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Reminders from Lecture 1

Stochastic Heat Equation : ill-defined multiplicative noise

∂t u(t,x) = ∆x u(t,x) + β ξ (t,x)︸ ︷︷ ︸
Gaussian “space-time white noise”

· u(t,x)

Regularized noise ξε(t,x) on scale ε > 0 (discretization, mollification, . . . )

Well-defined equation

∂tuε(t,x) = ∆xuε(t,x) + β ξε(t,x) uε(t,x)

uε(0,x) = ψ0(x) ≥ 0 ∈ Cb (e.g. ψ0 ≡ 1)

Fix ξε(t,x)
d−−−→

ε↓0
ξ (t,x) Does the solution uε converge?



Reminders from Lecture 1

Space-average uε(t,ϕ) :=
∫

R2
ϕ(x) uε(t,x) dx ϕ ∈ Cc

Critical window (⇝ phase transition)

β = βε =
β̂crit√
| logε|

(
1+

ϑ

| logε|

)
ϑ ∈ R

our discretization

β̂crit =
√

π

Noise strength vanishes as ε ↓ 0, yet the effect of noise persists (tuned by ϑ )

This lecture: for β = βε [Bertini–Cancrini 98] [CSZ 19]

Var
[
uε(t,ϕ)

]
−−−→

ε↓0
Kϑ
t (ϕ,ϕ) > 0



Reminders from Lecture 1

This is the first key step toward our construction of the SHF

Theorem [CSZ 23]

For β = βε the solution uε has a non-trivial limit

uε =
(
uε(t,x) dx

)
t≥0

d−−−−→
ε↓0

SHFϑ =
(
SHFϑ (t,dx)

)
t≥0

Measure-valued process on R2 Critical 2D Stochastic Heat Flow

We are going to exploit a link between uε(t,ϕ) and directed polymers



Directed Polymer in Random Environment

▶ Simple random walk on Z2 S = (Sn)

▶ Independent Gaussians ω(n,x)∼ N (0,1)

▶ Interaction HN(S ,ω) = ∑n≤N
ω(n,Sn)

Polymer measure PN(S) =
eβHN(S ,ω)

ZN
PSRW(S)

Partition Functions ZN(k ,z) = ESRW(k,z)

[
eβHN(S ,ω)

] /
E
[
. . .

]



Stochastic Heat Equation and Feynman–Kac

We show that partition functions solve a discretized Stochastic Heat Equation

Heuristics

Discretized Feynman–Kac ZN = E
[

eβHN(S ,ω)
]
≈ E

[
eβ

∫
ξ (s,Bs) ds

]

Morally −∂k ZN(k ,z) = ∆z ZN(k ,z) +
(

eβω(k,z) − 1
)
ZN(k ,z)

More precisely: discretized Duhamel’s formula



Duhamel’s formula

Recall Duhamel’s formula (mild formulation) for Stochastic Heat Equation

gt(x) = heat kernel on R2 =
e−

|x |2
2t

(2π) t
Take ψ0 ≡ 1

u(t,x) = 1 +
∫∫

(0,t)×Rd

gt−s(x− y) β ξ (s,y) u(s,y) ds dy = 1 +
(
g ∗ (β ξ u)

)
(t,x)

Ill-defined in dimensions d ≥ 2 because gt(x) ̸∈ L2loc(dt,dx)

Partition functions satisfy a discretized Duhamel’s formula + time reversal



Partition functions and Stochastic Heat Equation

ZN(k ,z) = ESRW(k,z)

[
eβHN(S ,ω)

]
= ESRW(k,z)

[
eβ ∑

N
n=k+1 ω(n,Sn)

]
Lemma

Define
qℓ(y) := PSRW(Sℓ = y) X (ℓ,y) := eβ ω(ℓ,y)−1

Then

ZN(k ,z) = 1 + ∑
ℓ∈(k,N]

∑
y∈Z2

qℓ−k(y − z) X (ℓ,y) ZN(ℓ,y)︸ ︷︷ ︸
ESRW
(k,z)

[
X (ℓ,Sℓ) ZN(ℓ,Sℓ)

]



Proof of the Lemma

ZN(k ,z) = ESRW(k,z)

[
eβ ∑

N
n=k+1 ω(n,Sn)

]
= ESRW(k,z)

[
N

∏
n=k+1

eβω(n,Sn)︸ ︷︷ ︸
an

]

Expansion with δn := an−1 ℓ := first index n where we “pick” δn

N

∏
n=k+1

an =
N

∏
n=k+1

{
1+δn

}
= 1 +

N

∑
ℓ=k+1

δℓ

N

∏
n=ℓ+1

{
1+δn

}︸ ︷︷ ︸
an

ZN(k ,z) = 1 +
N

∑
ℓ=k+1

ESRW(k,z)

[(
eβω(ℓ,Sℓ)−1

)
︸ ︷︷ ︸

X (ℓ,Sℓ)

N

∏
n=ℓ+1

eβω(n,Sn)

︸ ︷︷ ︸
ZN(ℓ,Sℓ)

]



Discretized Stochastic Heat Equation

Partition functions solve discretized Stochastic Heat Equation (time reversal)

ZN(N − t, x) = u1(t,x) (t,x) ∈ N×Z2

Diffusive rescaling by N ⇝ Discretization on time scale ε = 1
N

ZN

(
N − N t,

√
N x

)
= uε(t,x) (t,x) ∈ ε N×

√
ε Z2

Henceforth we focus on uε(t = 1,x) (polymers starting at time zero)

ZN

(√
N x

)
= ESRW

[
eβ ∑

N
n=1 ω(n,Sn)− 1

2 β2N
∣∣∣S0 =√

N x
]

E
[
ZN(·)

]
= 1



Switching to polymer language

Recall uε(1,ϕ) =
∫
R2

uε(1,x) ϕ(x) dx =
∫
R2

ZN

(√
N x

)
ϕ(x) dx

E
[
uε(1,ϕ)

]
=

∫
R2

E
[
ZN

(√
N x

)]
ϕ(x) dx = 1 ϕ ∈ Cc(R

2) density

Var
[
uε(1,ϕ)

]
=

∫∫
R2×R2

Cov
[
ZN

(√
N x

)
, ZN

(√
N y

)]
ϕ(x) ϕ(y) dx dy = ?

Recall our goal:

Var
[
uε(1,ϕ)

]
−−−→

ε↓0
Kϕ ∈ (0,∞) for critical rescaling β = βε



Variance estimates

We first control the variance Var
[
ZN,β (

√
N x)

]
= Var

[
ZN,β (0)

]
Critical rescaling βN = β̂

√
π√

logN
for β̂ ∈ (0,∞)

Proposition 1

As N → ∞ Var
[
ZN,βN

(0)
]


→ β̂2

1−β̂2
if β̂ < 1

∼ c logN if β̂ = 1

≫ logN if β̂ > 1



Covariance estimates

We then control covariances on the diffusive scale which yield our goal

Proposition 2

Cov
[
ZN,β

(√
N x

)
, ZN,β

(√
N y

)]
∼

N→∞

Φ(x− y) β
2

{
1 + Var

[
ZN,β (0)

]}
∼

β=βN

Φ(x− y)
β̂ 2π

logN

{
1 + Var

[
ZN,βN

(0)
]}

∼
β̂=1

Φ(x− y) π c < ∞ for x ̸= y

Φ(x− y) :=
∫ 1

0
gt(x− y)dt ∼ 1

2π
log 1

|x−y | as |x− y | → 0 Φ ∈ L1loc



Plan for today

In the so-called subctitical regime

βN =
β̂
√

π√
logN

for β ∈ (0,1)

the variance has a finite limit

Var
[
ZN,βN

(0)
]

−−−−→
N→∞

β̂ 2

1− β̂ 2

We give an explanation based on intersections of 2D random walks



Key random walk computations

Random walk kernel qn(z) = PSRW(Sn = z) ∼ 1
n g 1

2

(
z√
n

)
21parity(n,z)

▶ ∑
z∈Z2

qn(z)
2 = ∑

z∈Z2

qn(z)qn(−z) = q2n(0) ∼ 1

π n

▶ RN :=
N

∑
n=1

∑
z∈Z2

qn(z)
2 ∼

N

∑
n=1

1

π n
∼ logN

π

RN = “expected replica overlap” of two independent random walks S , S ′

RN =
N

∑
n=1

∑
z∈Z2

P(Sn = z , S ′
n = z) =

N

∑
n=1

P(Sn = S ′
n) = E

[
N

∑
n=1

1Sn=S ′
n︸ ︷︷ ︸

LN

]



Overlap of 2D random walks

We saw that LN :=
N

∑
n=1

1Sn=S ′
n

has expectation 1
π
logN

Theorem [Erdös–Taylor 60]

LN
1
π
logN

d−−−−→
N→∞

Exp(1)

Intersection/return time

T1 := min
{
n > 0: Sn = S ′

n

} d
= min

{
n > 0: S2n = 0

}
Very heavy tail : P(T1 > t)∼ c

log t as t → ∞



Second moment and overlap

Recall ZN(z) = Ez
[

eβHN(S ,ω)
]
= E

[
e∑

N
n=1{β ω(n,Sn)− 1

2β2 }
∣∣∣S0 = z

]
Replica trick ZN(0)

2 = E⊗2
[

e∑
N
n=1{β ω(n,Sn)+β ω(n,S ′

n)−β2 }
]

Computation E
[

eβ ω(n,s)+β ω(n,s ′)
]
= eβ21s ̸=s′ + 2β2 1s=s′

Finally E
[
ZN(0)

2
]
= E⊗2

[
e∑

N
n=1 β21Sn=S ′n

]
= E⊗2

[
eβ2LN

]
(for β = βN) = E⊗2

[
eβ̂2 π

logN LN

]
≈ E⊗2

[
eβ̂2 Exp(1)

]
= 1

1−β̂2
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