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1 What is THE STOCHASTIC HEAT Flow

It is a universal stochastic process of measures on è

ZIIdy.de o s t o x y ER ver

Heuristics natural candidate solution of the fill defined
critical 21 Stochastic Heat Equation

Quit ED ult t p it Ult

PACEtimeWhiteno se

GHE

Fix starting time s initial condition Urs Xix

ma fattoLIdy naturalcandidate for ult

ult expected not to be a function but a measure on R

What do we mean by natural candidate Wewill see by
REGULARIZATION of the eq Renormalization of B e 0

Henceforth we fix s o te 1 and call

yfgzfldy.de
e LE d stochastic Heat Flow Sat



2 A LINK WITH DIRECTED POLYMERS

We can Regularize the Stochastic Heat Equation by
discretizing time and space forbymollification ma later
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N U t.Duft.LI scaled latticeLaplacian spaceaverage II
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l'ittite
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si simple random walk on E

Partition function of the
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3 main RESULTS EXISTENCE OF THE Stochastic HEATFLOW

The solutionofthe discretized StochasticHeat Equation is

VII ZN EN TN ti E EINTEGERPART

A natural candidate Solution of the original equation ill defined

is obtained removing the discretization dowe have

le Znitn.vn da

Notget As we remove the discretization we need to
RENORMALIZE the noise strength B intermediatedisorderregime

B A Ff far fixed o è a

Indeed far x y ER

O if A 1

Eleven et Znitn.gr è Kk e 0,0 if f 1
as if f I

E En EN et e 1 BertiniCanarini 98



The ad directedpolymermodel undergoes a phasetransition

from weakto strongdisorder ore est AAP2017

We fix the critical point f 1 in fact a critical window

A at Ijf for o o to

Our first main result

Theorem 1 05721

Fix de R As Nto we have the convergence in f dd of

ZNIEN TN d te io a

as randommeasures on Rl to a unique limit

Lt de te to I

which we call the Critical 20 Stochastic Heat Flow

The she encodes asymptotic properties of directedpolymers
and it gives a meaning to thesolutionofthestochasticHeatEquation

The nestof the talk is devoted to investigating the she



4 GAUSSIAN MULTIPLICATIVE CHAOS

Let X Kai era be a generalized Gaussian field on È
Fix a reference measure Mida on là

Gaussian MultiplicativeChaos Gmc is a random measure on R

formally curde e E Ha
na

Often X is specifiedby f AFF

Coulter XD key to as y Xiao

Xu is notdefined pointwise Xie fernande No o

o Nar Xii If then khal de dyo o

Approximate key e fino kekm bysmooth covariance functions

Then Xe No ke is defined pointwise Karl and we set

Mida fi e
EVarenne



5 MAIN RESULTS SHF GMC

SUBCRITICALREGIME

Foria it is known that egznha.cat
iiiiiffi.flrifn

lagZn tn xt EllagZn de i Gaussian

This can beroughly rephrased as

ZNIEN xD A Exp GAUSSIAN

Does this picture apply at criticality i e for f 1

We can state our secondmain result

Theorem 2 057 22

The critical ad Shf is not a GMC

Thissuggests that TIÈ ti asymptotically
Gaussian at criticality è L

Also the Shf LI de is a new classofrandom measures our



G MAIN RESULTS MOMENT BOUNDS

COVARIANCE KAY

Consider a Gmc M de ehi ENarita ma
We can compute the moments

E Mida Max

E Max Midy e Mida play

Henceforth we fix t o OER For the Shf LE de we have

EILEAN dx

E Life LIMA Key dedy

fig Eleven et Znitn.grPIrClagf asiy xieo

We can match 1 2 moments of M and If bychoosing

µ de de ka y logKent laglag è
The GMC M is now completely determined



Set LI re fan Life Mr fanMidd

We can prove that LE M by comparingthird moments

Theorem 3 3rdmomentbound SZ 22

If 4 is the indicatorof a ball or the heatkernel then

EI ZERI Elmar

Forthe heatkernel gori uff we boundhighermoments

Theorem 4 higher moments bound est 22

There is pezzo o such that then

E ZIGOMI Ar E Llgolf Ysera

while E Migo Eldìgot I
as suo

Moments upperbounds for fa s by CascoZeitoun LygkonisZygouras



7 IDEAS FROM THE PROOF I MOMENTFORMULAS

We prove Theorem 3 exploiting an exact formula forthe
thirdmoment derived in est 19

EILEANLEdy LIRE Kiley

zidxdydzkhfza.za.es
I23.2mritif fdadbdidy già5 i 5

ora b r amo burt
Si Xm Due È
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F
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a FÌ
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By an explicitGaussian integration we can integrate out

all space variables è 5 to get the equality

f già 5 I 5 di 15 LI Garbi ai

ga za za Goats Ztt II gà bi
far suitable à sa and ai bi z o ai bi z

Exploiting monotonicity of theheatkernel we replace
the quantities à by as and ai.biz by ai bis

This yields the bound EILEN E Miei

Remark Exact formulas are available for highermoments

E III LE dei Khizr za dza dza

KHz 2h E explicit Complicated integrals

on TIME X SPA Eh 2m

This was proved by GuQuastel Tsai PMP22



8 IDEAS FROM THE PROOF II CORRELATION INEQUALITY

Recall that

ZNAZ E e
Ipod.se E

so z

Then

DEI.IE zi E segnerà SÉ zitti

L'È È Lisi si overlap of 5 and sci

Our goal is EILEgol str E Llgolf

Set yo for simplicity and replace LE by Zn
We need to exchange E and selfiee in D

are exp più positivelycorrelated at least as Nico

We prove that this is the case in a continuum setting

replacing random walk S'i by Brownian motions BY
Based on the Gaussian correlation inequality Rogen 14



CONCLUSIONS

We introduced the CRITICAL 2D STOCHASTIC Heat Flow
as a scaling limit of directedpolymer partition functions

It is a universal process of random measures on È
different from GMC which is a natural candidate for

the solution of the critical ad Stochastic HeatEquation

It has some explicit but challenging features

Many interesting questions are open

SINGULARITY WRT LEBESGUEMEASURE

FLOW PROPERTY

CHARACTERIZING Properties

TAKING LOG MA KPZ

Thanks


