ON IRREDUCIBLE CENTRAL LIMIT THEOREMS

FRANCESCO CARAVENNA, FRANCESCA COTTINI, AND GIOVANNI PECCATI

ABSTRACT. We consider sequences of homogeneous sums based on independent random
variables and satisfying a central limit theorem (CLT). We address the following question:

“In which cases is it not possible to reduce such an asymptotic result to the classical
Lindeberg—Feller CLT through a restriction of the summation domain?”

We provide several sufficient conditions for such irreducibility, expressed both in terms of
(hyper)graphs Laplace eigenvalues, and of a certain notion of combinatorial dimension.
Our analysis combines Cheeger-type inequalities with fourth moment theorems, showing
that the irreducibility of a given CLT for homogeneous sums can be naturally encoded by
the connectivity properties of the associated sequence of weighted hypergraphs. Several
ad-hoc constructions are provided in the special case of quadratic forms.
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1. Introduction

1.1. Overview. This paper focuses on homogeneous sums — sometimes called homogeneous
polynomials or polynomial chaoses — based on independent random variables, see (2.4])
for a definition. These objects are quintessential examples of degenerate U -statistics
,, and play a pivotal role e.g. in the construction of Wiener chaoses over
Gaussian or Poisson random measures [52,/69}[75,/78,[79], in the study of directed polymers
[20-23], and in the analysis of Boolean (and more general) functions on discrete structures

128,29, 45,461[594/65,[77].

Over the past few decades, several central limit theorems (CLTs) have been established
for sequences of homogeneous sums, ranging from the many ramifications of the fundamental
contributions by P. de Jong , to the universal CLTs established in
(see also Chapter 11]), whose proofs combine the discrete Fourier techniques from
with classical fourth moment theorems on Gaussian Wiener chaoses ,.

Our goal in this paper is to investigate some previously unexplored aspects of these
results. To this end, let us first recall the universal de Jong CLT established in Theorem
1.10], formally stated in Theorem below:

Let {Z,(X) : n = 1} be a sequence of unit variance homogeneous sums, of
fized order d = 2 and based on a sequence of i.i.d. standard Gaussian random
variables X = {X;}. Then, Z,(X) converges in distribution to a standard
normal random variable N ~ N'(0,1) if and only if E[Z,(X)'] — E[N*] = 3.
If Z,,(X) converges in distribution to N, then this convergence continues to
hold if X is replaced by an arbitrary sequence of i.i.d. random variables {Y;}
with mean zero and unit variance

The results from have led to notable applications to directed polymers ,, as
well as to Salem—Zygmund CLTs for random polynomials , and to spectral fluctuations of

non-Hermitian Gaussian random matrices ; see also .

TThis statement is called a “de Jong CLT” since the characterization of a central limit theorem through a
fourth-moment condition matches phenomena first identified in [30,[31]. We also recall that, since X is a
Gaussian family, the relation

Z,(X) -5 N — E[Z,X)']—>3 (1.1)

(where —%, indicates convergence in distribution of random variables) follows from , together with the
fact that each Z,,(X) lies in the dth Wiener chaos associated with X.



ON IRREDUCIBLE CENTRAL LIMIT THEOREMS 3

An intriguing observation made recently in [20] is that, in many cases relevant to the
study of directed polymers and stochastic PDEs, the convergence in law of Z,(X) to a
Gaussian distribution can be deduced directly from the classical Lindeberg-Feller CLT
(see, e.g., |53, Theorem 4.12]) by restricting the summation domain of Z,(X) in such a
way that the homogeneous sum becomes a sum of independent random elements, up to a
negligible remainder. In this way, one can bypass the need to estimate higher-order moments
or cumulants, such as those of order four. Throughout this paper, we will refer to such a
simplified scenario as that of a reducible CLT.

The goal of our work is to understand to what extent this simplification applies, and in
which cases it fails to hold. In particular, our results address the following question:

(Q1) Assume that the homogeneous sums {Z,(X)} verify a CLT. Under which conditions
is such a CLT irreducible, in the sense that it cannot be deduced from the classical
Lindeberg—Feller theorem through a restriction of the summation domain?

Motivated by Question |(Q1)} we begin by introducing a rigorous notion of (ir)reducibility
for homogeneous sums (see Definition [2.1)). We then establish sufficient conditions for
irreducibility and construct explicit families of sequences of homogeneous sums that satisfy
irreducible CLTs—that is, they converge in distribution to a Gaussian limit, yet this
convergence cannot be deduced by restricting the summation domain and applying the
classical Lindeberg—Feller theorem.

The examples developed in this work are closely tied to the combinatorial structure of
the summation sets E,, associated with the homogeneous sums Z,,(X), with the property of
irreducibility naturally arising from the connectivity features of E,,. Our main contributions,
discussed in Section [2] rely in particular on tools from graph theory, including Cheeger-type
inequalities |1,|2,25,/60,86] and their extensions to hypergraphs [7,/83]. We also present
examples grounded in the concepts of combinatorial dimension and fractional Cartesian
products [11H15,(17,138,|71]. The inherent challenges involved in establishing necessary
conditions for irreducibility are discussed in Subsection

As illustrated below, our results complement and refine the recent characterizations of
the asymptotic behaviour of homogeneous sums derived in [9,49], and provide a novel
perspective on the fourth moment phenomenon for chaotic random variables [69,74}76]. We
observe that fourth moment theorems have recently played a crucial role in the derivation of
CLTs for level sets of Gaussian waves [35,/64,67,73,80], and have non-trivial counterparts in a
noncommutative setting [33,54]. See also I. Nourdin’s dedicated webpage for a comprehensive
list of references around the fourth moment phenomenon.

Remark 1.1 (Spectral vs. domain reducibility for quadratic forms). The asymptotic
normality of homogeneous sums of order 2 based on Gaussian variables can always be
inferred from the Lindeberg—Feller theorem, via a spectral decomposition. Indeed, for a
sequence {Z, : n > 1} in the second Wiener chaos of a separable Gaussian field m the
following holds (see, e.g., |69, Proposition 2.7.11]):

(i) Each Z, admits a spectral representation of the following form, for N € N U {40}:

N
Zn = Z ’Yj,n gj,nv (12)
j=1

TRecall that homogeneous sums of order 2 based on a i.i.d. standard Gaussian family X are typical
elements of the second Wiener chaos associated with X (see [69} Sections 2.2 and 2.7.4]).
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where {¢;,,} are i.i.d. centered chi-square random variables with one degree of
freedom and {v;,} are the eigenvalues of a suitable Hilbert-Schmidt operator.

(ii) A direct application of the Lindeberg—Feller CLT yields the following equivalence: if
Var(Z,) — 1, then

Z, % N~N(0,1) < max Vjnl = 0. (1.3)
j=1 ’

The kind of reducibility studied in the present paper is of a stronger nature: we are interested
in understanding whether a CLT for {Z,,} can be deduced by the Lindeberg—Feller theorem
via a restriction of the summation domain, rather than through implicit spectral conditions.
As we shall demonstrate, the spectral criterion does not always imply reducibility in
our domain-based sense. For a direct application of criterion to Gaussian quadratic
forms with 0-1 coefficients, see Remark (2)l To the best of our knowledge, no analogue
of the representation exists for elements of Wiener chaoses of order d > 3. As a
result, no systematic “spectral” reduction to the Lindeberg—Feller theorem is available for
homogeneous sums of higher order; see also [49].

Remark 1.2 (Reducibility and U-statistics). The notions of reducibility and irre-
ducibility introduced in Definition [2.I] below extend canonically from homogeneous sums to
the broader class of degenerate U-statistics [31}38},40,42,56,84]. This observation suggests
a natural generalization of Question [(Q1); one could ask which sequences of degenerate
U-statistics satisfy a CLT that cannot be reduced to the Lindeberg—Feller framework. We
view this as a distinct research direction, which we leave open for future investigation.

1.2. Organization of the paper/tables. In Section [2| we outline our general setting,
introduce a rigorous definition of (ir)reducibility (Definition , and present some of our
main results (Theorems and . We then discuss some of the challenges involved
in identifying necessary conditions for irreducibility, see Subsection [2.5

In Section [3] we present a wider discussion of our main results, illustrated with some
explicit, non-trivial examples. The remaining sections are devoted to the proof of our results.

In Section [ we prove our spectral criteria in the simplest setting of homogeneous
sums of order d = 2, corresponding to graphs. After reviewing in Subsection basic
notions, normalized Laplacians, and related connectivity estimates (Cheeger’s inequalities),
Subsection [£.2] contains the proof of Theorem [2.6] while Subsections [3.4] and [£-3] are devoted,
respectively, to examples and to a strengthened notion of irreducibility.

Our spectral results are then extended in Section [5| to homogeneous sums of generic
order d > 2, relying on an extension of Cheeger-type estimates to the setting of weighted

hypergraphs (see Proposition and Theorem .

Section [6] proves and illustrates Theorem [2.11] and Section [7] offers a detailed analysis of
the ad-hoc construction for homogeneous sums of order 2 that appears in Theorem [2.13
Appendix [A] gathers additional proofs omitted in the main text, while Appendix [B] collects
some preliminaries on Cartesian products of graphs.

For the reader’s convenience, all irreducible CLTs discussed in this paper are summarized
in Table A, organized by the criterion used to establish irreducibility and the order of the
corresponding homogeneous sums. Similarly, Table B displays a list of the reducible CLTs
analyzed below, complete with their location.

From now on, every random object is assumed to be defined on a common probability
space (9, F,P), with E denoting an expectation with respect to P.
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Criterion \ Order d=3
Theorem Proposition Theorem Example
Spectral Exampl
ifi)] in Section ampep:
. o , Theorem [2.11]
Combinatorial dimension Theorem Example Proposition
Ad-hoc construction Theorem Sectionlﬂ —
Table A: Irreducible CLTs and where to find them.
Reducible CLT Location
Trivial Example @
Disjoint unions Example (]ED

Variations of the Rook’s graph FExample (]E[) and Section (d)
The (generalized) hypercube ~ Example and Section (b)

Table B: Reducible CLTs.

1.3. Acknowledgments. This research is supported by the Luxembourg National Research
Fund (AFR/22/17170047/Bilateral-GRAALS). The first two authors acknowledge the
support of INdAAM/GNAMPA.

2. General setting and main results

2.1. Preliminaries. We consider a sequence of nonempty finite sets {V}, : n > 1} with the
property that
|V,| = w0, as n— o0. (2.1)

We define V := | J,, V,, and let X = {X, : v € V'} be a collection of i.i.d. standard normal
random variables. For a fixed d > 2, we let {E,, : n > 1} denote a sequence of sets such that

(1)

E,cV,x---xV,,n>1, and |E,|— oo;
(S
d times
(2) each E,, is symmetric: if (vy,...,vq) € Ey,, then (vy(1), ..., Vy(q)) € B, for all permuta-
tions o of [d] := {1,...,d};

(3) each E, is non-diagonal: if (vy,...,v4) € E,,, then v; # v; for all i # j.

For every n > 1, we also consider a mapping

qn : B, > R (v,...,0v9) = q,(v1,...,0q),
that we assume to satisfy the following properties:

(a) g, is symmetric: g, (vq, .., Vg) = ¢p(Vg(1)s -+ Vo(q)) for every permutation o of [d];
(b) as n — oo,

S a1 va)? = gl — 0. (2.2)

(vl»“-’vd)EEn
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Plainly, one can identify each ¢,, with a symmetric mapping on V,, x --- x V,,; with support
equal to E,. We will sometimes refer to the quantities g,,(vy, ..., v4) as the coefficients of
the homogeneous sum, and to the squared coefficients

2
Wy (V1 -, V4) = o (V1 -, V4) (2.3)
as the weights.
As anticipated, in this work we will focus on sequences {Z,, : n > 1} of homogeneous

sums of order d, based on the Gaussian family X and defined starting from the triplets
(Vp, By, q,,) introduced above; for every n > 1, these are defined as follows:

d
Zy=Zy(X) = > guvn,.0p) [ [ X, (2.4)
=1

(Ulvn'avd) EEn

One particularly interesting case considered below (studied, for instance, in |9] when d = 2)
is that of constant coefficients, ¢,, = 1. In this setting, the distribution of the random
variable 7, is entirely determined by the combinatorial structure of the set F,,.

Since the random variables X,’s entering the definition (2.4)) are independent, centered
with unit variance, one has trivially that (using the notati)

E[Z,]=0 and  E[Z;] = dlq,|, (2.5)

and we observe that, if qi = 1 (constant weights), the second relation in ({2.5)) reduces to
E[Z2] = d!|E,|. We are particularly interested in those sequences of homogeneous sums
satisfying a central limit theorem (CLT), that is, such that

Z, = Z,(x) = 22X _d
2
! gl

N ~N(0,1), (2.6)

n—0o0

d . .. e
where — indicates, as before, convergence in distribution.

It is by now a classical result (see the Introduction, as well as |69, Chapter 5 and
Chapter 11]) that the convergence can be established by a substantial simplification
of the method of moments — via so-called fourth moment theorems — and has moreover a
universal nature that is grounded in the polynomial chaos estimates from [65]/82]. For the
reader’s convenience, we discuss these results in Subsection below (see, in particular,
Theorem (3.1J).

2.2. Irreducibility. Sometimes the CLT (2.6 can hold as a direct consequence of the
classical Lindeberg—Feller CLT for triangular arrays [53, Theorem 4.12]. For instance, for
d>1and V = N, one easily verifies that the sequence

) 1 =l od (X1 Xg) + (Xggr- - Xog) + oo+ (Xpn—yae1 - Xna)
Zn, 3:72HXz‘d+é= - e (27)
\/ﬁz‘=0£=1 \/ﬁ

with {X;} an ii.d. standard Gaussian family, converges in distribution to a standard
Gaussian law as a direct consequence of the usual CLT. As anticipated, the initial impetus
for our work comes from reference [20], where the authors identified a class of highly non-
trivial examples for which a domain-wise reduction of Theorem to the Lindeberg—Feller
setting remains possible. Their approach, motivated by applications to directed polymers,
also extends to superpositions of multiple chaos orders, relies solely on second-moment
computations, and provides natural criteria for proving Gaussian fluctuations in contexts
such as singular stochastic PDEs [21].
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As discussed in the Introduction, this paper aims to identify sequences of homogeneous
sums whose Gaussian convergence cannot be deduced from a Lindeberg—Feller-type central
limit theorem via a restriction of the summation domains; we call such sequences irreducible.
Building on [20, Theorem 2.1], we now provide a rigorous definition of (ir)reducibility
adapted to our setting.

Let the notation and assumptions of Section [2.1] prevail; for any subset B < V,,, we
denote by O‘,QL(B) the “contribution of B to the variance” defined by

2(B) = &Y g (0nr- s 00)G (01, e 00)° (2.8)
V1,...,U EB
= d Z Wy, (V1 .oy Vg)
(V1 yeees0g )E

E,n(Bx--xB)

(where we have used the notation (2.3))) and observe that, when w,, = 1, one has simply
that
oa(B) =d!|E, n (B x - x B)|. (2.9)

d times

Definition 2.1 (Reducibility /Irreducibility). Fiz d > 2 and consider the sequence of
homogeneous sum {Z,(X) : n > 1} = {Z,,} defined in [2.4). We say that {Z,} is reducible
if for any n € N there exist subsets (“boxes”) By, ..., B, <V, (where B; = B;(n) may
depend on n), such that B; n B; = (J fori # j (that is, the boves B; are disjoint) and

(i> my, — 0]

(i) limy, oo 52 D2 00 (By) = 1

o0 2
" gy

ey 1 2
(iii) lim,,_, qul E Max;—i  m, o.(B;) =0.
N n

We say that {Z,} is irreducible if it is not possible to find disjoint sets By, ..., B, <V,

such that|[(i)] and[(iil)] hold. If {Z,} is irreducible and verifies (2.6]), we say {Z,} verifies
an irreducible CLT.

Remark 2.2. The fact that reducible sequences always verify a CLT was a key observation
in [20]. For the sake of completeness, the argument is recalled in Subsection below.

We refer to Section [3] see in particular Subsections [3.3] and for a discussion of some
explicit but non-trivial examples of reducible and irreducible sequences. Before proceeding,
let us quickly compare the cases with constant vs. non-constant weights.

Remark 2.3. (1) (Constant weights) In the special case of constant coefficients q,, = 1,
or more generally constant weights q,% = 1, the conditions for irreducibility are
simpler to state. Indeed, by virtue of , Properties andof Deﬁnition
can be equivalently expressed in terms of {E, } as follows: as n — o0,

(a> my, — O]
(b) Zzﬁinl‘Enm(Bz X X Bz)‘ ~ |En|7
(c) maX;—=1,..,m, }En N (B; x -+ x By) ‘ = 0(‘En‘) .
By extension, if a sequence {E, } verifies Properties |(a)—{(c), we say that {E,} is
reducible.
(2) (From constant to mon-constant weights) Fix d > 2, set ¢, = 1, and consider a
sequence {E,} verifying Properties —, stated at the beginning of Section
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Consider symmetric non-diagonal mappings ¢, : E, — R : (vy,...,vq) —
qn(v1, ..., vg) such that, for some 0 < & <7 < 00, one has that

€< |Qn(vlﬂ "'avd)| < , (Ula "-avd) € Erw n = 1.

Then, it is easily seen that the sequence {E, } verifies Properties |[(a)(c)| of Point
if and only if the sequence {Z,,} defined in is irreducible in the sense of
Definition 2.1} In view of this transfer principle, and despite a moderate loss of
generality, we have chosen to center our analysis on the constant coefficient case
throughout most of the paper—with the notable exception of Section

In line with our initial objective, this paper aims to characterize those sequences {Z,,} as
in that satisfy the CLT , but for which a domain-wise reduction is not possible.
Our main contributions, presented in the forthcoming Subsections and revolve
around two distinct sets of techniques:

(I) Spectral graph theory. In the next Subsection we will identify homogeneous sums
associated with (hyper)graphs (possibly weighted) and use notable spectral estimates
associated with their Laplacian — generally known as Cheeger-type inequalities [25]

— in order to characterize their irreducibility. The proof of these results are presented
in Sections [4 and [5] Our main references for spectral graph theory and Cheeger
inequalities are the outstanding lecture notes by Luca Trevisan [87], as well as the
classical texts [19,26,47]; see also [5,51,/60-62]. The main tools allowing us to gauge
the connectivity of hypergraphs are substantially inspired by the theory developed
in |7,[83].

(IT) Combinatorial dimensions and sparsity. In Subsection we we will exploit the
notion of combinatorial dimension (following the framework developed in [11,[13], see
Definition in order to derive a general irreducibility criterion for homogeneous
sums whose support sets {E£,,} exhibit a sparse structure. The proof is presented in
Section@ These constructions build on ideas from [12,[14,/15//17,38,/71], and represent
a departure from the spectral approaches. In the case d = 2, where no canonical
notion of fractional product exists [14,17], we study in Section [7| an explicit sparse

construction yielding irreducible homogeneous sums (Theorem [2.13) that verify a
CLT.

2.3. Main results: spectral conditions. We present our main results linking irreducibil-
ity to spectral properties. For ease of exposition, we first consider the simpler setting of
graphs, then we discuss the case of hypergraphs.

2.3.1. GRAPHS. Let us consider the case of homogeneous sums of order d = 2 with ¢,, = 1,
in such a way that Z,, in (2.4) boils down to a quadratic form with 0-1 coefficients:

Z, = Z ]lEn (Ub UZ) leXUQ ’ (210)

v1,U9€V,
where {F,,} satisfy the requirements 7, as stated at the beginning of Section
We associate with Z,, in (2.10)) the finite undirected graph G,, = (V,,,&,,) with adjacency
matrix A,(v,w) = 1g (v,w), that is &, consists of unordered pairs {v, w} with (v, w) € E,,.
Letting {vq, ...,an} be an enumeration of V,,, we let D, be the diagonal matrix with
entries d(vy),...,d(vy, ), i.e. the degrees of each vertex. We also consider the normalized



ON IRREDUCIBLE CENTRAL LIMIT THEOREMS 9

Laplacian matrix L, = I, — D,, Y 2AnD; 12 associated with G,,, whose eigenvalues are
notedOz,ugn) <--- <u§\7) < 2.

Convention 2.4. Unless otherwise specified, every graph considered in the present and
forthcoming sections is implicitly assumed to be undirected, simple (i.e. containing neither
loops nor multiple edges), and with no isolated vertices.

Definition 2.5. Let G,, = (V,,,&,,), n = 1, be a sequence of graphs such that |V,,|,|&,| — oo,
and write A,, for the adjacency matrix of G,,. Consider the sequence {Z,,} defined as in ([2.10))
by identifying A,, with the indicator 1 of a symmetric and non-diagonal set £, = V,, x V,.
We refer to {Z,,} as the sequence of homogeneous sums generated by {G,,}. We say that {G,,}
generates an irreducible CLT, if {Z,} verifies an irreducible CLT in the sense of Definition
2.1 — that is, if {Z,} is irreducible and

Z, = SRS NN N(0,1). (2.11)

V2|E,]
By extension, if the sequence {Z,,} is reducible, we will say that {G,} is reducible or,
more precisely, that {G,} generates a reducible CLT. Similar notions for hypergraphs and
associated sequences of homogeneous sums will be introduced in Definition [5.5]

As discussed in Section it is a classical fact that, for k > 2, the eigenvalue u,(:) is closely
related to the connectivity properties of the graph G,, generating Z,, notably through
(multiway) Cheeger-type inequalities [60,61,/87]. Our main result in this setting, proved in
Section [4] shows that these connectivity properties can be naturally related to the notions
of reducibility and irreducibility introduced in Definition [2.1

Theorem 2.6. Let Z, be as in (2.10), and let G, = (V,,,&,,) be its associated graph.
Suppose that there exists k = 2 such that, as n — o0,

lim inf 1" > 0. (2.12)
Then {Z,} is irreducible, in the sense of Definition [2.1]

A large collection of irreducible CLTs for quadratic forms of the type (2.10) — spanning
in particular sequences {Z,,} generated by expanders and by generic Cartesian products of
regular graphs — is discussed in Subsection

Remark 2.7 (Full irreducibility). Theorem implies a stronger form of irreducibility,
that we call full irreducibility, see Subsection

2.3.2. HYPERGRAPHS. We next consider generic homogeneous sums of order d > 2, as
defined in (where the real coefficients ¢, (vy,...,vy) are arbitrary). In Section [5 we
will show that the content of Theorem [2.6] can be extended to this general setting. To this
end, we associate with each Z,, a finite weighted hypergraph G, = (V,,,&,,w,,). Here, each
hyperedge e = {vq,...,v4} € &, is a subset of the vertices V,, having cardinality d. Each
hyperedge is also paired with the weight w,, (vq,...,vq) = q,(vq, ... ,vd)2 introduced above.
In this context, it is therefore natural to introduce a general definition of the normalized
Laplacian £,, associated with G, and obtain an analogous version of Theorem (see the
discussion contained in Section |5, as well as Theorem therein).



10 F. CARAVENNA, F. COTTINI, AND G. PECCATI

We refer to Section [f for a precise statement of our results. As anticipated, we rely on an
extension of Cheeger-type estimates for graphs, directly inspired by [7,83].

2.4. Main results: sparsity conditions. We next present our main results which link
irreducibility to a notion of sparsity, encoded by the concept of combinatorial dimension.

2.4.1. GENERAL RESULTS. The following definition — which was originally motivated by
problems in harmonic analysis [10,16] — is lifted from [11}/13}/15] and is meant to characterize
those subsets of Cartesian products displaying a certain form of sparsity, resulting in the
fact that they behave, in a precise sense, like Cartesian products of lower (and possibly
non-integer) order.

Definition 2.8 (Combinatorial dimension). Let {V,},,~; be sets with |V,,| — . Fix
an integer d = 2, as well as a real number « € (0, d]. We consider subsets

J,cV,x---xV,, nx=l1,
|
d times

(each J,, is not necessarily symmetric and has possibly diagonal components) and say that
the sequence {.J,,} has combinatorial dimension equal to « if there exist finite constants
0 < ¢ < ¢ such that the following two properties are verified for n sufficiently large:

o forall Ay,....,A; €V,

|J, N (A x - x Ay)| < ¢ ,maxd\Ai|a; (2.13)
i=1,...,
e moreover,
[ Jul = ¢ V|, =1 (2.14)
Remark 2.9. (1) For d > 2, the existence of sequences {.J,,} with arbitrary combina-

torial dimension « € [1,d] is established in [14,]17] through a random construction
(see Subsection for details).

(2) If {J,,} has combinatorial dimension o > 0, then as n — oo
’Jn| = |Vn|a7 Le. C1 |Vn|a < |Jn| S G ‘Vn|a (2'15)

for some 0 < ¢; < ¢y < 0. In particular, when « < d, then |J,| = o(|V,,|%); more
generally, for every {A(n)} such that A™ < V., and |A(”)| — 00, one has that

7, A (A™ x ... x A(n))‘ < C’A(n)‘a — 0(‘A(n)’d)'

Such an estimate aligns with our heuristic characterisation of non-trivial combinato-
rial dimensions as signatures of sparsity.

(3) The combinatorial dimension of a given sequence of sets {.J,,} is not always well-
defined, even when the cardinality |.J,,| grows as some power of |V,,|. To see this,
consider the case where J, = WY, with W, < V,, such that |[W,| = ]Vn\”@ for some
B < 1. Then |J,| = |J, A (W, x - x W,))| = [W,|? = |V,,|°® and these relations
are not compatible with both requirements and @ (which would entail
respectively d < o and o < fd).

Let us provide some basic examples.

Example 2.10. (a) (Full Cartesian products) The sequence J, =V, x---xV,, n > 1,
has a trivial full combinatorial dimension equal to d, since conditions (2.13]) and

[2.14)) are satisfied with ¢ = ¢ = 1.
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(b) (Sets with diagonal restrictions) Fix d > 2 and consider a partition 7 = {by, ..., b}
of [d], where |7| € [d] is the number of blocks of 7. For every n > 1, we define V,
to be the subset of the d-th Cartesian product of V,, composed of those vectors
(v1, ..., vq) such that v; = v; if and only if 4 and j belong to the same block b of
7. One easily sees that the sequence {V,’} has combinatorial dimension |r|. Two
straightforward cases correspond to the choices m = {[d]} (fully diagonal set, in which
case the combinatorial dimension is 1) and = = {{1},...,{d}} (fully non-diagonal
set, in which case the combinatorial dimension is d). It is readily seen that, when
|| < d, the sequence {V,} cannot satisfy both Properties (2)) (symmetry) and
(non-diagonal structure) from the beginning of Section This prevents the use of
such sets in constructing examples of irreducible CLTs.

(c) (Regular graphs) For d = 2, we consider a sequence {E,, } satisfying the properties
f listed at the beginning of Section We also fix m > 1, and assume that
the mappings (v,w) — 1 (v,w), v,w € V,,, correspond to the adjacency matrices
of a sequence of m-regular graphs. Then, one has that |E, | = m|V, |, and a direct
application of the expander mizing lemma (see e.g. [51, Lemma 2.5]) yields that, for
alln > 1and all 41,4, <V,

|E, 0 (A x Ag)| < O(m) max{|A4 |, [As]},

implying that the sequence {F, } has combinatorial dimension 1.

The following result provides a sufficient condition for the irreducibility of a symmetric
and non-diagonal sequence {E,,}, formulated in terms of its combinatorial dimension. The
second part of the statement also establishes the existence of infinitely many non-trivial
sequences {Z,,} of homogeneous sums of order d > 3 that satisfy an irreducible CLT. (The
case d = 2 will be studied in Theorem through the use of a random construction.)

Theorem 2.11. For d > 2, let {E,} satisfy Properties —, as listed at the beginning
of Section [2.1]

(a) Assume that {E,} has combinatorial dimension

l<a<d.
Then, {E,} is irreducible — recall Remark (1)}
(b) For everyd =3 andb=2,...,d—1, there exists a sequence {E,} with combinatorial
dimension
d 1,d
a=q e(1,d),

such that the corresponding sequence {Z,} of homogeneous sums, defined as in (2.4))
for q, =1, satisfies an irreducible CLT.

We will prove Theorem in Section [6] The construction of the irreducible sequences
{E,} featured in the second part of the statement is detailed in Example for this, we
will take V' = Nb, vV, =1{1,... ,n}b, and F,, with a structure close to that of a fractional
Cartesian product, see [11-13,/15,|36,71]. The exact computation of the combinatorial
dimension of {E,} exploits a discrete Brascamp-Lieb-type inequality due to Fissler [43],
while the asymptotic normality of the homogeneous sums follows from arguments already
rehearsed in |71].
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(a) n=28 (b)n=9 (c)n=11

Figure 1. A visualization of the set E, defined in for = 0.9 and different
values of n, when S, (a) = {a} x {1,...,|8n|} and S, (b) = {1, ...,|Bn]|} x {b}. Each element
of V,, = {(i,7) : 4,j € [n]} has been identified with an element of [n”] by ordering V,,
according to the lexicographic order. Pairs (v;, v5) not belonging to E,, are represented as
grey dots. The fact that {E,} is irreducible implies that one cannot discard the diagonal
bands framing the central blue tiles without drastically modifying the asymptotic behavior
of {Z,}.

2.4.2. AN AD-HOC CONSTRUCTION IN DIMENSION 2. It is a well-known fact (discussed e.g.
in |14}]17]; see also Subsection below) that there is no canonical notion of fractional
Cartesian products in dimension d = 2. This explains why the second part of Theorem [2.11
does not address the two-dimensional case.

To compensate for this limitation (and to probe the sharpness of our results), we study a
class of irreducible sequences of quadratic forms Z,, of the type , constructed to satisfy
the following properties: (i) the combinatorial dimension of the corresponding sequence {E,, }
is not defined (see Remark ; (ii) the spectra of the associated normalized Laplacians
appear to be analytically intractable in their most general form.

Our explicit construction is realized as follows. For any n € N, we set
2
V,={1,...,n} x{1,...,n} =[n]".

Fix 8 € (0,1] and, for each a,b € {1,...,n}, consider subsets S,(a) € {a} x {1,...,n} and
Sh(b) € {1,...,n} x {b} (the labels v, h stand for vertical and horizontal) with

Sy(a)l = [Sh(b)] = |Bn]. (2.16)
We introduce the following equivalence relations on V,,: for any vy, vy € V,,,

o h vy <= for some b one has wvy,v9 € S,(b) with v # vg, (2.17)

\" .
vy ~vy <= for some a one has v, vy € S,(a) with vy # vy.

We define the sequence {Z,,} according to (2.10), where E,, has the form
E, = {(v1,v3) €V, x V, : either v, R vy or vy X vy }. (2.18)

In words, v; L vy means that vy, vy are on the same horizontal line within a set Sj(-), and
similarly for v, ~ vy. We refer to Figure [1| for some graphical representations of F,,.
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(a) a=1.1 (b) a=1.7 () a=19

Figure 2. Three realisations of the (symmetric and non-diagonal) random point configu-
ration E,, (a; 2), as defined in Section for n = 80 and different values of « € (1, 2).

Remark 2.12 ({E,} has no combinatorial dimension). As discussed in Section [7}, one

has that |E,| = 2n([52"J) ~ *n® = |Vn\3/2 as n — . As anticipated, for every g € (0, 1]

the sequence {E,} has no definite combinatorial dimension, because for every n and a € [n]
[En 0 (8u(0) x 8y(a)] = 8u(0)] - (ISy(a)] = 1) ~ [Su(a)*

hence the two relations (2.13)) and (2.14]) cannot be fulfilled for the same a.

The following result proves that, for g > %, the sequence {Z,} is irreducibile, in fact it
verifies an irreducible CLT.

Theorem 2.13. Let the above notation and conventions prevail, and fix
1
—<pB<1.
5 <8

Then, {Z,} verifies an irreducible CLT, in the sense of Definition .

We prove this result in Section [7, where we actually obtain a strengthened version
of Theorem [2.13| (see, in particular, Theorem [7.1]). We refer to Subsection — see in
particular Example @ — for a discussion of the irreducibility of {Z,,} in some special cases.

2.4.3. RANDOM CONSTRUCTIONS. We now present a random construction from ,,
yielding for every d > 2 the existence of a sequence {E,} with arbitrary combinatorial
dimension « € (1,d). To state this result, we fix d and « as above and, for every n > 1, we
consider an array

n n . . d
HO = LH s (i) € 7)) (2.19)
of i.i.d. Bernoulli random variables with parameter n® %, We define the random sets
E,(o;d) := {(jl,...,jd) en: " . = 1}, n> 1, (2.20)

and, for every pair of constants 0 < & < 7, we define the event C,,(¢,7n; a,d) to be the set of
all w € Q such that |E,(a;d)(w)| = en® and |E,, (a;d)(w) n (A; x -+ x Ag)| < n max; |4;]%,
for all Ay,...,A; < [n].
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Theorem 2.14 (Lemma 2 in [14]). Let the above notation and assumptions prevail.
Then, for every d = 2 and every o € (1,d) there exist constants 0 < g < 1g (depending on
d, o) such that

J%P{Cn(eo,no;aad)} =1L

It is easily seen that, for d = 2, the conclusion of Theorem [2.14] continues to hold if one
replaces the set E, («;2) with the symmetrized and non-diagonal set E,,(«;2), obtained by

modifying (2.20)) as follows: (a) define H ](21 = 0 for all j; € [n], and (b) force symmetry by
setting H](:)h = H™. for all 1 < j1 < 7o < n. In this way, the array

T 2
{15, 0 )} = {13}

coincides with the (random) adjacency matrix of the Erdés-Renyi random graph G(n,p,),
with p, = naiQ; see e.g. |18]. Figure [2| displays several realizations of the random set
E, («;2), for n = 80 and different values of a.

The next statement complements Theorem [2.11] by showing the existence of irreducible
CLTs for homogeneous sums of order 2, that are associated with sequences {E,,} of arbitrary
combinatorial dimension « € (1,2). The (simple) proof is presented in Section and uses
the probabilistic method by exploiting the content of Theorem [2.14] in the case d = 2. More
refined results (immaterial for our statement) can be obtained by following the strategy
outlined in [9, Example 2.3], exploiting the classical estimates from [57].

Theorem 2.15. Fix d =2 and « € (1,2). Then, there exists a sequence {E,} such that: (i)
{E,} satisfies Properties (1)) —(3)), as listed at the beginning of Section[2.1], (ii) {E,} has
combinatorial dimension a; (iii) the associated sequence of homogeneous sums {Z,}, defined

as in (2.10), satisfies the irreducible CLT (2.11)).

The next question is left open for further research, and could be in principle attacked by
refining the study of the sets E(«;d) introduced in the present section.

(Q2) Fixd >3 and a € (1,d). Is there a sequence {Z,} as in (2.4) such that:
(a) g, =1,
(b) {E,} has combinatorial dimension «,

(c) {Z,} verifies the (irreducible) CLT ([2.6])?

Note that Theorem (b)| provides a positive answer to Question |(Q2)|for all d > 3
and a =d/b,b=2,....d— 1.

2.5. On necessary conditions for irreducibility. The main contribution of this paper
is the identification of several sufficient conditions for irreducibility, stemming from both
spectral (Theorem and its extensions to hypergraphs) and combinatorial (Theorems
and criteria. By contrast, we have not been able to establish corresponding necessary
conditions. This limitation is briefly discussed in the following list.

(i) The spectral condition is not necessary for irreducibility, as shown, for in-
stance, in Example @ of Section one can construct sequences of irreducible
homogeneous sums whose Laplace eigenvalues vanish at every order. We conjecture
that necessary spectral conditions for irreducibility might be obtained by extending
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“hard” Cheeger-type inequalities (such as those presented in the forthcoming The-
orem to incorporate constraints on the relative sizes of the blocks S, ..., S.
Some progress in this direction can be found, for instance, in [4].

(ii) Similarly, Example @ in Section and Example will show, respectively, that
(a) irreducible CLTs may also arise in cases where the combinatorial dimension is
not well-defined, and (b) having a combinatorial dimension strictly greater than 1
is not necessary for irreducibility, since there exist sequences of regular graphs with
fixed degree that generate both irreducible and reducible CLTs (note that sequences
of regular graphs with a fixed degree are always associated with summation domains
having a combinatorial dimension equal to one; see Example (c)). At the time
of writing, we are not aware of any additional combinatorial characterizations of
discrete symmetric sets that could help close this gap.

Remark 2.16. An alternative approach to studying the CLTs considered in the present
paper is based on the use of dependency graphs and Stein’s method; see, for instance, the
classical reference [6]. In the context of 0-1 quadratic forms as in , this would entail
addressing questions of reducibility and irreducibility by means of the so-called line graph
associated with G,,, that is, the graph whose vertices correspond to the edges of GG,, and
where two edges are connected if and only if they are adjacent (see e.g. |19, Section 1.4.5]).
While some preliminary computations have shown that this approach may lead to suboptimal
results, we leave this direction open for future investigation.

3. Preliminaries, examples and applications

In this section, we first recall some (by now) classical conditions which ensure the validity
of the Central Limit Theorem for homogeneous sums. We then provide examples and
applications which illustrate our setting and our main results.

3.1. Universal fourth moment theorems. The following result, based on the material
discussed in [69, Chapter 5 and Chapter 11], corresponds to the universal de Jong theorem
evoked in the Introduction.

Theorem 3.1 (Theorem 1.10 in [71]). Let the assumptions and notation of Section[2.]]
prevail. Then, the following three properties are equivalent, as n — o0:
(i) The CLT holds;
(i) E[Z,(X)"] - 3;
(iii) For any collection Y = {Y, : v € V}} of i.i.d. random variables with zero mean and
unit variance,

2,00) = YLt (o),
g,

where Z,(Y) is defined as in (2.4).
(iv) For any collection U = {U, : v € V} of independent random variables with zero
mean, unit variance and such that sup,ey E[|U,[P] < o0 for some p > 2,

Z,(U) = N ~N(0.1),
where the notation is analogous to that introduced at Point .
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Remark 3.2. (1) Under the above notation and assumptions, define ¢, to be the
. ~ 2 .

mapping on V, x --- x V, such that §,(vy,...,vq) = q,(v1,...,;0q)/A/dq,|I” if
(V1y...yvq) € E,, and §,(vy,...,v4) = 0 otherwise. For every r = 1,...,d, define

the contraction

QH*TQH : an"'xvn_)R
—_—
2d — 2r times

(v17"'7v2d—2r) = Z Qn(ala'"7a7"7v17‘"77)1")671(@17”-7ar7vr+17'”7v2d—21")
ay,..,a,.€V,
= Qn *p q~n(vla ey U2d—2r)'

Then, |71, Proposition 1.6] implies that Condition in Theorem is verified if
and only if, for all r = 1,...,d — 1,

2 (jn *p (jn(ula seey U2d—2r)2 — 0. (31)

V15 U24-20-€Vp

(2) For d = 2, consider the case of constant coefficients ¢, = 1 and, for n > 1, denote by
An1s o An,|v,| the eigenvalues of the matrix {A,,(v,u) : u,v € V,,} such that A, (u,v)
equals one or zero according as (u,v) € E,, or not (that is, 4,, is the adjacency
matriz of the undirected graph with vertices V,, induced by the symmetric set E,,).
In this case, a direct computation, based on criterion , shows that Condition
of Theorem holds if and only if, as n — oo,

max [, .| = o(|E,["?). (3.2)

Now denote by A(n) the mazimal degree of the graph associated with the adjacency
matrix A,,. It is easily seen that, since max,, |, ,,| < A(n), condition (3.2)) is implied
by the stronger relation

A(n) = o(|E,[V?). (3.3)

Also, if such a graph is d,-regular, then relation (3.2)) is equivalent to d,, = o(|V},|).
See |9, Proposition 1.11] for a comprehensive statement applying to generic collections
of i.i.d. random variables, and also |24, Section 3.1].

3.2. Reducible sequences verify a CLT. In order to provide some intuition, we now
explain why reducible sequences satisfy a Lindeberg-Feller-type CLT, following [20]. Assume
that the sequence {Z,,} is reducible in the sense of Definition and define

My,

mn
T, = Z Z Qn(vlv "-avd) HXUg = Z Zn,z"
i=1 =1

(V1 40-,0g)E =1
E,n(B;x-xB;)

Then, for fixed n, one has that the random variables {Z,,; : i = 1,...,m,,} are stochasti-

cally independent and such that Var(Z, ;) = a,%(BZ-). Moreover, Property yields the
asymptotic relations (as n — o0)

Var(T,) = % on(B;) ~ dlla,|* and E[(Z, - T,)°] = E[Z;] - E[T,] >0,  (34)
i=1
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v.@.
(a) k, =0 (b) k, = [n"°| =4 (c) ky=n=>5

Figure 3. The edges adjacent to the vertex v = (2,1) in the graph underlying Example
(]ED, for n = 5 and different choices of k,,.

where

Since every Zn,i is an element of the dth Wiener chaos associated with the Gaussian family
X, one can use standard hypercontractive estimates |69, Corollary 2.8.14] to deduce that,
for all p > 2 and for some absolute constant ¢, 4,

my,

: 2 2 2-
Z [12,41"] < o, el e Z NP2 < eyq pax an(B)P* N =0(1), n— oo,
(3.5)

where the last relation follows by combining Properties and of Definition

Applying Markov inequality as in [20, formulae (4.12)—(4.14)], one sees that (3.5)) implies
that T,,, Z,, 4N~ N(0,1) by the Lindeberg-Feller CLT, see e.g. [53, Theorem 4.12].

The next two sections present several examples of reducible and irreducible sequences,
focusing mainly on the case d = 2, which corresponds to the results of Section m (except
for Example [3.3)()). Throughout Sections we consider sequences of simple graphs
{G,, = (V,,,&,)}, which may vary from one example to another, and adopt the notation

for the eigenvalues of the normalized Laplacian associated with G,,. More background can
be found in Section [4]

Further illustrations in the case d > 3 will require some non-trivial notions associated
with hypergraphs and their adjacency structure, and will be discussed in the forthcoming
Section [} see in particular Examples [5.8 and [5.9]

3.3. Examples of reducible sequences. We start by illustrating some explicit examples
of reducible sequences.

Example 3.3. (a) A trivial example of reducible sequence is obtained by considering

the random variables Z,, := >,/ He 1 Xigre, n =1, appearing in . Indeed, in
this case one has that V = {1,...,dn} = [dn], and one can take m,, = n and
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We now build a non-trivial example associated with the sequence V,, := {(,7) :
i,j € [n]}, n = 1. Let k,, be an integer such that 0 < k,, < n and define the set
E, cV, xV, as follows: given v; = (a,b) € V,,, vy = (¢,7) € V,,, then (v{,vy) € E,
if and only if:

e cither a =4 with b # j;

e or if a # ¢ with b = j and, additionally, i < k,,.
Let us henceforth assume that k,, = o(n). Then, it is an exercise to show that

|E,| ~ n®. Moreover, since k,, = o(n), one has that the family {E,,} is reducible in
the sense of Remark [2.34(1)| with m,, = n and

B; =B;(n) ={(i,0): £=1,..,n}, i=1,..,n.

As already observed in Remark (2)|, one can identify the function (vy,v9) —
1g, (vi,vs) with the adjacency matrix A, of the undirected graph G,, induced by
E,, on the vertex set V,,. An illustration of such a graph for n = 5 and different
choices of k,, can be found in Fig. [3] A graphical representation of the reducible set
E, forn =28,9,11 and k,, = [no'gj is provided in Fig. 4t in such a picture, the blue
tiles around the diagonal correspond to the disjoint sets E,, n (B; x B;), i = 1,...,n,
whereas the collection of all red dots corresponds to the set

En\ Un(Bi x B;).
i=1

The sequence of graphs illustrated in Figure (a) corresponds to the limiting
case k, = 0, yielding that G,, is the disjoint union of n copies of K, that is,
G,=K,u---uK,, n>1 Now write {u,(cn)} for the Since each G,, has exactly n
connected components, one has that 0 = u§") == uﬁ{”, n = 1, so that ,u,(fn) — 0
for every fixed k. This behavior is consistent with Theorem

For n > 2, the hypercube @,, is the n-regular graph with vertex set V,, given by all
strings of the type # = (x1,...,z,) € {0,1}", and such that z,y € V,, are connected

by an edge (z ~ y) if and only if they differ exactly by one coordinate, that is,
>y |zs — yi| = 1. One has that |V,| = 2". Also, if one defines

E, = {(l’,y)EVi :x\,y}7 n =1, (36)

one has that |E,| = n2" (twice the number of edges in Q,,). We now show that the
sequence {E,} is reducible in the sense of Remark (1)l To see this, for h < n,
consider the set V}, = {0, l}h and, for z € V},, define

B = {reV, x;=2Vi=1,...,h},

in such a way that |BT(f)| = 2" with k = n — h. Choosing sequences h,,, k,, — o0
as n — oo such that h, + k, = n, %" — lasn — one has that the family
of partitions {BT(LZ) :z€V, }, n =1, satisfies the three requirements |(a)l—(c)| of
Remark Indeed, M follows since m,, := |th| =2 0. Moreover, for any

z € Vj, one has that |E, n (B,(f) X B,(f))] ={(=,y) e E,:az,y€ B,(Lz)}’ = k, 2",

fChoose for instance h,, = |logn| and k,, = n — |logn|.
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(a) n=38 (b) n=9 (c)n=11

Figure 4. The set E,, < V, x V, (represented as the union of red dots and blue
dots) from Example (]ED, for n = 8,9,11 and k,, = [no‘gj, where each element of
V., = {(i,5) : i,j € [n]} has been identified with an element of [n*] by ordering V,,
according to the lexicographic order. Pairs (v1,v5) not belonging to E,, are represented as
grey dots. In this case, the reducibility of {E, } implies that the red dots can be removed
from E, without affecting the asymptotic behavior of the homogeneous sum Z,, defined

in (2.4) for ¢, = 1.

which implies that @ and are verified because
|E, n (BY) x B k2" k, 1

=" - 5,0
’En‘ n2" n 2hn n—ow
uniformly in z € Vj, , and
Seevy 1B B < BEN ghug obn g )
E,| T R2" T onew

We observe that, classically, Q,, = K5", that is, Q,, is the Cartesian product of n
copies of the complete graph over two vertices.

3.4. Examples of irreducible sequences. In this section, we make use of the lexical
conventions put forward in Definition [2.5] and present several examples of irreducible
sequences of graphs that generate irreducible CLTs.

We start with a general fact showing that, under fairly general conditions, Cartesian
products of regular graphs always generate irreducible CLTs. For definitions and properties
of Cartesian products, we refer to Appendix as well as to [48, Sections 4, 5 and 33]
or |19, Section 1.4].

Proposition 3.4. Consider a sequence G?Z = (Vf,&?), n = 1, of connected graphs, with
normalized Laplace spectra given by

0= p0m < f0m <o |<‘0/vg}|><2, n>1.

Assume that (1) G is d,,-regular for some d,, > 1, (ii) |V,Y| — 0, and (iii) lim inf,, ., Mgo

0. Then, for any fixed integer m = 2, the sequence of product graphs

7n) >

G, = (Gg)mm, n=l1,
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generates an irreducible CLT, in the sense of Definition [2.5,

Proof. Writing \VT? | :== N,,, one has that G,, is a md,,-regular connected graph with N,

vertices. Denote by 0 = ,u%n) < ugn) < - < uggﬂ)n < 2, n = 1, the normalized Laplace

eigenvalues of G,,. Then, using the content of Agpendix (see also [19, Section 1.4.6])
and the regularity of G,, one has that ugn) = Mgo,n) /m (with multiplicity equal to m times

the multiplicity of ,ugo’n) in G?L), and the irreducibility of {G,,} immediately follows from

Theorem The fact that {G,,} generates a CLT is a consequence of Remark (2), and
of the property that, trivially,
md,, m
N, Nml

— 0, asn — .

]

Remark 3.5. We stress that Proposition holds without any assumption on the
numerical sequence {d, }. In particular, one may have d,, = |V,,|, in which case (by virtue of

Remark (2)) the sequence {G%} does not generate a CLT (and is therefore irreducible,
see Subsection . Heuristically, Proposition shows that, given such a {G%}, the m-fold
Cartesian power operation

O
Gy~ (Go)™"
creates enough sparsity to induce Gaussian fluctuations, yet without altering the irreducible
structure. See the forthcoming Examples @ and |(c)|for two illustrations of this phenomenon.

To analyze some of the examples described below, we will use the following facts:

— for n > 2, the complete graph K,, over n vertices has normalized Laplace spectrum
given by

{0, nl} , with respective multiplicities 1 and (n — 1); (3.7)

— for n > 2, the complete bipartite graph K, ,, over 2n vertices has normalized Laplace
spectrum given by
{0,1,2}, with respective multiplicities 1, 2(n — 1) and 1. (3.8)

See e.g. [19, Section 1.4]. For the rest of the section, and consistently with the notation
adopted before, we write {X; : i > 1} to indicate a collection of i.i.d. N'(0,1) random
variables.

Some explicit examples of irreducible sequences (d = 2):

(a) (Ezpanders) Fix m > 2 and € > 0, and consider a sequence of m-regular graphs
G, = V,,&,), n =1, such that |E,|, |V,| — 0. According to the classical definition
given e.g. in [51, Definition 2.2], the family {G,,} is said to be a e-expander if

E(S,S) . €
= = —
o<|s|€1v,1/2 Vol(S) P2(Gn) =

for all n, where E(S,S) indicates the number of edges of G,, connecting S with
its complement S, and Vol(S) is the sum of the degrees of the vertices in S (see
Section (4} in particular the discussion around formula , for more details).
Using the Cheeger-type inequality stated below in (4.8]), one sees that, in this case,
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liminf, ugn) > £2/(2m?) > 0. Since m is fized while |V,,| — o0, in particular

m/|V,,| = 0, one can now combine Remark [3.2{(2)| with Theorem to infer that
{G,,} generates an irreducible CLT, in the sense of Definition n analogous
conclusion holds in the case of a sequence of m,,-regular graphs verifying ¢,(G,,) =
€,/my for some ¢, such that liminf,_, e,/m, > 0, and such that m, = o(|V},|).
Canonical examples of expanders include Ramanujan graphs |51}62,66] and random
d-regular graphs (which are expanders with high probability, see [27,44}81]).

(b) (Cartesian products of complete graphs) This example significantly expands the
content of Example of Section For integers ¢, m = 2, consider the the m-fold
Cartesian product G(g,m) := Kqu. Then, combining (for n = q) with the
content of Appendix [B] (see also [48, Proposition 33.6] or [19] Section 1.4.6]), one
sees that G(q,m) is a m(q — 1) regular graph over ¢"* vertices with a normalized

Laplace spectrum given by

lq }
———:4=0,1,....m¢,
{mwl)

and respective multiplicities

(?)@—1% (=0,..m.

We can immediately draw the following conclusions:

(i) For fixed m > 2, the sequence of graphs G,, := G(n,m) = K;™, n > 1,
generates an irreducible CLT as a direct consequence of Proposition [3.4] in the
case G = K, (taking into account (3.7)). Note that G(n,2) = K.? corresponds
to the “Rook’s graph”, studied e.g. in [58]. It is interesting to observe that the
sequence {G(n,2)} can be identified with the sequence (V,,,&,,), n = 1, from
Example [3.3}(b]) in the special case k,, = n (as illustrated in Figure 3}(c)). This
framework also corresponds to the example introduced in Subsection [2.4.2]
with Sy (a) = {a} x {1,...,n} and S;,(b) = {1,...,n} x {b}.

(ii) For fixed ¢ = 2, the sequence of graphs G,, := G(q,n) is such that, for all k£ > 2,
lim,,_, u;n) = (0 and, in principle, one cannot use Theorem to determine
whether {G,,} is reducible or not. The reduciblity of {G,,} can be established
by using a direct argument. To see this, observe that G,, is isomorphic to the
graph whose vertices are given by all vectors of the form v = (vy, ..., v,,), where
v; € {0,1,...,¢g — 1} and v ~ w if and only if v; # w; for exactly one index
i =1,...,n; in particular, G(2,n) ~ @,,, the hypercube considered in Example
. The reducibility of {G,,} can now be deduced by a straightforward
variation of the arguments rehearsed in Example (the details are left to the
reader).

We observe that, if K,, is identified with the complete graph over [n], then the
sequence of homogeneous sums generated by {K,,} (in the sense of Definition is
given for n € N by

Zy= Y X X;=(Xi+...+X,) - (X{ 4. +X0).
1<i#j<n
It is easily seen that Var(Z,) = 2n(n—1) and that, asn — o0, Z,, := Z,/+/2n(n — 1)

converges in distribution towards %(N > _ 1) with N ~ N(0,1), that is a multiple
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of a centered x” random variable with one degree of freedom. See Remark as
well as [9, formula (1.4)]. Thus, as announced, the sequence of graphs K, does not

generate a CLT, while for any fixed m > 2 the cartesian products K,;"™ generate
(an irreducible) CLT.

(¢) (Cartesian products of bipartite graphs) Fix m > 2. By virtue of (3.8), another
direct application of Proposition |3.4/in the case G?L = K,, ,,, shows that the sequence
G, = KE;?, n = 1, generates an irreducible CLT. We observe that G,, can be
identified with the graph having vertex set V,, = {(vy,...,v,,) : v; € [2n]} and such
that v ~ w if and only if v; # w; for exactly one index i, and either v; € [n]
and w; € {n +1,....2n}, or w; € [n] and v; € {n + 1,...,2n}. See Figure [5 for an
illustration of this graph in the case n = 3 and m = 2. If K, ,, is identified with the
bipartite graph over [2n], then the sequence of homogeneous sums generated by
{K, .} can be written as

n 2n
n_2<2xi> x ( Z Xj) Y on X, Xy, n> 1.
=1

Jj=n+1

See again Remark as well as |9, Example 2.2]. Also in this case, the sequence
of graphs K,, ,, does not generate a CLT, but for any fixed m > 2 the Cartesian

products K,?Z1 generate (an irreducible) CLT.

(d) (Cartesian products of graphs with isolated vertices) Let {m,,} be an integer-valued
sequence such that m,, — o0 and consider the framework of Subsection for
Sy(a) = {a} x {1,...,m,} and S (b) = {1, ...,m,,} x {b}. In this case, it is easily seen
that the indicator 1 coincides with the adjacency matrix of the graph

where K, is the complete graph over m,, vertices and Kn_mn is the trivial graph
with n —m,, isolated vertices. A direct inspection shows that the graph U(n) has
(n— mn)2 isolated vertices, 2(n —m,,) connected components isomorphic to K
and one “giant” component isomorphic to K,, OK,, (some visualizations of E,,
the special setting of the present example are prov1ded in Figure ' Note that we
already know that the sequence {K,, } is associated with an irreducible CLT (see
Point |(i)| in Example @ of the present section).

We wrlte G,, n = 1, to denote the graph obtained from U(n) after removing all
isolated vertices. Usmg once again , one easily deduces that, for each n, the
normalized Laplacian of G,, has spectrum {0,m,/2(m, —1),m,/(m, — 1)}, with
respective multiplicities 1+2(n—m,,), 2(m, —1) and 2(m,, —1)* +2(n—m,,) (m,, —1).
One can verify the following (details are left to the reader):

(i) If m,, = o(n) then {G,} generates a reducible CLT;
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Figure 5. In blue: the edges adjacent to the vertex v = (3,1) in the graph (K3yg)D2. In
red: the edges adjacent to the vertex w = (4,5), in the same graph.

(ii) Ifm,,/n — B € (0,1), then {G, } generates an irreducible CL and lim,, ,u,(cn) =
0 for all & since the multiplicity of the zero Laplace eigenvalue is 1+2(n—m,,) —
05

(iii) If m,/n — 1, then {G,} generates an irreducible CLT (by the same argu-
ment as for the case § € (0,1)), and there exists an integer k£ > 2 such
that liminf, u,(f) > 0 if and only if limsup,,(n —m,,) < c© (and, in this case,

lim inf,, u{™ = 1/2).

4. Irreducibility and graph spectra: background and proofs

In this section we prove Theorem yielding a characterization of irreducible sequences
{Z,} defined as in (2.10).

4.1. Preliminaries: some connectivity estimates.

4.1.1. GENERAL SETTING. Let G = (V, &) be a finite (simple, undirected, loop-free) graph
with |V| = N > 2 vertices, each one having a possibly different degree d(v) = |[{e€ E:v e
e}|, v e V. As usual, we regard edges e € £ as unordered pairs e = {v, w} and make extended
use of the basic degree sum formula Y .\, d(v) = 2|€|. In resonance with Convention
for our purposes there is no loss of generality in assuming that the graph has no isolated
vertices, that is, d(v) > 0 for all v € V. For future use, we also fix an (arbitrary) enumeration
{vi,...,on} of V.

We write R to indicate the set of all functions V — R, whose generic element is written
x = {z, : v e V}. The space R" is canonically identified with the Euclidean space R™ | while
the Euclidean scalar product and norm on R" are denoted by (-,-) and | - |, respectively.
Given S € V, we use the symbol 1g to indicate the element of R" such that x, equals one

fSince the total number of edges in K,,, OK,, scalesas= B3n3, one has that the corresponding sequence
of quadratic form {Z,} (defined as in (2.10)) is such that each Z,, can be written as as the sum of two
independent homogeneous sums of order 2,

Zn =720+ Zn,
in such a way that, as n — o0, {Z,,} is irreducible and such that
Var(Z,) ~ 3 Var(Z,).
This implies the irreducibility of {Z,,}.
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or zero according as v € S or v € S, where we used the notation
S:=V\S. (4.1)
Given S, T € V, we write
E(S,T):=|{e={s,t}e€:5€5,teT}, (4.2)

that is, E(S,T) is the number of edges connecting S and 7. We denote by A := {A(v,w) =
Ly wies : v,w € V) the N x N adjacency matrix of G and write

to indicate its eigenvalues, in such way that

N
Z A7 = Trace(A?) = Z A% (v,v) = Z d(v) =2|€|.

i=1 veV veV

We observe that, for every S < V', one has that

1 _
E(S7S>:§<157A15>7 E(S7S):<157A1§>7

where the factor § is motivated by the fact that each edge e = {v,w} with v,w € S is
associated with two distinct ordered pairs (v, w) and (w,v).

The Laplacian matrix of G is defined as
L=D-A, where D(v,w) = d(v)1y_y, v,weV,

that is: D is the N x N diagonal degree matriz, with diagonal entries d(v;),...,d(vy). We
also introduce the normalized Laplacian of G as

L=T—D 2ADZ,
whose eigenvalues (see |87, Section 3.2]) satisfy
O=p Spg<--<py<2

The second eigenvalue pq is the so-called spectral gap of G. In the special case where G is a
d-regular graph, i.e. d(v) = d for all v € V and for some d > 1, the normalized Laplacian

simpliﬁestoﬁzl—éAandui=1—%, t1=1,...,N.

1
For every nonzero vector x € ]RV, and writing y := D™ 2x, we define the Raleygh quotient
associated with £ and y to be the ratio

_1 _1
(,Lx) (D LD %) (y,Ly) _ Yoy Wu— )
1
I I/ |Dzy|” Deev d) v

Remark 4.1. In the sequel, we will use the following variational characterisation of the
eigenvalues of £ (see e.g. [87, Section 1.3]): for all k =1,..., N,

= Re(y)-

= 1min max R,(z), 4.3
pe= min, max Re() (43)
dim(M)=k

where the minimum runs over all k-dimensional subspaces M of RY. It follows that t1 =20
and the multiplicity of u; is equal to the number of connected components of G.
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4.1.2. CHEEGER’S INEQUALITIES. To introduce Cheeger’s inequalities, we first define a
quantity that measures how well a subset S < V is connected to its complement S, relative
to the total number of edges incident to the vertices in S. Given § # S < V, the edge
expansion of S is defined as

E(S,S

©(S) := Rg(1g) = M, where we set  vol(S) = Z d(v).

vol(S) =
and the second equality follows from the relation (1g, (D — A)1g) = vol(S) — 2E(S, S) =
E(S,S) (see Figure |§| for illustrations). In particular, one has trivially that ¢(V) = 0. The
quantity vol(S) is called the volume of S, and it equals d|S| when G is d-regular.

s y )5 s .\/S. s : 5
() ¢(8) =¢(5) =0 (b) (S) =1/3, p(8) =1 (c) (S) = ¢(8) =1/3

Figure 6. Computing edge expansions in various graphs: in each picture, the number of
red edges equals the quantity E(.S,S) entering the definition of ¢(S).

For k > 2 we introduce the notation

pr(G) = min o max o(S;). (4.4)
nonempty and disjoint

Remark 4.2. (1) (A probabilistic interpretation of edge expansions) Fix a nonempty
S < V, and sample an edge adjacent to one of the vertices in S according to the
following procedure: (i) sample a vertex vy in S with a probability proportional to
its degree, and (ii) sample an edge e, adjacent to vy uniformly at random. Then,
©(S) equals the probability that e, connects S and S, that is, that ey = {a,b} for
some a € S and b € S. Note that, in the regular case, Step (i) above reduces to

selecting one vertex uniformly at random within S.

(2) For every k > 2 one has that
or(G) < min ‘max ¢(S5;),

Sl,...,Sk ’L:I,...,k
partition of V' with S; nonempty

so that, in particular,

#2(G) < _min max {¢(5),(5)} 0(S) =: $2(G). (4.5)

= min
0<|S|<[V|/2
We now state the “easy direction” of Cheeger’s inequalities of order k, and include a
sketch of the proof — not only for completeness, but also because the result plays a crucial
role in the arguments developed below. The proof relies on the min-max characterization of
the eigenvalues of £; see Remark

Proposition 4.3 (Cheeger’s inequalities, easy direction). Let G = (V, &) be a finite
graph respecting Com;ention with |V| = N and let py, be the k-th smallest eigenvalue of
the normalized Laplacian L, for k =2,...,N. Then,

i < 205(G) . (4.6)
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Sketch of the proof. Fix nonempty disjoint subsets S, ..., S, < V. A standard extension
to irregular graphs of [87, Lemma 7.1] yields that, for all vectors (ay,...,a4) € R* not
identically zero,

k ko2
Ry Z alg | <2 Zi:lkai V021<Si) (%) <2 max ¢(S;). (4.7)
i=1 ' g a; vol(S;) i=1,..k

The conclusion follows from (4.3)), first by computing max,e v 0} Rz (z) when M is the
vector space generated by 1g ,...,1g, , and then by taking the minimum over all nonempty
disjoint subsets Sy, ..., S, < V. O

The following statement (of which we omit the proof) is taken from [60, Theorem 3.8],
and is a version of the “hard Cheeger inequality” for graph partitions; see also [61].

Theorem 4.4 (Cheeger’s inequality, hard direction). Let G = (V,€) be a finite
graph, respecting Convention and such that |V| = N, and let p;, be the k-th smallest
eigenvalue of its normalized Laplacian L, for k =2,...,N. Then, there exists an absolute
constant C > 0 such that, for every k = 2, ..., N, there exists a partition Sy, ..., Sy of V with
nonempty subsets verifying

‘max ¢(S;) < Ck* /i, -

i=1,...,
In particular, one has that ¢, (G) < Ck*, /1L -

We also remark that, in the case k£ = 2, one has the stronger estimate

$2(G) < +/2p2, (4.8)
where $5(@G) is defined according to (4.5) — see e.g. |51, Theorem 2.4].

We conclude by stating an elementary bound, that will be exploited in the proof of
Theorem [2.6]

Proposition 4.5. Let G = (V, &) be a finite graph as in C’onvention with |V]| = N.
Fiz an integer 1 < m < N. Consider a collection By, ..., B, of nonempty disjoint subsets
of V, and assume that

@(B1) < p(By) <+ < ¢(By) - (4.9)
Then, for allk =1,...,m,

Proof. Fix k = 1,...,m. Then (4.9) implies that

Yieg vol(By) p(B;)
ity vol(B;)

The conclusion follows by observing that, again because of (4.9)),

P < 2

> ¢(By).

o(By,) = min max ¢(B;,) = pp(G) = K

k
1<y < <jp<m £=1,..k 2’

where we have used Proposition O
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4.2. Laplace spectra and irreducibility. This subsection focuses on the proof of
Theorem which requires us to consider a sequence of quadratic sums {Z,} as in .
We stress that such a framework corresponds to the case d = 2 and ¢,, = 1 in our general
setting , that the sequence {E,} is assumed to satisfy conditions — from the
beginning of Section and that the indicator 1y _ is identified with the adjacency matrix
of an appropriate graph G,, = (V,,,&,,) such that \E | = 2|&,|. For n > 1, the normalized

Laplace spectrum of G,, is written 0 = ,ug ") < ,ug <0 < ug\,) <2

The following elementary result (whose proof is left to the reader) uses the fact that, in
the framework of the present section and using the notation ([2.8) and (4.2), one has that

02(B) = 2|E, n (B x B)| =4E(B,B), BcV.

Lemma 4.6 (Reducibility and graphs). Let the assumptions and conventions of the
present section hold. Then, the sequence {Z,} is reducible in the sense of Definition

(see also Remark (2.9 --,-,.) if and only if there exist partitions {By,...,B,, } =
{Bgn) B(” '} of the vertex sets V,,, such that, as n — o0,
(") my, — 0;
(ii") X0 E(B;, B;) ~ |€,l;
(iii”) Max;—1  m E(B;,B;) = o(fé’n]).

As indicated in the statement, the definition of the elements partition {Bi,-..,Bp }
depends in principle on n; this dependence has been omitted in and m to avoid
overloading the notation.

We can now prove one of the main results of the paper.

Proof of Theorem [2.6. We reason by contradiction by assuming that holds for
some k > 2 and that there exists partitions {By,... ,an}, n = 1, such that the three
properties |(i’){—{(iii’)| listed in Lemma [4.6{ hold true. Without loss of generality we can always
assume that the partition By, ..., B, satisfies the ordering relation forall n > 1, so

that (4.10]) yields

(n) m, (1) , 1(B, 1(B;
Pr_ < ik P(Bi) : where ¢\ := vol(B;) - (B:) : (4.11)
2 S g™ E vol(V,,) 2|&,]
i=k 11

To achieve the desired contradiction and conclude the proof, it is now sufficient to show
that the right-hand side of the previous inequality converges to zero. Note that

;m" E(B;,B;) = ;%VOI ZE
i=1 i=1

Vol Z E(B (4.12)

= ‘gn‘ - Z E(BHBZ) = 0(‘5n’)
1=1

by property As a consequence,

> e = Y eB) = ot1). (4.13)

=1
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This implies that the numerator on the right-hand side of the inequality (4.11]) vanishes,
and it remains to show that the denominator is bounded away from zero. We conclude by
observing that such a denominator converges indeed to to 1, which is equivalent to the

relation Zf;ll qz(") — 0 since >,/ qf”)

(n) vol(B;) vol(B;) E(B;, B;) E(Bz',E)

= 1. To see this, we simply write

LA R TN R A R T A R .
uniformly for i € {1,...,m,} (because of |(iii’)). O

4.3. Full irreducibility. We conclude this section with a (slight) generalization of Theo-
rem Let G,, = (V,,,&,), n = 1, be a sequence of graphs, as those studied in the previous
section, and consider the associated sequence {Z,}. We say that the sequence {G,} is
partially reducible if the following conditions hold.

e There exist g € (0,1] and a subset V,, € V,, n > 1, such that (recall (1))
vol(V) = (e + o()vol(V,),  E(V;, Vir) = ol|&n]) (4.15)

that is, V,, contains asymptotically a fraction o > 0 of vertices and it is loosely
connected to its complement.

e There exist partitions By, ..., B, of V! n =1, where B; = Bi(n) fori=1,...,m,,
such that
(i”> My, — 05
(ii”> Z?l"l E(Bm B'L) = E(Vrlm VT;) + 0(‘8n’)a
(iii”) max;—1,..m, E(B;, B;) = o(|€,]).

We say that a sequence of graphs {G,,} is fully irreducible if it is not partially reducible.

Remark 4.7. The second condition in ([4.15) is equivalent to ¢(V,) = o(1), thanks to
the first condition which yields |&,| = 3d,|V,| ~ %édnﬂ/ri" Also note that the second
condition in (4.15)) follows by the first one in the extreme case ¢ = 1, simply because
E(V727Vr;) < dn‘v72| = dn(|vn’ - ’VTQD = dn‘VnKl —o+ 0(1)) = O(dn’Vn‘) = O(‘gn‘)

With little effort, we can deduce a slightly improved version of Theorem whose proof
is presented in Appendix [A]

Theorem 4.8. If condition (2.12)) holds, then {G,} is fully irreducible.

5. Irreducibility and hypergraph spectra

In this section we derive a generalization of Theorem [2.6] extending our results to
the setting of homogeneous sums of arbitrary order d > 2, possibly involving non-trivial
coefficients ¢,,. To this end, we broaden the spectral framework developed in Section [4] by
moving to the setting of weighted hypergraphs, partially following the approach of [7,[83].
The main result of this section, Theorem strictly contains Theorem [2.6] as a particular
case. Nevertheless, we chose to treat the case d = 2 separately in order to highlight its
specific features and maintain clarity.

5.1. Hypergraphs and extended Cheeger’s inequalities. A hypergraph G is a pair
G = (V,€) consisting of a finite vertex set V' and a collection £ of non-empty subsets of
V, referred to as hyperedges (or simply edges when the context is clear). To accommodate
the most general setting, we consider weighted hypergraphs, where a non-negative weight
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1 2 3 4 1 2 3 4 1 2 3 4
(a) (b) (c)
0 1/2 1/2 0 0 4/3 1/3 1/3 0 5/6 5/6 4/3
4|2 0 1 1/2] 4 {4/3 0 5/6 5/6] A {5/6 0o 1/3 5/6]
=12 1 o0 1/2 9= |1/3 5/6 0 5/6 9= |56 1/3 0 5/6
0 1/2 1/2 0 1/3 5/6 5/6 0 4/3 5/6 5/6 0

Figure 7. Three non-weighted hypergraphs (w = 1) over the vertex set V = [4], endowed
with their adjacency matrices. Each hyperedge is represented as a bundle of 2-edges
with the same colour, so that, noting d = (d(1),d(2),d(3),d(4)) the corresponding degree
vector, one has the following configurations: (a) £ = {{1,2,3},{2,3,4}}, d = (1,2,2,1);
(b) € = {{1,2},{1,2,3,4},{2,3,4}}, d = (2,3,2,2); (c) € = {{1,2,4},{1,2,3,4},{1,3,4}},
d = (3,2,2,3). The hypergraph in (a) is 3-uniform.

function w = {w(e) : e € £} is assigned to the edges of G. We exclude the presence of loops,
and therefore assume that |e| = 2 for all e € E. For d > 2, we say that G is d-uniform if
le] = d for every e € E.

It is evident that the notion of a hypergraph generalizes that of a standard graph, which
corresponds to the special case of 2-uniform hypergraphs, that is, hypergraphs where each
edge connects exactly two vertices. As in the case of graphs, two vertices v, w € V are said
to be adjacent, written v ~ w, if there exists an edge e € £ such that {v,w} < e.

Consider a weighted hypergraph G = (V, &, w) with V' = {vy,...,vx}. Our goal is to
define an extended version of the adjacency matrix associated with a graph, capable of
capturing the connectivity structure of G. To this end, we follow the approach of 7], which
deals with the unweighted case where w = 1. Writing &;; == {e € £ 1 v;,v; € e}, 4,5 = 1,..., N,
the adjacency matriz Ag associated with G is the NV x N matrix that is zero on the diagonal,
and otherwise defined as

(Al = . w(e) i+je[N]. (5.1)

)
€eE;; |€| —1

Heuristic interpretation of (5.1)): Fix v; € V and assign mass 1 to every edge containing it.
Assuming w = 1, the adjacency matrix Ag quantifies the connectivity of v; by distributing
the unit mass of each edge e 3 v; uniformly among the other vertices v; € e\{v;}.

As a consequence of the choice of normalization in , if one sums the elements of the
ith row (or column) of Ag, one obtains exactly the total number of edges that include v; as
an element, a quantity that corresponds to the degree (or weighted degree, if w # 1) d(v;) of
v;. Such a quantity is defined as

393 w(e) D
d(”z) = (AQ)Z] = ’6‘ 1 = w(e) ) v; € V. (52)
j=1 j=1e€&;; eef: eav;
J#

See Figure [7| for some examples. Notice that, when G = G is a graph, the expression (5.1))
coincides with the standard definition of the adjacency matrix associated with G.

As announced, we can now generalize the definitions introduced in Section [4l Denoting
by D the diagonal matrix with degrees d(v;),...,d(vy) as entries, we define the Laplacian
matriz Lg := D — Ag and the normalized Laplacian matriz associated with the hypergraph G

as Lg:=1— D_%AQD_%. We observe that, for non-zero functions g = (g(vy),...,g(vy)) €
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RY and f = (f(v1)y..., floy)) = D_%g, the Raleygh quotient associated with Lg at f is
given by the ratio

_1 _1
(8 Lgg) (gD 2LgD 2g)  (f Lgf)

(&8 (88 (Df, D?f)
ZUiNU, Zeeg,v |1£|(,e)1 (f(vz) - f(vj))Z
= ; i = Ro(f).
S dv,) F(v,)? s(0)

In particular, recalling the variational characterization of the eigenvalues pq < --- < uy of
Lg (which is valid in our case since Lg is symmetric; see Remark , one has that

= i R, (f Vk=1,...,N 5.3
i MH;JEV fer/]\a/tzi}{{o} ['g( ) o 53
dim(M)=k

from which one infers that 0 = p; < pg <--- <y < 2.
Given (J # S € V, we define
0S={ee&:Jv,v;eewithy; e, v;eS} (5.4)

17 ¥]

to be the set of edges with at least one vertex in S and one in its complement S := V\S.
Moreover, we define the volume of S as

vol(S) = w(S) =) d(v) = Y > w(e), (5.5)

vesS veS ee,

where &, = {e € £ : v € e}, while for F € £ we set
w(F) = > wle). (5.6)
eeF
The edge expansion of a nonempty subset S € V is given by
w(0S)
S) =

and for k > 2, we set

nonempty and disjoint

Example 5.1. Consider the examples in Figure 7 and set S = {1,2}, S = {3,4}. Then
one has the following computations: (a) ¢(S) = ¢(S) = 2/3; (b) ¢(S) = 2/5, ¢(S) = 1/2;
(c) ¢(S) = ¢(5) = 3/5.

It is now possible to derive an analogue of the “easy direction” of the Cheeger inequality
of order k (see Proposition for hypergraphs. To this end, we take inspiration from |7,
Theorems 3.3 and 4.1], where a bound is established for the hypergraph analogue of 3(G)

(see (4.5)) in the case k = 2.

Proposition 5.2. Let G = (V,E,w) be a weighted hypergraph as above. Then, for all
k=2,...,N,
2(r(G) — 1)°

p < or(G) =1 ex(9) (5.8)



ON IRREDUCIBLE CENTRAL LIMIT THEOREMS 31

where r(G) and cr(G) are called, respectively, the rank and co-rank of G and correspond to
the mazimum and the minimum of the cardinalities of the edges e € £.

Note that the inequality reduces to in the graph setting, where 7(G) = cr(G) =
2. We outline the main steps of the proof, which extends to the case of hypergraphs the
strategy used in the proof of Proposition
Proof of Proposition Let Sy, ...,5, € V be non—empty disjoint subsets of V. For
0= 1,k let £ = (vol(§,)) 21g,, where 1g, = (g, (v}),...,1g,(vy)). For all not
identically zero vectors (aq, ..., ), we have

2
k Zeeng J |w(61(28 lm(]ng(vi)_]lS((vj))>
(o) SR
ZvieV d(v;) (Zz—1 \/%]15@ (%‘))
23 1VO1 sg) Zeeng Y \Z| 1(]152( i) — ]lsz(”j))Z
Zezl 0‘4

where the last inequality is a consequence of the fact that Sy, ..., S, are pairwise disjoint,
hence the sum over ¢ contains at most two non-zero terms. Observe indeed that for any
¢=1,...,k, the term (]1515 (v;) = 1g,(v v;)) does not vanish if and only if exactly one of the
vertices v; and v; belongs to Sg As a consequence, we can rewrite

YO (s, () = Ls,(w)) = Y DT (Us, () =L, (v))* = Y len Sellen Syl

Vi~U5 e€E; e€0dS, Vi~U; e€dS,
V;50; Ee

/=1

<

)

and, for any e € 85, we have |e n Sy||e n Sy| < (|e] — 1)* < (#(G) — 1). Using the bound
le] =1 = ¢er(G) — 1, we eventually obtain that

k 27'9—12 kooaZo(S, 2rg—12
Rg(Z Oézfe) < (cr((g)) _ 1) Zez}gfifg ¥ < (cr<(g)) — 1) P #(5%).

The conclusion now follows from ([5.3)), following the same route as in the graph setting. [J

(=1

As a consequence of Proposition we state an estimate analogous to(4.10)) for hyper-
graphs, that one can deduce from arguments similar to those in the proof of Proposition

Proposition 5.3. Let the above assumptions prevail, and fix integers 1 < m < N. Consider
a collection By, ..., B, of nonempty disjoint subsets of V, and assume that

@(B1) < ¢(By) < -+ < p(By,). (5.9)
Then, for allk =1,...,m

_2(r(6) ~ 1) T, vol(By) (B
B = m .
er(G) —1 > vol(B;)

5.2. Irreducibility. The aim of this section is to state a generalization of Theorem
to the setting of homogeneous sums of a generic order d > 2. To this end, we consider a
sequence {(V,,, By, q,) : n > 1} such that, for a fixed d > 2: (i) {V,,} verifies 2.1), (ii) {E,}
satisfies the subsequent requirements 7, and (iii) the symmetric coefficients {g,,} verify
([2-2). Following the convention (2.3), we continue to use the notation w,(-) = an ()2

(5.10)
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For each

n = 1, the triple (V,,, E,,q,) is canonically associated with the weighted
hypergraph G, =

(Vp, En,y wy,) such thatﬂ
En = {1, 05t <V, i (g, .509) € B}, and (5.11)
wn({vlv cey Ud}) = wn(vh ey vd) = qn(”lv ey vd)Q‘ (512)
Note that, by construction, each G,, is d-uniform, and consequently r(G,,) = cr(G,,) = d (see
Proposition . Also, one has that |E,| = d!|&,|. For n > 1, the Laplace spectrum of G, is
written 0 = uln) < ugn) <0 < ,ug\’; < 2.

As before, we denote by {Z,} = {Z,,(X) : n = 1} the sequence of homogeneous sums
defined in (2.4)), and we observe that the second relation in (2.5 implies that

E[Z;] = dPw,(E,), (5.13)
where we have used the notation (5.6|) in the case F = &,,.

In order to generalize Lemma [4.6] in the context of hypergraphs, we define the set of
edges entirely contained in a nonempty subset S € V as follows:

En(9,8):={ec&,:ec S} (5.14)

The following statement is the exact analogous of Lemma The proof is left to the
reader.

Lemma 5.4 (Reducibility and hypergraphs). Let the above assumptions and conven-
tions prevail. Then, the sequence {Z,} is reducible in the sense of Deﬁm’tion if and only
if there exist partitions {By,..., B, } = {Bin), cel Bf#j} of the vertex sets V,,, such that,
asn — o,

(i) m, — ©;

(ii) Z;znl wn(g(Bia Bz)) ~ wn(5n>:'
(iﬁ) maXi=1,...,mn wn(g(Bia Bz)) = O(wn(gn))'

Definition 5.5. Let G, = (V,,,&,,w,), n = 1, be a sequence of weighted hypergraphs
such that |V, |, |&,|, w,(&,) — . Consider a sequence {Z,} defined as in such that
5.117 are verified. We say that {Z,,} is a sequence of homogeneous sums associated
with {G,}. As before, we say that {G,} generates an irreducible CLT, if {Z,} verifies an
irreducible CLT in the sense of Definition If {Z,} is reducible, we will say that {G,} is
reducible or, more precisely, that {G,,} generates a reducible CLT.

Remark 5.6. A natural open question is whether, for d > 3, one can obtain a spectral
characterization of Condition in Theorem analogous to the necessary and sufficient
condition (3.2]) established in the case d = 2, but now based on the spectral analysis of
hypergraphs developed in the previous section. We refer the reader to the breakthrough
work by Herry, Malicet, and Poly [49] for significant progress in this direction.

We state the main result of the section, which establishes the sufficient condition for

irreducibility.

TDue to the symmetry of F,,, the way in which the elements of a given d-subset {vy, ..., v,} are enumerated
is immaterial.
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Theorem 5.7. Fiz d > 2 and let {Z,} be a sequence of homogeneous sum as in (2.4). Let
G, = (Vp,Epywy,), n =1, be the sequence of weighted hypergraphs associated to {Z,} via

(5. 11))—(5.12)). If there exists k = 2 such that, as n — o0,

lim inf M >0, (5.15)

then {Z,} is irreducible in the sense of Definition [2.1]

The proof of Theorem is provided in Appendix [A} it consists of a technical general-
ization of the proof of Theorem 2.6

Example 5.8 (Rook-like hypergraphs). For every d > 3, we will now build an example
of a sequence of homogeneous sums {Z,,}, of order d > 3, and such that (i) they verify an
irreducible CLT, (ii) irreducibility follows from Theorem via the fact that the adjacency
matrices of the associated weighted hypergraphs (via 7) coincide with
those of the Rook’s graph discussed in Example |(b){(i)| of Section To this end, for every
n > d large enough, define G, = (V,,,&,, w,) to be the hypergraph such that V,, = [n]?, &,
is given by all d-subset with the form

e ={(a,by),(a,by),....,(a,by)} or e={(by,a),(by,a),..,(bg,a)}

with a € [n] and by, ..., by distinct, and we choose a constant weight (for convenience, we fix
the weight so that it yields the same adjacency matrix of the Rook’s graph)

w, () = (d— )(Zj)_l, ces,

It is easily seen that two vertices v; = (aq,b;y), v9 = (ag, by) are adjacent in G, if and only if

they are adjacent in the Rook’s graph and, in this case, they are both contained in exactly
(g:g) edges. The choice of w,, then ensures that the adjacency matrix of G,,, as given in

(5.1), coincides with that of the Rook’s graph. Writing 0 = ,u%n) < ugn) < < u(n) for

2

n
the normalized Laplace eigenvalues of G,,, one therefore has that plgn) — % for all k = 2,
and Theorem implies that any associated sequence of homogeneous sums {Z,} (via

(5.11)—(5.12))) is irreducible. We observe that

|En] = Qn(Z) =n™ 0o o

We now define {Z,,} according to (2.4)), with
n—2\—1/2
\/d—l(d,g) / , vy, vgt €E,

0, otherwise.

qn(vla "'7vd) = {

In this way, E[Z,Ql] = n, and a direct computation shows that the numerical sequences
defined in (3.1) scale as O(n ") for every r = 1, ...,d—1, and thus {Z, } verifies an irreducible
CLT.

Example 5.9 (3-uniform hypergraphs generating an irreducible CLT). We present
the following example as an application of Theorem [5.7} Consider the vertex set

V,={(a,b):1<a#b<n}=NxN
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in such a way that N,, = |V,,| = n(n — 1). For every n, we define the symmetric and non-
diagonal set &, < (V,,)* consisting of all ordered triples (vy, v, v3), where each v; = (a;, b;)
is an element of V,,, satisfying the following conditions:

e For every pair ¢ # k, the entries v, and v}, share exactly one coordinate: [{ay,b,} N

{ay, bp}| = 1.
e The number of distinct labels among {ay, by, as, by, as, b3} equals 3.

Note that FE,, is the disjoint union of eight sets Eél), e ,Efls), each one with a similar
structure and of the same size as

E,(Ll)z{((a,b),(bjc),(c,a)):lga;ﬁb;«éc;&aén}.

Thus, |E,| = 8n(n — 1)(n — 2), and the hypergraph G,, = (V,,,£,), obtained from {E, } by
setting ¢, = 1 and using (5.11]), is unweighted and 3-uniform. For n > 3, we consider the
homogeneous sum
Zy = Z ]lEn(vlvUQ?US) leXv2X'U37
v1,V2,U3€V,

whose variance is commensurate to n°, as n — c0. To determine the irreducibility of {Z,},
we observe that G, = (V,,,&,) has adjacency matrix

1 1
(Ag,)ij = 2 =§‘{ee£’n:vi,vjee}

e€&;; |€’ -1

s Ui,Ujevn,'i?éj.

In particular, when v; and v; are adjacent, say v; = (a,b) and v; = (b, c), they are contained

in exactly two edges, which have (a,c) and (¢, a) as their third vertices. This implies that
Eij| = 2, thus (Ag );; = Ly v,y for every v;, v; € V,,, where the adjacency relation ~ is
given by

a=d,b#0b, or

b=V ,a+#d, or

a=0b,d #b, or
ad=b,a#b.

= v, = (a,b),v; = (a’,b") and either

One can verify that this equivalence relation induces a graph structure on the vertex set V,,,
corresponding to the union of two graphs: the Rook’s graph (see Example (]ED) with
the diagonal removed, and a second graph—also isomorphic to the diagonal-free Rook’s
graph—obtained by permuting the two coordinates of each vertex. A direct computation
yields that the degree of each vertex is d,, = 4(n — 2), and the spectrum of Ag is
given by the integers {4(n — 2), (2n —8), 0, —4} with multiplicities 1, (n — 1), n(n —1)/2
and —1 + (n — 1)(n — 2)/2. As a consequence, the Laplace spectrum of G, is given by
{0, n/(2(n —2)), 1, (n —1)/(n — 2)}, with the same respective multiplicities. Since, for all

fixed k > 2, one has that lim,,_,, u,(in) = 1, we deduce from Theorem ﬁ that {Z,} is
irreducible. Finally, we remark that this example will be revisited in the subsequent section,
where we will show that the hyperedge sets {£,} can be realized as a special cases of a
fractional Cartesian product, as defined in Example As such, the asymptotic normality

of the (normalized) sequence {Z,,} will follow directly from Proposition

6. Irreducibility via combinatorial dimensions

The aim of this section is to prove Theorem The proof of Part [(b)| (see Section
is based on an explicit construction, described in full detail in Example below.
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The arguments used in this part are purely combinatorial and do not rely on the spectral
analysis developed in the previous sections. We note, however, that one special instance of
Example was already addressed in Section [5| by means of hypergraph techniques (see
Example

From now on, we let the assumptions and notation in the statement of Theorem [2.17]
prevail.

6.1. Proof of Part|(a)|of Theorem Assume that {E£,,} has combinatorial dimension
1 < a < d. We have to show that it is not possible to find a sequence II,, == {By, ..., an},
n = 1, with B; = B;(n), such that each II,, is a partition of V,,, and, as n — o0,

) Enax E, n (Bz Xoeee X Bz) = O(IEn‘% (6‘1)
i=1,....,m, —_——
d times
m’lL
Z Enm(Bix XBi) = |En|7 (62)
: —
i=1

d times

(note that, if and are both verified, then, necessarily, m,, — ).

We reason by contradiction, and assume that there exists a sequence of partitions {II,,}
such that the two properties and are satisfied. Without loss of generality, we can
assume that |By| > |By| = --- > |B,, |, n = 1. For all 8 > 0, we set

Kn(ﬁ) = max{s S My, ’Bs‘ = ﬁ’vn‘}7

with max @F := 0. Since each I1,, is a partition of V,, we have that

3 1BM| = K, (8)8IV,

K, (B)
s=1

mn
|Vn| = Z |Bs| =
s=1

where we have used the convention 28:1 := 0, thus yielding the bound

K, (B) for all g > 0. (6.3)

1
< o

g
In the sequel, we write M(3) := [37] + 1,
valid for every n > 1 and every t < m,,:

B > 0. We will also use the following estimate,

My, 1mn 1
MBS < |B* DB < B Wl (6.4)
s=t s=t

where the first inequality uses the fact that « € (1,d] and that the sequence s — BS| is
decreasing. Since is in order and {E,,} has combinatorial dimension «, using (2.15)) for
J, = E,, one infers that there exist a finite constant I' > 0 and an integer ng > 1 such that,
for all n = nyg,

[Val® L S 4

I > = = )
ZT:”l |E, n (B, x -+ x By)| CZZZHBSP C|B1|O‘_1

where the constant ¢ is the one appearing on the right-hand side of (2.13]) (choosing
J, = E,), and the last estimate exploits (6.4)) in the case ¢ = 1. This implies that, for
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1
n = ng, B1’ > b|V,|, where b := (¢I")” a=T. Now, assumption (6.1)) combined once again
with (2.15)

(with J,, = E,)) yields that, as n — oo,

1 M(b)—1
As > B, 0 (B x - x By)| — 0.
n s=1

From this we infer that there exists an integer n; > ng such that, for all n > n,
-1
[V [Vl [Vl
My, E B B = m,, B a = a—17
ZSZM(b)| n O (Bg % -+ x By CZS:M(b)‘ s’ c’BM(b)|

where the last inequality uses (6.4]) in the case ¢t = M (b). These relations imply that, for
n = n;, one necessarily has ‘B M)l = b|V,|, which is absurd, since it would yield

1 1

where we used ((6.3). The proof of Part @ is concluded.

6.2. Proof of Part [(b)] of Theorem The following example shows that, at least for
d > 3, one can easily build examples of sequences {F,,} that have combinatorial dimensions
strictly between 1 and d.

I >

Example 6.1 (Fractional Cartesian products). The following construction is a variation
of the definition of fractional Cartesian products, as discussed in [11, Chapters XII-XIII]
and [13,38,[71]. Fix d > 3 and b = 1,...,d — 1. For every n > b, we define V,, := {v =
(v, ..0p) € [n]° : vy # v, s # t}. In what follows, generic elements (vy,...,v,) of the
Cartesian product V,, x --- x V,, will be written

d
times

(Vi vg) = (v U(1,1),Y(1,2)s --+> V(1, b);v(2,1)7-~7v(2,b)§--‘§U(d,1)7-~-7v(d,b)>v (6.5)
where (v(s1), V(s,2)s -+ U(s,b)) s €Vy, s=1,...,d. We now fix a partition S = {S, ..., Sy}

of the index set I := {(1 1), (1, ) ., (d,b)} with the following properties:
(a) [S;]=0b,i=1,...,d;
(b) for every ¢ = 1,...,d, each S; contains at most one index of the form (¢,s), for
s=1,..,b.
We will also say that the partition S is connected if there do not exist partitions {By, By}
and {C}, Cy} of [d] such that, for i = 1,2

{(t,s):teB} =[] S5
JeC;
See Figure [8| for examples of such partitions.
For every n > d we define the set Eg cV, x---xV, as follows:
EY = {(vy,...,vy) : V(s) = V() fE (s,u), (t,v) € S; for some i = 1,...,d}, (6.6)

where we used the notation . Finally, we define E,, to be the collection of those
(V1,.., vg) such that (vy),..., Vo) € E?, for some permutation ¢ of [d]. In this way,
each F, automatically satisfies the properties and (symmetry), introduced at the
beginning of Section It is easily seen that a connected partition .S with the properties
@ and @ listed above always exists; moreover, standard combinatorial considerations yield
that such an S can always be chosen so that each F,, also verifies from the beginning
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b b
Sy
Sl SQ Sl
d d S
Sz Sy S3
Sy

(a) (b) (c)

Figure 8. Some examples of partitions S of the index set I. Case (a): for d = 3 and b = 2
there are only four partitions S = {5, S5, Sz} verifying@and@and all are connected; in
the example, we have S; = {(1,2),(2,2)}, So = {(2,1),(3,1)} and S5 = {(3,2), (1,1)}. Case
(b): for d = 4 and b = 2, an example of disconnected partition S = {S;, Sy, S3, S} verifying
[(2)] and [(B)] is given by S; = {(1,1),(2,1)}, Sz = {(1,2),(2,2)}, S5 = {(3,1),(4,1)} and
Sy = {(3,2),(4,2)} (for which B; = C; = {1,2} and B, = C, = {3,4}). Case (c): for
d = 4 and b = 2, an example of a connected partition is given by S; = {(1,2),(2,2)},
Sy ={(2,1), (3, 1)}, S5 ={(3,2),(4,2)} and S, = {(1,1), (4, 1)}

of Section that is: E,, is non-diagonal. We claim that the sequence {E, : n > d} has

combinatorial dimension o = %, as per Definition To see this, we first observe that, by

b

definition, as n — o0, one has that |V,,| = n’, and

d
|Epl = |E,| = n® < |V,|7,

proving that (2.14) is satisfied for J, = E,. On the other hand (e.g. by the triangle
inequality), to prove (2.14) for J,, = E,, it is sufficient to show that

d
[BS (A %+ x Al < e max |Af%, (6.7)
i=1,...,
for some absolute constant c. It turns out that such a bound is a direct consequence of a
classical estimate by Finner, stated in [43, Theorem 2.1] (see also [8, Proposition 2.8]). We

refer to Appendix for a complete proof of (6.7)).

The following statement shows that the sequence of homogeneous sums associated with
the irreducible sequence {E,} verifies a CLT, thus concluding the proof of Part @ of
Theorem 2171

Proposition 6.2 (Fractional products yield irreducible CLTs). For d > 3, let
{E, : n >k} be the sequence of sets constructed in Example . Assume in addition that
the underlying partition S = {Si, ..., Sy} is connected, and verifies Pmperties@ and@ mn
Ezxample . Forn > d, we consider the sequence {Z,} defined as in for q, = 1. Then,

as n — o, E[Z2] = d\|E,| = n®, and the sequence Z, = —22— converges in distribution

VIE,]

to a standard Gaussian random variable N.

Proof. To show that En converges in distribution to NV, we can directly use |72, Proof of
Proposition 6.6 and Proposition 6.8] to deduce that, for every thrice differentiable bounded
function A : R — R with bounded derivatives,

C
[Vl

[E[A(Z,)] — E[M(N)]] < (6.8)
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for some absolute constant C, so that the conclusion follows from the fact that |V,,| — c0. O

Remark 6.3. The estimate follows from [72, formula (6.72)], implying that the
quantity [E[h(Z,)] — E[h(N)]| is bounded by a multiple of the sum

4
\EFIY? maxiey, IEi,i!”

| Enl \E, M

where E,; := {(vy,...,vg) € E,, : i = v, for one ¢ € [d]}, and E¥ < E, x E, is defined as
the collection of all pairs (F,G) := ((fy, ..., £;), (81, ---,84)) € E,, X E, such that: (a) F' and
G have no elements in common, and (b) there exists p € [d — 1], as well as distinct integers
{1, ..,£, € [d] such that replacing each f,. in F' with the corresponding g, in G (and vice
versa) results in a (possibly different) element of F,, x E,,. The claimed estimate then
follows from [72} formula (6.70)], implying that, for some absolute constant C, one has that

[EF| < OV, 2% and maxsey, |Ef| < C|V, |7

7. Irreducibility and sparsity: ad hoc construction for d = 2

This section provides the proof of Theorem [2.13] under the assumptions stated in
Subsection In particular, we prove a refined version of Theorem (see Theorem
below). We not only show that any partition By, ..., B,, of V,, satisfying|(i)|and cannot
satisfy (this already implies irreducibility; see Definition [2.1] and Remark [2.3(1))), but
we also provide a quantitative bound contradicting In more detail, we provide a lower
bound away from zero for the main contribution to the second moment coming from one of
the sets in the partition (see inequality (7.5))), which is in conflict with

We briefly recall the notation of Section Forn e N, weset V,, = [n]Q, fix 5 € (0,1] and
for a,b e {1,...,n} consider the subsets S,(a) € {a} x{1,...,n} and S;,(b) < {1,...,n} x{b}
with [S, (a)| = [Sn(b)| = [Bn].

. . h
We recall the equivalence relations ~ and ~ on V,,: for any vy, v, € V,,

vy h vyg <=  for some b we have vy,vy € Sy(b) with v # vy, (7.1)

vy ~vy <= for some a we have vy,vy€S,(a) with vy # vy, (7.2)

and we write v; ~ vy if and only if v; L vy OF V1 ~ vy. We set E,, = {(Ul,vz) eV, xV,:
vy ~ ’Ug} and we consider the homogeneous sum
Zy= > g (01,0) X, X,,, (7.3)
v1,U9€V,

where {XU}’UEUn v, is a family of i.i.d. standard Gaussian random variables. We recall that
Z,, is centered with second moment

n

BLZ2] = 20Ba] = 2{ 3} 50 (5,0 - 1) + > b, (B0l - D , 18
=1 a=1

The following result establishes irreducibility for the sequence {Z,,}.

Theorem 7.1 (Irreducibility and quantitative bounds). Fiz any 8 € (1,1]. Then
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(1) Any partition {B, = By(n,my)}¢—1, . m, , which satisfies as n — o

3

n

o2(By) = (48° +o(1))n® (7.4)

o~
Il
—_

must also satisfy

max o.(By) = (28°(26 —1) +o(1)) n®. (7.5)

E:l,...,mn

(2) As a consequence, {Z,} satisfies an irreducible CLT in the sense of Definition[2.1]

Let us prove point , while the (longer) proof of the quantitative bound is presented
separately in Subsection

Proof of Theorem . Assuming in Theorem the conditions and
in Definition cannot hold together, thus {Z,} is irreducible. We only need to prove

the convergence in distribution towards N ~ N(0,1) by applying the Fourth Moment
Theorem (see |71, Proposition 1.6] and |22, Theorem 4.2]). Recall Z,, .= Z,,/+/2|E,,|. Since
lim,,_,, E[Z?L] = 1, we only need to prove that lim,,_, E[Zﬁ] = 3. We have

~ 1 8
E[Z,] = 7 Z 1g, ('UlaUQ)]lEn(vBaU4)]1En(v5avﬁ)]lEn('U77U8)E[ sz}
4|En| Ulv"'7v8€vn =1
4
Er—— Z Qn(A)Qn(B)Qn(C)Qn(D) E[XAXBXCXD] ) (76)
|Enl™ 4 5CDev,
where for convenience we rearranged the sum over (unordered) subsets A = {v,vy},

B = {vs, v}, C = {v5,v6}, D = {vy,vg} (recall that each vertex v; is an ordered couple in
the square [n]z) and for each of these subsets, say A € V,,, we set g,(A4) == 1p_(v1,v,) and
Xg=X, X,

Recall that the X,’s are centered and independent and that all pairs A, B,C,D <V,
contain two distinct vertices (the diagonal points of V,, x V,, are not in E,,). Therefore,
the only non-zero contribution to E[X4 Xp X¢ Xp] = E[X,, X,, X, X, X, X, X, X, ] is
given by those terms where the individual X,’s match either in pairs or in quadruples. We
outline the possible cases below, recalling that 2|E,,| ~ 46%n% as n — 0.

(1) The X,’s match in quadruples, i.e. A = B = C = D, and the contribution to
is negligible as n — o0:

4B, Y an(A)'BIXA] =41, ), g, (v1,0)E[X,, X,)]
ACV,, {v1,v2}EV,
= 18|E,| ' =0(n7?).
(2) The X,’s match in pairs, however A, B,C, D < V,, do not pair up two by two, for
instance when A = {vy,v9}, B = {vy,v3}, C = {v3,v4} and D = {v,, v4}. It is simple
to see that their contribution to (|7.6]) is always either O(n_l) or O(n_Q). To give a

brief idea, let us consider the term when ~ is always ~, thus the indicator function
of E,, imposes that v; = (ay,b1), v = (ay,bs), v3 = (a1, b3) and vy = (ay,by). The
corresponding term is then negligible for large n, indeed

—92 —1
4|, Z ]lEn(UlaUz)ﬂEn(Ula%)]lEn(UsaU4)]1En(vzav4) < O(n ) )

Vq,..,U4E€V,
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since the sum above can be bounded by the sum over the five degrees of freedom
ay,b1,b9,b3,bs € {1,...,n}. The other cases work similarly.

(3) The X,’s match in pairs and A, B,C, D < V,, pair up two by two, i.e. either A = B
and C = D,or A =Cand B =D, or A =D and C = B. If two distinct
couples A, B c V,, differ from each other but have a common element v € V,,, the
corresponding term can be treated similarly as in the previous case, thus giving
a negligible contribution. Therefore, consider the case where all distinct couples
A, B €V, are also disjoint: this is the only non—negligible contribution and gives
exactly

2
3<4|En|2 > q<A>2q<B>2E[XiX%]>=3(4|En|2)( D nEn(vl,w)) =3.

A,BCV, {vi,va}cV,
AnB=g

O

7.1. Proof of Theorem . We divide the proof into three steps, which we first
outline below.

7.1.1. STRATEGY OF THE PROOF. We assume that ((7.4) holds. We fix n € (0, 1) small and
we take n large enough so that (the factor l is for later convenience)

Z on(By) = (48% — L) n® (7.7)

We are going to show that there is £ = Enm e{l,...,m,} such that

o2(By) = 2(6%(26 — 1) — 11/ + O(1)) n®. (7.8)

(The factor 11 multiplyng /7 is immaterial, but it will be transparent to carry out explicit
computations.) Since we can take n > 0 as small as we wish, this proves (7.5)).
It remains to prove (7.8). Given a subset A € V,,, we denote its “rows” by

A(,b) = An ({1,...,n} x {b}) for be{l,...,n}, (7.9)
and similarly we denote its “columns” by

Afa,") = An ({a} x {1,...,n}) for ae{l,...,n}. (7.10)
To help explanations, we refer to the labels £ € {1,...,m,} of the partition {B,} as colors.

We are going to prove the following three steps.

(1) Almost each row and column has a “dominant” color, almost filling up Sy, (b) or
Sy (a):

31,1’ < {1,...,n} such that
1= (1—4yn)n and Vbel 3l: [By (b)) nSy(b)| = (B—2yn)n,  (7.11)
>(1-3vn)n and Vael 30 |[By(a,)nS,(a)l = (B-2ymn. (7.12)
(2) There is a color £ which is dominant for a positive fraction of rows:
30: |{bel: =0} =B —Tyn)n  where B :=28-1>0. (7.13)
(3) Color ¢ fulfils relation (7.8).
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7.1.2. STEP 1. By symmetry, we only prove (7.11]). We argue in three parts.
Part A. Recalling 1} for B < V,, we define o2 »(B) and o2 »(B) by

=2 ) Loy, +2 > 11vllv2 : (7.14)
v1,U2€B v1,U9€B
Un,h(B) Jn,v(B)
We prove in this part that
Zonh By) = (28° — in)n’, (7.15)

Note that by (7.1)) and (| we can write for B € V,,:
onn(B) =2 Z [B(-.b) 0 Sy(0)] (| B(-,b) 0 Sy ()] — 1) (7.16)
and
—2Z|B v(@) (|B(a,) nS,(a)| = 1),
in particular

where _2Z|Bg ) A Sh(®)] (1B (-, b) NSy (b)] —1).
(7.17)

S o2a(B) = YO
(=1 1

b=

Since (By(+,b))¢=1,...,m, i a partition of {1,...,n} x {b}, we can bound

2 > 1<2 > 1=2|pn|(|8n] - 1) <28°n°, (7.18)

L vy #v2€ By (+,b) NSy, (b) v #V€S (b)

which yields >,'" amh(Bg) <2, B82n? < 28%n3. The same arguments apply to 07217\,,
hence
my
Z B*n?. (7.19)
2
TL

h(By) = 0(By) — 0 (By) applying (7.7) and (7-19).

Part B. We now show that ©,, ,(b) from ([7.17)) is close to its maximum 2% n? for most
values of b: more precisely, setting

I :{be{l,...,n}: @nvh(b)>2(ﬁ2—\fn)n2}, (7.20)

Finally, relation ) follows by o

we show that
11| = (1-fv/n)n. (7.21)

To this purpose, we can write

S 020(B) = Y 0,n(0) + 3 0un(b) < 1126707 + (n — 1)) 25 — v/i) .
(=1

bel bel®
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which can be rewritten as
mn
Vit (11 =) o (By) — 2(8% — y/m)n’.
/=1

Plugging in the bound (7.15]), we obtain precisely ([7.21]).
Part C. Given b € I, see (7.20)), let ¢, be a color for which |B,(-,b) n S, (b)| is maximal:
0 = argmax {|By(-,b) n Sp(b)|: 1<L<m,}.
We show that
Vbl |By(b) A Su(b) = (5 — 2y, (7.22)
which completes the proof of ([7.11]).
To prove (7.22)), we recall from ((7.17)) that, setting ky := |B,(:,b) n S,,(b)|, we have

Opn(b) =2 ky(kg—1)  with k>0 suchthat > k =I[Sy(b)|=|8n]. (7.23)
(=1 =1
The function (ky, ..., k) — 2>~ ke(k, — 1) with the above constraints is maximised for
m =1 and k; = |8n|, where it takes the value 2|37n|(|8n] — 1) ~ 28°n>. Since ©,, ,(b) is
close to 28%n? for b e I, see (7.20)), this explains intuitively why kg, = | By, (+,b) 0 Sy(b)] =
maxy_1i ., ke should be close to Sn, so that (7.22) holds. To make this precise, we simply
bound

Oy n(b) = 2kg, (kg — 1) +2 Y kylky — 1)

i£8,
) ) (7.24)
< 2K7, + 2kg, . k= 2K7, + 2k, (18] — ky,) < 2k, A7
(£8,
Since ©,,,(b) = 2(8 — \/N) n? for be I and 8> %, we see that k, fulfils (7.22). O
7.1.3. STEP 2. We prove (7.13)) by contradiction: we assume that
Ve [{bel: b=t} < (B —T7yn)n  with B :=28-1, (7.25)
and we deduce a contradiction with ([7.12]), namely
Jae I Ve: |By(a,’)| < (B—2yn)n. (7.26)
Recalling ((7.11)), let D be the union of all rows of boxes with dominant colors:
D= J{By,(-,b) nSu(b)}.
bel
By assumption (7.25)), each color ¢ appears in less than (5" — 7,/n) n rows of D, therefore
Ya Y¢: |Byla,")nD| < (B —7yn)n. (7.27)
We claim that we can obtain the following bound for a suitable a € I":
JaeI': Vi |Byla,)nDY|<(1—B+5yn)n. (7.28)

Summing (7.27) and (7.28)) we obtain (7.26) (note that 8’ + (1 — 3) = ).
It only remains to prove ([7.28]). We observe that by ((7.11))
D= |11(8 = 2ym)n > (1 1) (B=2ym)n® > (8= 3ymn®.  (7.29)
We then define

J:={ae{l,...,n}: |D(a,-)| > (B —5yn)n} (7.30)
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so that, by Lemma [7.2] below, we have
I = 2ymn. (7.31)

Since |I'| = (1 —3\/m)n > (1 — /M) n, see (7.12), we have |I'| + |J| > n and therefore
I'nJ # &. We then select any a € I' nJ and note that |By(a,-) n D°| < |D(a,-)| =
n — |D(a, )|, hence the bound ([7.28)) follows by the definition (7.30]) of .J. O

It remains to prove the following elementary lemma (recall that V,, = {1,...,n}?).

Lemma 7.2. If C €V, satisfies |C| = un® for some w e (0,1), then for any v’ < u

/
u—u
n=(u—u)n.

{ae{l,...,n}: |C(a,)| >u'n}| =

1—-u
Proof. Setting J := {a€{l,...,n}: |C(a,-)| > u'n} we can bound

Cl = Y 1Ca, )+ Y 10 ) < [|n+ (0= | u'n

aeJ aeJ®

= (l—u/)n|J\+uln2,

that is |J]| > Plugglng in |C| = un? completes the proof. O

)
7.1.4. STEP 3. We finally prove ([7.8]). From (7.14) and (|7.16) we can write

on(Bp) = onn(By) = 22 | B(+b) 0 Sp(b)] (I Bg(+b) 0 Sp(b)] — 1)
b=1

Restricting the sum to the set B := {be I: £, = ¢}, recalling (7.11]) and (7.13)), we obtain

oo n(By) =208 = Tym)n(B—2yn)n ((8—2yn)n—1)
28— Tym) (B — 2y + O(2))*n’ = 2(8'8% — 11y + O(2)) n’

which completes the proof. [l

(7.32)

Remark 7.3. In we only estimated the “horizontal” contribution to the variance
an h(Bjp). Of course, by symmetry7 a version of - ) holds for columns, for some color
7', hence an estimate like also holds for o2 V(B ). Note that both By and By have

cardlnahty at least (8’ — 7[ ) ( —2\/m) n’ by (7.11]) and - hence they must overlap
when g4 = (26 —1) > 1, ie. for 8 > H‘f ~ (.81: in this case ¢ = ', hence we can
improve our final bound by a factor 2

ob(B;p) = U?L,h(Bg) +op (Bp) = 4(68° — 11y +O(2))n®. (7.33)

Appendix A. Proofs of some technical results

A.1. Proof of Theorem Let A(a,n) denote the maximal degree in the Erdés-Renyi
random graph G(n,p,), where p,, = n® 2. By Theorem (including the subsequent
discussion) and Remark [3.2H(2)] it is sufficient to show that, for « as in the statement, there
exists 0 < € < /2 such that

P[A(a,n) = na/Q_e] — 0, n— 0.
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One has that
P[A(a,n) = n®?7*] <nP[B(n - 1,p,) = n**~*] <nP[B(n,p,) = n**~7],

where B(k, p) denotes a binomial random variable with parameters (k, p), and the conclusion
follows from an application of the multiplicative Chernoff inequality: according e.g. to [41,
Problem 1.6-(e)] we can bound P(B(k,p) > tkp) < 27'* provided ¢ > 2e, hence for
0 < e <min{a/2,1 — a/2}

175704/2)”(171 na/27e

P[B(n,p,) = n*?] <27~ =2" —o(n "), n— o,

thus yielding the desired conclusion.

A.2. Proof of Theorem To prove Theorem [5.7] we follow very closely the proof of
Theorem By contradiction we assume that (2.12)) holds for some k > 2 and that {G,}
is partially reducibile, i.e. there exists o € (0,1], V,, < V,, satisfying (4.15]) and partitions
By,..., By, of V, such that the three properties |(i”)|, |(ii”)| and |(iii”)| of partial reducibility
hold. Ordering the sets as in (4.9)), we can apply (4.10) which yields (4.11]), that we copy
for convenience:

n e e(B)

i=k 11

. n vol BZ vol .BZ
where again ¢, )= VOIEV; = 2‘2 ‘) . (A1)

This time the vector (qz(n))lg'iSmn needs not be a probability, however we still have

ez (n) _ vol(V}) R
izzlqi = Sol(V,) 0>0. (A.2)

To complete the proof, it is then sufficient to show that

Z qgn)cp(Bi) =0(1) and max q(n) =0(1), (A.3)

1<i<m,,

(so that >\ q; (m) _, 0> 0). Applying (4.13) and (4.14), it remains to show that
mn
D E(B, By) = o(|E,]) - (A4)
i=1

To this purpose, we need to modify (4.12)) because By, ..., B, is only a partition of V.

To obtain a partition of the full set of vertices V,,, we define B,,, ,; := V. Arguing as in
(4.12), we can now write

1 m,+1 1 m,+1 m,+1
5 2 B(BuB) =5 > B(Bi.Bj) =&/~ ), E(B;.B) (A5)
i=1 i,j=1 i=1
1]

and isolating the terms ¢ = m,, + 1 in the first and last sums we obtain

E(B;,B;) = {|5 | — fE(Vn,Vn) E(V., V] } ZE

- {\en\ BV - o<rsnr>} BV V) —olEa).
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where we applied (4.15)) and the assumption of partial reducibility. We finally observe that,
plainly, [E,] = E(Vy, Vi) + E(Vy, Vo) + E(Viy, V) = E(Vie, V) + E(Viy, V) + 0(|E,]) which
completes the proof.

A.3. Proof of Theorem We first introduce and recall the following notation. For
{<kandS,...,5 <V, disjoint and nonempty subsets, we denote

E(S1,...,S)={ee&,:ecSiu...uS8:
Jvy,...,vp€e with vy €Sy,...,vu,€ 5, },

as the set of edges with elements in S; U ... U S, and at least one of them in each S;, for
i1 =1,...,£. In particular, we recall

En(8,8):={ee&,:ec S},

while

E(S,S)={ee&, v, vyeewithv, € S, v,e S} =0S. (A.6)

We now prove Theorem [5.7} The arguments follow the same guidelines as the proof of
Theorem [2.6] However, the more complex structure of hypergraphs requires additional
combinatorial details, which we briefly outline below.

We assume that holds for some k > 2 and that there exists a sequence of partitions
By,...,B,, , n = 1, such that the three properties are verified. Moreover,
without loss of generality, the relation holds for n = 1. Recall that in this setting

r(G) = cr(G) = d, hence (j5.10) yields

m” S ae(B)
2d—1) ~  ymn g™

)

o VOl(Bi)
Cdw,(&,)

n)

. where ¢; (A.7)

To conclude the proof, it suffices to show that the right-hand side of the previous inequality
converges necessarily to zero.

Since the subsets B;’s form a partition of V,,, it is possible to express the set dB;,
i€{l,...,m,}, in terms of a disjoint union:

d—1
5BZ=€(BZ,Bl): U U S(Bi7Bi17"'7Bi&)7
a=1 1<) <<t ,<m,
eyl

(recall (5.14) and (A.6])). Moreover, note that &, \ ;"% £(B;, B;) = Ui €(B;, B;), where

the union in the right—hand side is not disjoint, yet with explicit cardinality

My, L d—1 1
Ug(BlﬂBz) = Z 1 Z |€(Bi>Bi17"'7Bia)|a
i=1 a=1 o+ 1<iy <<t <my,

115l #1

where the factor a%rl compensates for overcounting: indeed, each edge that intersects exactly

a + 1 blocks is counted once for every choice of the distinguished B; among them, and
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hence appears a + 1 times in the sum. As a consequence, by we have

1y 1w i
y Z = > w,(&By,Bi,....B;))
i=1 =1 a=1 1<i; < <i,<my,
7’17 7Za7£7’
my d—1
" > w, (£(By, By, - .. B;)) (A.8)
i=1 a=1 1<iy <<t <m,,
i yenyiq #i
mn
= wn(gn) - Wp, (S(Bzv Bz)) = O(wn(gn))
=1
and, then

; dw ; )> - 2‘15")“30 = o), (A.9)

which already shows that the numerator in the bound (A.7)) for ,u,(gn) vanishes. It remains to

prove that the denominator is bounded away from zero. We still have

1 VOl( ) . Zzinl ZveBi Zeefu w'ﬂ(e> . ZUGVn Zeegv wn(e)

qu T T dwaE) dw,(E,) ST deE)

(see (5.5))). Therefore, we just need to prove that ZZ 14 m) _, 0, which is implied by

(n) _ VOl( 7,) . ZUEBi Zeegv wn(e) < wn(g(BzaBz) + (d_ ]-)wn(g(Bl?Ez)) _ (1)
T dw,E) T dwaE) T wE) dw, (&) O
(A.10)

uniformly for i € {1,...,m,}, where we applied and ([A.9)).

A.4. Proof of . We adopt the notation and assumptions of Example also, given a
permutation g of [b] and A € V,,, we write A? to denote the class of all (vy,...,v;) € V,, such
that (vy(1), - Vo)) € A. For every s = 1,...,d, write L, to denote the set of those £ = 1,...,d
such that |Sy n {(s,1),...,(s,0)}| = 1 (note that the size of the previous intersection is
either zero or one, by construction). We stress that |L,| = b, for s = 1, ..., d, and that each
¢ =1,...,d is contained in exactly b distinct sets L,. Without loss of generality, we always
label the elements of L, in such a way that, if Ly = {q,..., €y}, then ¢; < {5 < --- < {,. For
s =1,...,d, we denote by

d L. . s . . . . .
ms o [n]" = [n]7 ri = (i, dg) o (1) = (g iy, ),
where {{y,...,{,} = L,. One can easily show that there exist permutations gy, ..., 04 of [b]
such that

d d
1B A (A x - x Ay)| :f LT () va(di) :J e (ms(1))° y(di), (A.11)
[n]” s=1 [n]” 5=1

where, for t > 1, v, stands for the counting measure on [n]t We can now directly apply [43|
Theorem 2.1] and deduce that the right-hand side of (A.11)) is bounded by

ﬁ( [ V,,@))”b.
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Since [n]” is a symmetric set, one has that
|t i) = 4,
[n” °

and the conclusion follows immediately. (Il

Appendix B. Cartesian products

In this appendix, we recall some basic definitions and properties of Cartesian products of
regular graphs. See e.g. [48, Chapters 4, 5 and 33] and [19, Section 1.4] for a full picture.
Fix d = 2, and let G = (V,&) be an undirected (loop-free) d-regular graph such that
|[V| = N. We denote by A\; = --- = Ay the eigenvalues of the adjacency matrix of G, and
by 0 = p; < -+ < py < 2 the eigenvalues of the corresponding normalized Laplacian; see
Section [A.1.] for details. Fix m > 2: throughout the paper, we use the symbols

G —Ggo---O0G@
| ——

m times

to denote the mth Cartesian product of G. We recall that G is the graph whose vertices
are given by the set

V" ={v=(v1,...,0,,) : v; € V}

and such that v = (vq,...,v,,) ~ w = (wy, ..., w,,) if and only if there exists j € [m] such
that v; = w; for all i # j and {v;,w;} € £ (that is, if and only if v;,w; are adjacent in G).
For an arbitrary (iq,...,%,,) € [N]™, we introduce the notation

A(Zl,,Zm) = )\il +"'+)\im, and M(Zl,,Zm) = ,ul-l ++,Ulm (Bl)

The following facts are used in several parts of the paper, and can be routinely checked.

(1) G"™ is (dm)-regular and, consequently, the number of edges in G™™ is 2~ dmN™.
(2) The spectrum of the adjacency matrix of G"™ is given by the set

{A(iyeeeyipg) (i1, ey i) € [N]™},

where we have used the notation introduced in the first part of (B.1]).
(3) The spectrum of the normalized Laplacian associated with G™™ is

{%M(Zlaazm) : (i17""im)€[N]m}’

where we have used the notation appearing in the second part of (B.1)). To see this,
recall that, since G™™ is (dm)-regular and its adjacency eigenvalues are the sums
A(iq,...,1,,) defined above, the associated normalized Laplacian eigenvalues are

Alin, - i) 1(Ml+---+uim)7

1— -
dm m

which yields the above formula. Note that the factor 1/m ensures that all eigenvalues
of the normalized Laplacian of G™™ lie in [0, 2], as they should.
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