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From disordered systems to the Critical 2D Stochastic Heat Flow

Francesco Caravenna * Rongfeng Sun f Nikos Zygourasi

Abstract. We review our joint work on the scaling limits of disordered systems, linking the notion of disorder
relevance /irrelevance to that of sub/super-criticality of singular SPDEs. This line of research culminated in the
construction of the Critical 2D Stochastic Heat Flow (SHF), a universal process which provides a non-trivial
solution to the Stochastic Heat Equation in dimension 2, a critical singular SPDE that lies beyond the reach of
existing solution theories. The SHF also offers a rare example of a non-Gaussian scaling limit for a disordered
system at its phase transition point in the critical dimension.
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In a nutshell

Stochastic Heat Equation (SHE)

dru(t,x) = Ayu(t,x) + B E(t,x) u(t,x) t>0, x € RY
Singular random potential &(t,x) “space-time white noise”
Main result

We construct a natural candidate solution of SHE in space dimension d =2

called the critical 2D Stochastic Heat Flow (SHF)



Why is it interesting?

dru(t,x) = Axu(t,x) + B E(t,x) u(t,x) (SHE)

» Fundamental PDE + universal random potential &(¢,x)

white noise = “continuum” i.i.d. random variables
» KPZ equation [Kardar-Parisi-Zhang PRL 86]
Oeh(t,x) = Axh(t,x) + |Vxh(t,x)|> + BE(t,x) (KPZ)

Cole—Hopf transformation h(t,x) = logu(t,x)



Why is it difficult?

dru(t,x) = Axu(t,x) + B E(t,x) u(t,x) (SHE)

non-smooth function d=1

E(t,x) is a distribution  ~»  u(t,x) expected _ o
genuine distribution d > 2

Product &(t,x) u(t,x) unclear: no classical space to solve SHE

Stochastic integral for d =1 [Ito/Walsh, Da Prato~Zabczyk]

SHE solution u(t,x) >0 _
~o “KPZ solution” h(t,x) = logu(t,x)
starting from u(0,-) >0



The role of dimension

Revolution in 2010s: robust solution theories for sub-critical SPDEs
[Hairer Invent. Math. 14] [Gubinelli-Imkeller—Perkowski Forum Math Pi 15] [...]
These theories apply to SHE and KPZ only for d =1

Space-time blow-up i(t,x) := u(€’t,ex)

deii(t,x) = Dxii(t,x) + €27 B E(t,x) i(t, x)

vanishes d<?2 sub-critical
as € | 0 the noise strength < unchanged d =2 critical
diverges d>?2 super-critical



What can we do?

We focus on the critical dimension d =2
Regularized noise &y (t,x) by discretization on scale 4;
~>  Well-defined solution up(t,x)

{atu/\/(t,x) = Aup(t,x) + B En(t,x) un(t,x)

(reg-SHE)
un(t,0)=1 (for simplicity)

Fix En(t,x) —— E(t,x) Does up(t,x) converge to
—>00

an interesting limit?



Which notion of convergence?

Do not expect pointwise convergence ¢:R> >R

Space-average un(t, @) = /2(p(x) up(t,x) dx SN U(t, Q) (?)
R

N—o0
<= random measure on R? up(t,x) dx NL> % (t,dx) (?)
—>00
Convergence? No interesting limit ¥ fixed 3 [Berger—C.~Turchi 25+]

1 iff=0

ensity @ (R%) un(t, @) N—soo {0 if >0



The need for renormalization

NG 9
We tak = ~——1
etake  f=Ppu V9og N +IogN
aIflJN(t-?X) = AXUN(tJX) + B/V éN(t7X) UN(t7X) (reg_SHE)
Formally By En(t,x)un(t,x) — 0 ... but actually not!
> Var[u/\/(t,(p)} N—> Kf"((p,(p) >0 [Bertini—Cancrini J Phys A 98]
—>00
» Higher moments converge [C.S.Z. CMP 19] [Gu—Quastel-Tsai PMP 21]

Does up(t,¢) converge to an interesting limit ? (<= upn(t,x)dx)



Main result

'heorem [C.S.Z. Invent. Math. 23]
ﬁ 19
Tak = —— 14+ — f R
ake By og + og or some ¥ €

Then up converges in law to a unique and non-trivial limit %%

uN:(uN(t,x)dx)tZO — 4 @ = (62/19(t dx))

N—oo t>0

stochastic process of

%? = critical 2D Stochastic Heat Flow (SHF) = 5
measures on R



SHF and Stochastic Heat Equation

The SHF is a “candidate solution” of the critical 2d Stochastic Heat Equation

% (t,dx) (initial condition 1 at time 0)

We actually build the SHF as a two-parameter space-time process

(%ﬁ(s,dy; t,dx)) (starting at time s from dy)

0<s<t<oo

Why “flow"? Chapman-Kolmogorov for s < t < u [Clark—Mian 24+]

%ﬁ(s,dy; u,dz) = / %ﬁ(s,dy; t,dx) 02/’9(t,dx ; u,dz)

x€ER2 S "
€ non-trivial “product

of measures



How does the SHF look?

We can efficiently simulate the SHF via up/(t,x) time O(N?)

Some not-so-randomly picked realizations [M. Mucciconi, N. Zygouras]

0,0 V"r‘ ‘t"”’"

KPZ ~ |Og UN(t,X) A|pS, Italy/France (vecteezy.com)


https://it.vecteezy.com/foto/11642267-inverno-paesaggio-visualizza

Properties of the SHF

> as. %V (t,dx) is singular w.r.t. Lebesgue [C.S.Z. 25+]

“not a function”

> as. %V (t,dx) € €K forany k>0 (in particular: non atomic)

“barely not a function”

> E[%V(t,dx)]=dx  E[%Z"(t,dx)% " (t,dy)] = K’(t,x—y) dx dy
~ log|x—y|~1

» Formulas/estimates for moments (integer and fractional)  [C.S.Z. CMP 19]
[Gu—Quastel-Tsai PMP 21] [Ganguly—Nam 25+] [Berger—C.—Turchi 25+]

» Scaling covariance a2 ! % ?(at,d(\/ax)) g  Ut1oea(t dx)



SHF and white noise

Does SHF %/ ?(t,dx) satisfy a SPDE driven by white noise &(t,x)?

» SHF % ?(t,dx) is the limit of regularized SHE solutions up(t,x) dx

{atUN(t,X) = Ayun(t,x) + B un(t,x) En(t,x) (reg-SHE)

un(0,x) =1 (for simplicity)
» White noise &(t,x) is the limit of regularized noise & (t,x)

(E,v) I|m /5,\, (t,x) w(t,x)dx in distribution Yy e CF



No equation for the SHF

Theorem [C.—Donadini 25+]

(én, un) NL> (& 27) with & and ? independent

—o0

Puzzling: wup is a function of £y ... yet dependence is lost in the limit!

%" cannot solve a SPDE driven by &

Same result for white noise mollification [Gu-Tsai 25+]

Proof: %7 is a “black noise” (3 la Tsirelson)



Axiomatic characterization

Theorem [Tsai 24+]
Let 2 = (Q@,t(dx,dy))sgt be a stochastic process on . (R? x R?) satisfying
» continuity of (s,t) — 25+
» independence of 25 ; and 2%, Vs<t<u
» convolution 25, = Z5+* Z:, (Chapman-Kolmogorov) Vs<t<u

> moments E[[]/_; 2% (¢, ;)] for n=1,2,3,4 coincide with those of % ”
for some ¥ € R

Then 2 has the same distribution as the SHF %%



Strong disorder

9 \-1

The SHF emerges in the critical regime B = \/% (1 — |ogN>

What about the strong disorder regime ¥ = ¥y — oo ? \/% < B <0(1)
Theorem [Berger—C.—Turchi 25+]
Local extinction / up(t,x) dx LN for R = e N, fg=e F°

V—r4-o0
B(0,R)
Corollary: wP (B(0,R)) —2 40 for R = ec”

V—r+o0



Weak disorder

What about the weak disorder regime % = ¥y — —oo 7 0<B < \/%

Regularized (multiplicative) SHE “converge” to additive SHE v(t,x)

Orv(t,x) = Axv(t,x) + &(t,x) (Edwards-Wilkinson)
Theorem [C.S.Z. AAP 17] [C.~Cottini-Rossi AAP 25]

\/W{UN(t,X) dx — dx } SN v(t,x) dx

V——o0

\/W{%ﬁ(t,dx) — dx} 7 v(t,x) dx

Y——o0

Results on moments and maxima [Cosco—Nakajima—Zeitouni] [Liu—Zygouras]
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Directed Polymer in Random Environment

A
» S =(S,)n>0 simple random walk on Z¢ S
n
» Independent Gaussians w(n,x) ~ .4#7(0,1)
N b p
> H(S,0) = Z o(n,Sp) ~ AV(ON—-k) o « N
n=k+1
Partition Functions (keN, ze z9

Zy g(k,z) = E[eBH(S’“’)*%BQ(N*k) ‘ Sk :z]



Partition functions and SHE

Diff. rescaled partition functions = discretized SHE solutions
ZN g (N(1— t),\/ﬁx) = up(t,x) (time rev.)
Partition functions solve a difference equation: with Ey ~ @

deun(t,x) = Agun(t,x) + BNTZ" En(t.x) un(t,x)

uny(0,x) =1 Bsue

(reg-SHE)

Discrete analogue of Feynman-Kac

(%) ~ E[ e o8 e

Bit+= X]



Existence of subsequential limits uy, (t,x)dx — % Y(t,dx) is easy. Uniqueness?

Cauchy sequence
un(t,x)dx = up(t,x)dx for large N, M
» Coarse-graining (tool: sharp second moment computations)

» Lindeberg priciple (tool: higher moment bounds)

Probabilistic handle on the SHE solution up(t,x) via directed polymers

Correlation of upy(t,x) ~» overlap of random walks



Summarizing

Singular Stochastic PDEs such as SHE and KPZ
closely linked to Directed Polymers

(discretized solutions «~» partition functions)

Role of dimension d and disorder strength 3

Critical dimension d = 2 + critical disorder strength B = By

Scaling limit of partition functions ~» Stochastic Heat Flow % ¥(t,dx)

Many features are understood, but several questions are still open



Future challenges

» Finer regularity properties of the SHF
» Universality
» SHF as a Markov process

» Martingale problem [Nakashima 25+] [Chen 25+]

v

Critical 2d KPZ? “How to take log of %77 ?"



Related models

Stochastic Heat Equation with Lévy noise [Berger—Chong—Lacoin CMP 23]

dru(t,x) = Axu(t,x) + B &(t,x) u(t,x) P((>t)~t “

Anisotropic KPZ equation [Cannizzaro—Erhard—Toninelli CPAM 23, Duke 23]

Ieh(t.x) = Deh(t,x) + B{ (9 h(t.x))? = (Bh(t.x))?} + &(t,%)

Stochastic Burgers equation [Cannizzaro—Gubinelli-Toninelli CMP 23]
[Cannizzaro—Moulard—Toninelli 25+]

31 (t.x) = Axn(t.x) + w- [V (£ )P + V-&(t.x)
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