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Reminders from Lecture 2

Directed polymer in random environment

» Simple random walk on Z2 S=(Sn) A
» Random environment ®(n,x) ~ .4°(0,1) Sn
Partition functions (with k =0) :
—>
Zu(z) = ESRW[eZpalbolnsn - 36 0« N

Diffusive rescaled partition functions = Discretized Stochastic Heat Equation

ZN<\/NX) = ug(1,x)



Reminders from Lecture 2

Critical rescaling Bn = Bz for 5 € (0,00)

Proposition 1

-
= 1 if <1

As N — oo Var[Zyp,(2)] § ~ clog if =1

> logN  iff>1

We gave motivations based on overlap of 2D random walks [Erdos—Taylor 60]

Today: independent proof based on polynomial chaos



Covariance estimates

We also control covariances on the diffusive scale
Proposition 2
COV[ZN’B (\/NX) 9 ZN,ﬁ (\/Ny)} N:oo (D(x—y) ﬁ2 {1 + Var[ZNﬁ(O)} }

(for B=PBy with f=1) ~ &(x—y)7mc dell

This yields our original goal

Var[ug(1,9)] = // Cov[ZN(\FNX)7ZN(\my)] o(x) o(y) dx dy - K € (0,0)
R2xR?



Polynomial chaos

» New disorder variables Xnz = ePo(nz)-38% _1

iid  E[X]=0 Var[X]i=0?=e"~1~ B2 as B0
» Random walk kernel gn(z) == PRW(S, =2)

Proposition (polynomial chaos)

k
Znp = Znp(0) =1+ Z )3 aa(2) 1 Xo.
=1 0<m<.. <nk<N ‘ ,i=1
z1,2k€Z9

.qu”i_"i—l (Z,’*Z,',l)
=



Polynomial chaos

Partition function Zy 4 is a multi-linear polynomial in the variables X, ;

N N
k
ZNﬁ:1+ZZ,(V’I)3:1+Z Y q(1) X'
k=1 k=1 1Cc{1,...,N}xZ?
Il

4 (Y4, %q) with | = {(nl,Zl), ceey (nkazk)}
("2,X7\/
(3,3) o > CI( = ﬁ 2 H Anj—n;_ 1 Zifl)
0
N , p
,,x.) > X' = HX",',Z/




Proof: Mayer expansion

eBH(S.0)=3 >N _ I {Ba(nS)—55}

N N
- 11 Bo(nS) -3 _ H{l " (eﬁw(n,sn)—%ﬁ2 _1)}
n=1

n=1
N N
:H{1+Xn,5n}:HH{1+X”-,Z]15nzz}
n=1 n=1 zczd

N k k
= 1 —I— Z Z H Xn,-.,z,- : I_!- ]]‘Sni:Zi D
=

k=1 0<m<...<n<N i=1

E[...] = g4(2)



Reminders: random walk computations

Random walk kernel an(z) = PSRW(Sn =2z) ~ %gé(ﬁ) 21 parity(n,z)

1
> Z qn( Z qn —Z) = q2n(0) ~ n
zeZ? zeZ?
N A _logNV
=L L o)~ ) o
n=1z¢c72 n=1 Tn T
Ry = “expected replica overlap” of two independent random walks S, S’
N N
Ry =Y Y P(S,=2z,5,=2z) = ) P(S5,=5]) = Zﬂsn s,
n=1yc72 n=1

LN



Proof of Proposition 1: variance computation

k

— 1+ Z ) [1 annia(zi—zic1) Xnz

=1 0<n<.. <nk<N i=1

Z1,.. ,ZkEZ
N
Var[ZN} = Z (62)k Z H dn;—n;_ 1 —Zj— 1)2
k=1 O<m<..<m<N =
z1,...,2 €22 Yi

N

= Z (Gz)k Z H ( Z qni—ni—1(}’i)2>
k=1 0<m<...<n<N i= y-622
N k

~ Y@y Il

0<m<..<n<N i=1 i~ Ni- 1)

M
I



Proof of Proposition 1: subcritical variance

We can sum over m; := n;j—n;_1 > 0 with constraint ‘ m+...+mg < N‘
Upper bound: enlarge the constraintto 0O <m; <N, ... , 0<m <N
N ko1 N log N\ ¥
Var[ZN} < Z (62)k R Z o228
k=1 O<m<N i=1 FMi (33 @
= 1< = =
0<m, <N
32
2 PO 4 A
o> =ef -1~ B~ B2 ~  Var[Zy] < BA for B <1
log N 1— B2
Lower bound: restrict the constraint to 0 < m; < %N s e, 0<m < %N

(exercise!)



Proof of Proposition 1: critical variance

This works for f < 1 (subcritical regime)

Finer analysis is required for the critical regime [§’ =1 ie.

Nz D
B = N 1—1—@ ~ Var[Zy] ~ cp logN

N
/4 1
Z ~log N
log N z"n o8

Set ¥ =0 and (for simplicity) pretend 02~ B2 =

VarZN Z Z ﬁn -

k=1 |0gN) O<m<..<m<N i=1 " i—1



Proof of Proposition 1: Dickman subordinator

Introduce a triangular array of random walks on N (renewal processes)
_ M) _ ) _ (W) Wy _ vy L L)
O=1 "<7 '"<7, "<... P(r,. _T"*l_n)_logN -
A N
Probabilistic interpretation Var[ZN] ~ Z P(‘L‘,E ) < N)
k=1
Theorem (Dickman subordinator) [CSZ 19]

N—o0

(N)
T
( sll(ilgN> L) (Ys)SZO Lévy measure V(dt) - ]1(0.1)(1-)(211'L
s>



Proof of Proposition 1: critical variance

Riemann sum approximation

Var[Zy] ~ Z P( </V) (1+IogN>k

(N)
. 1 TslogN 5 \SlogN
_IogN-—IogN ;NP< oSt (1+ 52x) O
log N

N—oo

. c=/ ds P(Ys <1) ¢
0



Proof of Proposition 2: critical covariance

N

Zn(z) =1+ Z Z H Gni—n;_ 1 —Zzi1) Xn; zi
k=1 0<m<..<n,<N i=
z0=2z, z1,.. ,zk622

N

Cov[Zn(z), Zn(w)] = Z Y, aly—2) qly —w) 2{1+Var[ZN—€(Y)”
=1 yez?

= Z goe(z—w) o2 {l—l—Var[ZN,g(y)]} O
(=1

1
forz=vVNx,w=+VNy: N;LT——>¢(x—y) ::/gt(x—y)dt
—oo 0



Phase transition

Let us set Zug = Zup(0) = E[ePHED=3N] 50 0]
Key observation [Bolthausen 89]
Zypg > 0 is a martingale ,:—_Sm> Zop
Phase transition at . = C(d) >0 [Comets—Yoshida, Junk—Lacoin, ...]
> For B <P Z.p >0 as. F(B) = /\'/iﬂlﬁ log Zy g =0
» For B> B Zop =0 as. F(B) := lim % log Zy g < 0



Path properties

e BH(S,0)—5B°N

Polymer measure dPyg(S) = dP(S)
’ Zn.p
» [ < Bc weak disorder [Bolthausen, Comets—Yoshidal]
o |Sy| = O(V/N) diffusive under Py 4
» [ > P strong disorder [Carmona—Hu, Bates—Chatterjee]

e S under Py g localizes around finitely many paths

e super-diffusivity (mostly conj.)



Intermediate disorder

Critical point: e f3.>0 ford=>3 e 3.=0 ford<2
(d <2) any B > 0 changes the RW behavior [disorder relevance]
Z/V,ﬂ>0 N—_»o) 0 (despite ZNﬁ:O = 1)

Intermediate disorder (d < 2)
Can we tune 3=y —0 sothat Zyg —— —— 2% >0 random ?
_>

Prgy ——— P

~» Stochastic Heat Equation oru=Au+BEu & = white noise



Subcritical dimension d =1

Consider first dimension d =1

Non-trivial limit emerges under the rescaling By = A with 8 € (0,0)
Intermediate disorder (d =1) [Alberts—Khanin—Quastel 14]
d
Z/?/),ﬁ —)N_m u(1,0)
deu(t,x) = DAyu(t,x) + B u(t,x) E(t,x)
u(0,x) =1

Well defined in d =1 for any 3 > 0 (stochastic integral)



Critical dimension d =2

Consider now dimension d = 2

We discovered a phase transition on the intermediate scale

LBy
Viog N

Log-normality [C.S.Z. 19]

with critical point ﬁAC =1

B

3 d A (0,1)—3v2 2 _ 1
For B <1 ZN By o eV (01)-3v" 5 ¢ v _|Og1—ﬁ2

A d
F >1 Z — 0

Recently also “proved at criticality” [Gu-Tsai 26]
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