The 2D Stochastic Heat Equation

in the strong disorder limit

Francesco Caravenna

University of Milano-Bicocca

Renormalization from Quantum Field Theory to Statistical Mechanics
and Complex Systems

Collegio Ghislieri, Pavia ~ 13 January 2026



Collaborators

Quentin Berger Nicola Turchi
(Sorbonne Paris Nord) (Milano-Bicocca)



Collaborators

Rongfeng Sun (NUS)
and

Nikos Zygouras (Warwick)




1. Stochastic Heat Equation



Stochastic Heat Equation

Heat equation with multiplicative singular potential t>0, xecRY
deu(t,x) = Dyu(t,x)+ B E(t,%) u(t,) (SHE)
B >0 coupling constant &(t,x) = “space-time white noise”

Gaussian with cov. 6(t —t') §(x —x')

(d = 1) sub-critical: well-posed (Ito-Walsh / Robust solution theories)

(d = 2) critical: How to define a solution?



Regularisation

Regularized noise &;(t,x) ~ well-defined solution wy(t, x)

(discretized on scale 1)

drui(t,x) = Axur(t,x) + B E1(t,x) u1(t,x)

Diffusive rescaling un(t,x) = u1<N t,\/ﬁx) (large-scale properties of u;)
atUN(t,X) = AXUN(t7X) + ﬁ EN(t7X) UN(t,X)

with g,\,(t,x) = Nél(Nt, \/Nx) NL> white noise &(t,x)
—>00

(discretized on scale 1/v/N)



Convergence?

Two reasons for studying upy(t,x) as N — o

» Large-scale (diffusive) behavior of the regularized SHE solution uy(t,x)

» Approximation of the ill-defined original SHE with space-time white noise

Convergence of up(t, @)= /2 un(t,x)o(x)dx ? [peC. 9>0 [@=1]
R
NO! Theorem [Berger C. Turchi 25]
For every B > 0 we have un(t, @) %) 0
—>00

Finer results later!
druy = Dxuy + B Enun



2. The critical regime



Renormalisation or “taming infinities”

Why local extinction up(t, @) o 07 Set up(0,x) =1 (say)
—>00
» Mean is constant E[un(t, )] =1
» 2"4 moment explodes E[u,\/(t,go)z} —> o Vfixed B >0

We can tame the moment divergence by tuning =y —0 as N — o

> E[un(t,9)?] — Ke(p,9) >0 [Bertini Cancrini 98] [C.S.Z. 19]

» Higher moments converge too [C.S.Z. 19] [Gu Quastel Tsai 21]

Convergence uy —> % ? druy = Dxuy + B E,\, unoiW = D% + 0 777



The critical 2D Stochastic Heat Flow

Theorem [C.S.Z. 23]

1%,
Critical window B2 = x (1 ) for some ¥ € R

log N * log N

uy converges in law to a unique and non-trivial limit % ?

(un(t,@) un(t,x)dx) g ——— (%°(t.9) %°(t.dx))

N—yoo t>0

#° = critical 2D Stochastic Heat Flow (SHF) — Stochastic process of _
random measures on R



Key properties of the SHF

> as. % Y(t,dx) is singular w.r.t. Lebesgue [C.S.Z. arXiv 25]

“not a function”

> as. %Y (t,dx) € €K forany k>0 (in particular: non atomic)

“barely not a function”

» Formulas for all moments [C.S.Z. 19] [Gu—Quastel-Tsai 21]

> Scaling covariance  a~! % V(at,d(y/ax)) £ % F183(¢, dx)
» Axiomatic characterization via independence & moments [Tsai 24-+]

» Universality w.r.t. approximation scheme [C.S.Z. 23] [Tsai 24+]



0.00294




3. Strong disorder



SHF and SHE

The SHF % P (t,dx) provides a “solution” to the ill-defined 2D SHE
dru(t,x) = Au(t,x) + B E(t,x) u(t,x) u(0,-)=1

Noise regularization £ =&y +  Critical scaling 8 = Bn(¥) =0

2_ _T (1__ o4 )_1: T 5 = log N — &=
P = i log N ogN—o o8

Strong disorder
Any regime of ¥ = O(N,) = 1 < % < logh—0(1)

fixed B>0



Local extinction

We show that wy locally vanishes for strong disorder

Theorem [Berger C. Turchi 25]
un(t, @) NL> 0 as soon as ¥ — oo (including fixed B > 0)
—yoo

Speed of convergence?  We obtain quantitative bounds

Fractional moments Truncated mean

Elun(t,@)"] with y€(0,1) Elun(t, @) A1] = P(un(t,9) > U(0,1))

We set for simplicity t =1 (no loss of generality)



Quantitative bounds

Theorem [Berger C. Turchi 25]

There are ¢, C such that

cexp(—Ce?) < sup E[uN(l,(p)/\l] < Cexp(—ce?)
(pG.///l(eccﬁ)

Ve € (0,1) there are cg, Ce such that
ce exp(—Ce?) < sup  P(un(l,9)>€) < Ceexp(—ce”)

(IS4 (eceﬂ)

LB: 2" moment method UB: coarse-graining + change of measure



Superdiffusivity

. v
Rewrite the rate e’ = e/

Super-rescaled solution

Theorem

There are 0 < a < b < o such that

/cp

V density @ € C.(R?)

Conjecture: non trivial limit

with fg = & (0=

uy(t,x) == uy

u(t,x)dx % A (dx)
—>00

|ogN—[ﬁ)

(t,eceﬂx) = ul(Nt,eCfﬁN Nx)

[Berger C. Turchi 25]

0 ifc<a
uN(tde—> .
N—soo 1 ifc>b

for some ¢ € (a, b)



4. Directed polymers



Directed polymers partition functions

A
» S =(S,)n>0 simple random walk on Z¢ S
n
» Independent Gaussians w(n,x) ~ .4#7(0,1) X
A A
> H(va) = Z w(nasn) 0 K N
n=k+1
Partition Functions (keN, ze zZ9)

ZR 5k,2) = E[PHE@-F (-0 |5, _ ;| E[Zy,] =1



Partition functions and SHE

Partition functions Z,(\‘,’ﬁ(k,z) are solutions of A
discretised Stochastic Heat Equation Sm
Diffusive rescaling (+ time reversal) ? |
un(t,x) = Zy g (N(1—t),VNx) 0] N ]
Orun(t,x) = Dxun(t,x) + B Sn(t,x) un(t,x) (disc-SHE)

un(0,x) = 1 white noise discr. on scale 1/v/N



Local extinction and free energy

Quantitative bounds for Z2 .(f) — 0 uniformly over N € N, B € (0, o)

N.B
Theorem [Berger C. Turchi 25]
cexp(—Ce?) < sup E[Z,(\‘,’_ﬁ(f)/\l} < Cexp(—ce?)
fe///{lisc (eceﬂ\/ﬁ)
Free energy: Z,‘\*,’ﬁ(O) = el(B)N+o(N) - 0 [Lacoin 10, Berger Lacoin 17]
Ll —»00
Theorem [Berger C. Turchi 25]

— £ exp(— %) < F(B) < —c exp(— %)



5. Sketch of the proof



Proof of the UB: coarse-graining

sup E[Z,(\‘,’ﬁ(f)/\l] < Cexp(—ce?) for any ¥ = ¥y — o
fe///fisc (eceﬁ\/ﬁ)

> Change of scale argument: reduce .35 (e“¢" V/N) to .#85(v/N)

reduce ¥ = ¥y — oo to fixed ¥ €R

» Coarse-graining argument:
replace exp(—ce”) by any f(¥%) =0

for fixed ¥ €R

SJle

Key bound sup E[Zﬁ.ﬁ(f)/\l} <
fe I (VN /



Proof of the UB: change of measure

Change of scale: sup E[Z,\“,’.B(f)/\l] < sup E[Z/‘\‘,’.ﬁ(f)/\l}
fetI<(VN) ’ feJe(VeN) '

™ IN

Idea: for f on scale v & N, partition function Z,‘\*,’ﬁ(f) is almost point-to-plane
Size-biased law P(dw) := Z(w) P(dw) for Z(w) = Zlilo,ﬁ(f)
Change of measure

E[ZA1] < P(A) + P(A9) for any event A

Optimal with A={Z > 1} (but we don't know Z ...)



Proof of the UB: choice of a proxy

Take X with E[X] =0 and set A= {X > 1E[X]}

Var[X]
EX]?

Var[X]

By Chebychev P(A) <4 -
y Cheby (A) < EX?

P(A°) <4

We take X as a manageable proxy of Z: restrict the chaos expansion of Z to

width(/) = nx —n; < eN,

F={(m,x),-...(ne,xe)} with {|/|=k§|og(€N)

We finally estimate Var[X], E[X] (2"¢ moment) and Var[X] (3" moment)



6. Conclusions



Conclusions

2D SHE with discretized noise «~+ directed polymer partition function
Strong disorder regime: local extinction with quantitative bounds

Y = logN — ﬁ_:rz — o (including fixed > 0)
Mass escapes to infinity at spatial scale exp(ce?”) = exp(ce”’/ﬁ2 N)
We expect analogous result for the mollified SHE (in progress)
Robust proof: coarse-graining + change of scale + change of measure

Q. Berger, F.C., N. Turchi. arXiv: 2508.02478
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