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O - OUTLINE
« PRESENT AN ENHANCED VERSION OF THE RECONSTRUCTION THEQREM

* OPTIHUAL ASSUMPTIONS % ELEMENTARY APPROACH

(No REFERENCE TO REGULARITY STRUCTURES )
« DISCUSS A CQUPLE OF APPLICATIONS

e SKETCH THE MaWN [DEAS QF THE PReOE



4 - INTRODUCT 0N
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PROBLEM: CAN WE FIND A SINGLE DISTAIBUTICN %GD WHI A 1S



2 - UNIQUENESS
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% Is “LOCALLY wWECL /-\FPROX\MATED“ Y T ? N

RESCALED R
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UNIF. FoR % € ColPACT = A€ (o,1]
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LEMMA (UNIQUENESS). Fix AWy YeD with (¥ £0 . For ANY GERM
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2 - CoHERENCE
THE UNIQUE % WHICH SATISEES @ IS CALLED RECONSTRUCTION oF F=(Fx)
PROVINED T ExISTS!  WE MUST IHPOSE CoNDITIONS ON THE GERM F= (Fx)

DEFWITION (COHERENCE). Fix ¥eR . A GERM F=(Fx) s ¥-conERenT

\F THERE (s ONE TEST FUNCTION P €D WiH (9%0 sucH THAT:

(P -Fo) (02 5 A% (ixme )t
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N e R compacT
UNIE- For 9 €K AND ne (o]

TOR SOME &= ok SUCH THAT <o AND o £

IF &=« (VK) we sar THAT F = (Fx) IS (X,¥)- COHERENT



COHERENCE (5 A PRECISE WAY T0 REQUIRE THAT

i

Fr AND Ty ARE SUITABLY CLOSE WHEN x Awd Y ARE CLOSE'

EXAMPLE. LET F=(Fx) 8E (x,¥)-COMERENT WITH ¥70 A «<0

t
CONSIDER \x-kg\ =N tefo,1] WHICH INTERPOLATES RETWEEN 4 AND

|\(F-F)e)) < A =4,

EY + (t-6)< {7\"‘ Fo\x-9]=1
A I ER)

LEMMA (HOMOGENEITY). IF F=(F) s COMERENT, THEN
Y keg? coMpacT |5 (22 < A®  UnE For ve K A Neal

FoR SoMe = P < . WE CALL Py HOMOGENEWY of F oN K.



4 - RECONSTRUCTION THEOREM

THEOREM (RENSTRUCTIONY. (ET F=(Fx) Be ¥-CoMEReNT (¥e R)._

THERE Ex15Ts A DIsTRIBUTION JﬁeDl WITH THE FoLLOWING PROPEETY :

Y Kke IR"( COMPACT ¥ Ve ) SuPPORTED N BCO,l))

2° F ¥+0

(1+Wy2l) IF ¥=0

|(4-F) ()| s C

UNIE. FoR x € K AND \e (o,1]

C=C(kF )= c(KF) litice  FrAWY T > wmax -4, P}

IF¥>o0, g = RF Is UNIQUE AND LINEAR
(F ?{goj Jg IS NOT UNIQUE  BUT CAN BE CHOSEN SO THAT THE MAP

e gsm: \S LINERR  ON (X, )- COHERENT GERNS



e THE FAMILY OF COHERENT GERMS 15 A VECTOR SPACE
e TR ¥=0 \203%\ CANNOT BE DROPPED
* FoR ‘6#0/ 3 % € D\ SOCH THAT Kel&“ COMPACT 31=1K6N :
(4-F) (42)] £ vlige 2 ®D)
UNIE. FoR xe K | Ne(o 2] Avd '?eD SWPPORTED W B(o)

REMARKABLY | (COPERENCE IS NECESSARY Fok (RT), MENCE (T 1S AN

OPTIMAL ASSUMPTION For THE RECONSTRUCTION THEOREM .

PROPOSITION. A GERM T =(K) saTISFIES @ IFR TS ¥-CORERENT.



5 - COMMENTS

THE RT WAS FIRST PROVED BY MARTIN HARER (2014) \N THE FRANEWORIL

OF HIS THEORY OF REGULARITY STROCTURES _

d
IT 1S AN EXTENSIOn N R (AND To DISTRIBUTIONS) OF THE SEWWG LERNA
BY M. GUBINELL) (z004) AND D. FEYEL & A.DE LA PRADELLE (2006).
ORIGINAL MOTIVAT(ON: THE THEORY OF ROUGH PATHS Y T. LYONS (19%3)

MAIRER'S OR\GWNAL PROGF 1S BASED ON WAVELETS AN ALTERNATIVE
ER

PROOF USING SEMIGROUPS wWAS GINEN BY F, 0TTo AND H. WEBER (2019)

QUR PROOF 1S BASED ON ~ARBITRARY TEST FUNCTION f €D WITH S\{)#;o

(wE WILL EXPLAIN THe KEY IDEAS ).



EXANPLE: & KEY CLASS OF («,%)-COHERENT GERMS F = (Fy)

Tueke ARE YER. avd A TWNITE SET (A < R SucH THAT

(R () & > amvesl’ "

mé(—\/m<\(
of ¥~ ol
NN (\X-SH’}\) WHERE  oli= win (ﬂ)
THIS INCLUDES ALL GERMS ARISING (N REGULARITY STRUCTURES .

y
‘(A T G) reccarmy stroctre +(TT, Ty, ) MODEL ov R

] / Hﬁ/

. g £ D® MODELLED DISTR|8UTION

~~p THE GERM F:(F}(.,:l—ﬂ(j?(x))“ma SATI\STIES



®

6 - NEGATIVE HOLDER SPACES

1 “
DEFINITION = A DISTRIBUTION T&D 1S HOLDER WiTH EXPONENT o(SQ/

WRITTEN Te €% F For SOME (MENCE ANY) 25— WE HAVE

UNIF. For X € (oMPACT SETS NE (0,1

TN € Yt e
AND e SUPPORTED IN B(0,4)

AS A COROLLARY OF OUR APPROACH —WE OBTAIN THE FOLLOWING

THEOREM . Te 8"( = \T(??)\ S ,)\°< FoR A SINGLE Pe]D witH S‘PiO-

THEOREM . IF T =(Fx) IS ¥-COHERENT WiTH HOMOGENETY [P = (> sg

THEN THE REWCNSTRUCTION g:: R,F é ‘6(5_



7 - YOouNG PRODUCT

WE CaAN MOLTIPLY DISTRIBUTIONS 9 € D' WITH SHO0TH TFUNCTIONS ge CO?_

(9%)C) = o ()
F fe € WiTH x>0 THis No LONGER MAKES SENSE (v ¢ D )
BUT WE CAN STILL GIVE A LOCAL DESCRIPTIoN OF THE PRODUCT:
(9 -F)(®) = o(Rv), F, = TAYLOR POLTNOMIAL OF £ AT x
OF MAXIMAL DEGREE
THEOREM. (F fe'€® A o¢’ W pso , The Gern (o Fr),
'S G{+(D)-QOHE\ZENT‘, |F LG 70 TS RECONSTRUCTION IS A

CANONVCAL ExTENSIoN OF THE PRODUCT For (§ 9) € ¢ x e’
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% - SKETCH OF THE PROCF OF THE RT (¥>0)

FIx ANY TEST FONCTION ¢ € D wiTH 359:1 AND ANY SEQUENGE S.b 0.

THEN gm(%) = LS’ = ARE MOLUTFIER ¢ : S“*np >
g ed ) o

N—= oo

[T FOLLOWS THAT TFOR ANY DISTRIBUTIeM JGKGD\
+ ~ Y (=) Az
§00) = B fisaeny = Lo 560)

GIVEN A GERM F = (F,) we rePAc §(p5) B F (pf"):
~~>  DEFINE %V\(ﬂ/) [ = 5 AEL:(]:%“)”V(%) dz
R

GOAL: SHow THAT §  — %:RP_
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WE CHOOSE ¢, = AND SJ:: Y x P So THAT

S

Ew\-\ ¢n vV En

e (e (pe ) - R

1, gu\—\-l Sv\
WITH P = 9% = ® _ Thg DIFFERENGE -7 A CoNVDLUTION |

ASSUME THAT S 2" P@)dz =0 v 1s\k)ga-t

THEN gz“¢(8142:o Vo< i<t

LEMMA S@“ (37w d)@de = | P e vie 5 & Ivien
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THE CHOICE ¢ = @ ) P ALLOWS US TO COMPARE EFFICIENTLY

DIFFERENT DTADIC SCALES | PROVIDED P ANNIHILATES MONOMIALS

THE TeST FUNCTION Y e D <wmr\ g*[’f(o) N WAS ARBITRARY .

WE "“TWeak P To MAKE IT ANNIHILATE MONOMIALS

UP To A FIXED TEGREE T-1 <\,\/[THOUT DISTROYNG COHERENCE I,)

LEMMA  (TWEAKING ) _  FixX ANY ODISTINCT )\, N, ) Anot AND DEFINE

C. iz T N
wE {oli..)fL-i‘S\{{g A=A
a1
A .
THEN P :c i C. &Pf}‘” SATISFIES g EK \/@(z) dz =0 \f 1< v £T-1
K=0 d

R
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