℓ̄q “ 2
n
ÿ

b“1
|Bℓ̄p¨, bq X Shpbq|

`

|Bℓ̄p¨, bq X Shpbq| ´ 1
˘

Restricting the sum to the set B :“ tb P I : ℓb “ ℓ̄u, recalling (7.11) and (7.13), we obtain

σ2
n,hpBℓ̄q ě 2pβ1

´ 7?
ηq n pβ ´ 2?

ηq n
`

pβ ´ 2?
ηq n ´ 1

˘

ě 2pβ1
´ 7?

ηq pβ ´ 2?
η ` Op 1

nqq
2 n3

ě 2
`

β1β2
´ 11?

η ` Op 1
nq
˘

n3 ,
(7.32)

which completes the proof. □

Remark 7.3. In (7.32) we only estimated the “horizontal” contribution to the variance
σ2

n,hpBℓ̄q. Of course, by symmetry, a version of (7.13) holds for columns, for some color
ℓ̄1, hence an estimate like (7.32) also holds for σ2

n,vpBℓ̄
1q. Note that both Bℓ̄ and Bℓ̄

1 have
cardinality at least pβ1

´ 7?
ηq pβ ´ 2?

ηq n2 by (7.11) and (7.13), hence they must overlap
when β β1

“ βp2β ´ 1q ą 1
2 , i.e. for β ą 1`

?
5

4 » 0.81: in this case ℓ̄ “ ℓ̄1, hence we can
improve our final bound (7.8) by a factor 2:

σ2
npBℓ̄q “ σ2

n,hpBℓ̄q ` σ2
n,vpBℓ̄q ě 4

`

β1β2
´ 11?

η ` Op 1
nq
˘

n3 . (7.33)

Appendix A. Proofs of some technical results
A.1. Proof of Theorem 2.15. Let ∆pα, nq denote the maximal degree in the Erdös-Renyi
random graph Gpn, pnq, where pn “ nα´2. By Theorem 2.14 (including the subsequent
discussion) and Remark 3.2-(2), it is sufficient to show that, for α as in the statement, there
exists 0 ă ε ă α{2 such that

Pr∆pα, nq ě nα{2´ε
s ÝÑ 0, n Ñ 8.
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One has that

Pr∆pα, nq ě nα{2´ε
s ď nPrBpn ´ 1, pnq ě nα{2´ε

s ď nPrBpn, pnq ě nα{2´ε
s,

where Bpk, pq denotes a binomial random variable with parameters pk, pq, and the conclusion
follows from an application of the multiplicative Chernoff inequality: according e.g. to [41,
Problem 1.6-(e)] we can bound PpBpk, pq ě t kpq ď 2´t kp provided t ą 2e, hence for
0 ă ε ă mintα{2, 1 ´ α{2u

PrBpn, pnq ě nα{2´ε
s ď 2´pn

1´ε´α{2
qn

α´1
“ 2´n

α{2´ε

“ opn´1
q, n Ñ 8,

thus yielding the desired conclusion.

A.2. Proof of Theorem 4.8. To prove Theorem 5.7 we follow very closely the proof of
Theorem 2.6. By contradiction we assume that (2.12) holds for some k ě 2 and that tGnu

is partially reducibile, i.e. there exists ϱ P p0, 1s, V 1
n Ď Vn satisfying (4.15) and partitions

B1, . . . , Bmn
of V 1

n such that the three properties (i”), (ii”) and (iii”) of partial reducibility
hold. Ordering the sets as in (4.9), we can apply (4.10) which yields (4.11), that we copy
for convenience:

µ
pnq

k

2 ď

řmn
i“k q

pnq

i φpBiq
řmn

i“k q
pnq

i

where again q
pnq

i :“ volpBiq

volpVnq
“

volpBiq

2|En|
. (A.1)

This time the vector pq
pnq

i q1ďiďmn
needs not be a probability, however we still have

mn
ÿ

i“1
q

pnq

i “
volpV 1

nq

volpVnq
Ñ ϱ ą 0 . (A.2)

To complete the proof, it is then sufficient to show that
mn
ÿ

i“1
q

pnq

i φpBiq “ op1q and max
1ďiďmn

q
pnq

i “ op1q , (A.3)

(so that
řmn

i“k q
pnq

i Ñ ϱ ą 0). Applying (4.13) and (4.14), it remains to show that
mn
ÿ

i“1
EpBi,ĎBiq “ op|En|q . (A.4)

To this purpose, we need to modify (4.12) because B1, . . . , Bmn
is only a partition of V 1

n.
To obtain a partition of the full set of vertices Vn, we define Bmn`1 :“ ĎV 1

n. Arguing as in
(4.12), we can now write

1
2

mn`1
ÿ

i“1
EpBi,ĎBiq “

1
2

mn`1
ÿ

i,j“1
i‰j

EpBi, Bjq “ |En| ´

mn`1
ÿ

i“1
EpBi, Biq (A.5)

and isolating the terms i “ mn ` 1 in the first and last sums we obtain

1
2

mn
ÿ

i“1
EpBi,ĎBiq “

"

|En| ´
1
2EpV 1

n, ĎV 1
nq ´ Ep

ĎV 1
n, ĎV 1

nq

*

´

mn
ÿ

i“1
EpBi, Biq

“

"

|En| ´ Ep
ĎV 1

n, ĎV 1
nq ´ op|En|q

*

´ EpV 1
n, V 1

nq ´ op|En|q ,
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where we applied (4.15) and the assumption of partial reducibility. We finally observe that,
plainly, |En| “ EpV 1

n, V 1
nq ` Ep

ĎV 1
n, ĎV 1

nq ` EpVn, ĎV 1
nq “ EpV 1

n, V 1
nq ` Ep

ĎV 1
n, ĎV 1

nq ` op|En|q which
completes the proof.

A.3. Proof of Theorem 5.7. We first introduce and recall the following notation. For
ℓ ď k and S1, . . . , Sℓ Ď Vn disjoint and nonempty subsets, we denote

EpS1 , . . . , Sℓq – t e P En : e Ă S1 Y . . . Y Sℓ :
D v1, . . . , vℓ P e with v1 P S1, . . . , vℓ P Sℓ u ,

as the set of edges with elements in S1 Y . . . Y Sℓ and at least one of them in each Si, for
i “ 1, . . . , ℓ. In particular, we recall

EnpS, Sq :“
␣

e P En : e Ă S
(

,

while

EpS, S̄q “
␣

e P En : D v1, v2 P e with v1 P S, v2 P S̄
(

“ BS . (A.6)

We now prove Theorem 5.7. The arguments follow the same guidelines as the proof of
Theorem 2.6. However, the more complex structure of hypergraphs requires additional
combinatorial details, which we briefly outline below.

We assume that (5.15) holds for some k ě 2 and that there exists a sequence of partitions
B1, . . . , Bmn

, n ě 1, such that the three properties (i), (ii), (iii) are verified. Moreover,
without loss of generality, the relation (5.9) holds for n ě 1. Recall that in this setting
rpGq “ crpGq “ d, hence (5.10) yields

µ
pnq

k

2pd ´ 1q
ď

řmn
i“k q

pnq

i φpBiq
řmn

i“k q
pnq

i

, where q
pnq

i :“
vol

`

Bi

˘

d wnpEnq
. (A.7)

To conclude the proof, it suffices to show that the right-hand side of the previous inequality
converges necessarily to zero.

Since the subsets Bi’s form a partition of Vn, it is possible to express the set BBi,
i P t1, . . . , mnu, in terms of a disjoint union:

BBi “ EpBi,ĎBiq “

d´1
ď

α“1

ď

1ďi1ă¨¨¨ăiαďmn
i1,...,iα‰i

EpBi, Bi1
, . . . , Biα

q ,

(recall (5.14) and (A.6)). Moreover, note that En z
Ťmn

i“1 EpBi, Biq “
Ťmn

i“1 EpBi,ĎBiq, where
the union in the right–hand side is not disjoint, yet with explicit cardinality

ˇ

ˇ

ˇ

ˇ

mn
ď

i“1
EpBi,ĎBiq

ˇ

ˇ

ˇ

ˇ

“

d´1
ÿ

α“1

1
α ` 1

ÿ

1ďi1ă¨¨¨ăiαďmn
i1,...,iα‰i

ˇ

ˇEpBi, Bi1
, . . . , Biα

q
ˇ

ˇ ,

where the factor 1
α`1 compensates for overcounting: indeed, each edge that intersects exactly

α ` 1 blocks is counted once for every choice of the distinguished Bi among them, and
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hence appears α ` 1 times in the sum. As a consequence, by (ii) we have

1
d

mn
ÿ

i“1
wn

`

EpBi,ĎBiq
˘

“
1
d

mn
ÿ

i“1

d´1
ÿ

α“1

ÿ

1ďi1ă¨¨¨ăiαďmn
i1,...,iα‰i

wn

`

EpBi, Bi1
, . . . , Biα

q
˘

ď

mn
ÿ

i“1

d´1
ÿ

α“1

1
α ` 1

ÿ

1ďi1ă¨¨¨ăiαďmn
i1,...,iα‰i

wn

`

EpBi, Bi1
, . . . , Biα

q
˘

“ wnpEnq ´

mn
ÿ

i“1
wn

`

EpBi, Biq
˘

“ o
`

wnpEnq
˘

(A.8)

and, then
mn
ÿ

i“1

wn

`

EpBi,ĎBi

˘

d wnpEnq
“

mn
ÿ

i“1

wn

`

BBi

˘

d wnpEnq
“

mn
ÿ

i“1
q

pnq

i φpBiq “ op1q , (A.9)

which already shows that the numerator in the bound (A.7) for µ
pnq

k vanishes. It remains to
prove that the denominator is bounded away from zero. We still have

mn
ÿ

i“1
q

pnq

i “

řmn
i“1 vol

`

Bi

˘

d wnpEnq
“

řmn
i“1

ř

vPBi

ř

ePEv
wnpeq

d wnpEnq
“

ř

vPVn

ř

ePEv
wnpeq

d wnpEnq
“ 1 ,

(see (5.5)). Therefore, we just need to prove that
řk´1

i“1 q
pnq

i Ñ 0, which is implied by

q
pnq

i “
vol

`

Bi

˘

d wnpEnq
“

ř

vPBi

ř

ePEv
wnpeq

d wnpEnq
ď

wn

`

EpBi, Bi

˘

wnpEnq
`

pd ´ 1q wn

`

EpBi,ĎBiq
˘

d wnpEnq
“ op1q ,

(A.10)

uniformly for i P t1, . . . , mnu, where we applied (iii) and (A.9).

A.4. Proof of (6.7). We adopt the notation and assumptions of Example 6.1; also, given a
permutation ϱ of rbs and A Ď Vn, we write Aϱ to denote the class of all pv1, ..., vbq P Vn such
that pvϱp1q, ..., vϱpbqq P A. For every s “ 1, ..., d, write Ls to denote the set of those ℓ “ 1, ..., d

such that
ˇ

ˇSℓ X tps, 1q, ..., ps, bqu
ˇ

ˇ “ 1 (note that the size of the previous intersection is
either zero or one, by construction). We stress that |Ls| “ b, for s “ 1, ..., d, and that each
ℓ “ 1, ..., d is contained in exactly b distinct sets Ls. Without loss of generality, we always
label the elements of Ls in such a way that, if Ls “ tℓ1, ..., ℓbu, then ℓ1 ă ℓ2 ă ¨ ¨ ¨ ă ℓb. For
s “ 1, ..., d, we denote by

πs : rns
d

Ñ rns
Ls : i “ pi1, ..., idq ÞÑ πspiq “ piℓ1

, ..., iℓb
q,

where tℓ1, ..., ℓbu “ Ls. One can easily show that there exist permutations ϱ1, ..., ϱd of rbs

such that

|E0
n X pA1 ˆ ¨ ¨ ¨ ˆ Adq| “

ż

rns
d

d
ź

s“1
1

A
ϱs
s

pπspiqq νdpdiq “

ż

rns
d

d
ź

s“1
1

A
ϱs
s

pπspiqq
1{b νdpdiq, (A.11)

where, for t ě 1, νt stands for the counting measure on rns
t. We can now directly apply [43,

Theorem 2.1] and deduce that the right-hand side of (A.11) is bounded by
d
ź

s“1

˜

ż

rns
b
1

A
ϱs
s

piq νbpdiq

¸1{b

.
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Since rns
b is a symmetric set, one has that

ż

rns
b
1

A
ϱs
s

piq νbpdiq “ |As|,

and the conclusion follows immediately. □

Appendix B. Cartesian products
In this appendix, we recall some basic definitions and properties of Cartesian products of

regular graphs. See e.g. [48, Chapters 4, 5 and 33] and [19, Section 1.4] for a full picture.
Fix d ě 2, and let G “ pV, Eq be an undirected (loop-free) d-regular graph such that
|V | “ N . We denote by λ1 ě ¨ ¨ ¨ ě λN the eigenvalues of the adjacency matrix of G, and
by 0 “ µ1 ď ¨ ¨ ¨ ď µN ď 2 the eigenvalues of the corresponding normalized Laplacian; see
Section 4.1.1 for details. Fix m ě 2: throughout the paper, we use the symbols

G˝m
“ G˝ ¨ ¨ ¨˝G
loooooomoooooon

m times

to denote the mth Cartesian product of G. We recall that G˝m is the graph whose vertices
are given by the set

V m
“ tv “ pv1, ..., vmq : vi P V u

and such that v “ pv1, ..., vmq „ w “ pw1, ..., wmq if and only if there exists j P rms such
that vi “ wi for all i ‰ j and tvj , wju P E (that is, if and only if vj , wj are adjacent in G).
For an arbitrary pi1, ..., imq P rN s

m, we introduce the notation

Λpi1, ..., imq :“ λi1
` ¨ ¨ ¨ ` λim

, and Mpi1, ..., imq :“ µi1
` ¨ ¨ ¨ ` µim

. (B.1)

The following facts are used in several parts of the paper, and can be routinely checked.
(1) G˝m is pdmq-regular and, consequently, the number of edges in G˝m is 2´1dmNm.
(2) The spectrum of the adjacency matrix of G˝m is given by the set

tΛpi1, ..., imq : pi1, ..., imq P rN s
m

u ,

where we have used the notation introduced in the first part of (B.1).
(3) The spectrum of the normalized Laplacian associated with G˝m is

␣ 1
m Mpi1, . . . , imq : pi1, . . . , imq P rN s

m(

,

where we have used the notation appearing in the second part of (B.1). To see this,
recall that, since G˝m is pdmq-regular and its adjacency eigenvalues are the sums
Λpi1, . . . , imq defined above, the associated normalized Laplacian eigenvalues are

1 ´
Λpi1, . . . , imq

dm
“

1
m

`

µi1
` ¨ ¨ ¨ ` µim

˘

,

which yields the above formula. Note that the factor 1{m ensures that all eigenvalues
of the normalized Laplacian of G˝m lie in r0, 2s, as they should.
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