Polynomial Chaos and
Scaling Limits of Disordered Systems

5. Marginally relevant systems

Francesco Caravenna

Universita degli Studi di Milano-Bicocca

Levico Terme ~ September 30 - October 2, 2015

Francesco Caravenna Scaling Limits of Disordered Systems Sep 30 - Oct 2, 2015



Overview

In the previous lectures we focused on systems that are disorder relevant
(in particular DPRE with d = 1 and Pinning model with a > %)

» We constructed continuum partition functions Z"

» We used Z" to build continuum disordered models P"

» We used Z" to get estimates on the free energy F(f3, h)
In this last lecture we consider the subtle marginally relevant regime
(in particular DPRE with d =2, Pinning model with o = %, 2d SHE)

We present some results on the the continuum partition function

Francesco Caravenna Scaling Limits of Disordered Systems Sep 30 - Oct 2, 2015



Outline

1. The marginally relevant regime

Francesco Caravenna Scaling Limits of Disordered Systems Sep 30 - Oct 2, 2015 3/13



The marginally relevant regime

Outline

1. The marginally relevant regime

Francesco Caravenna Scaling Limits of Disordered Systems Sep 30 - Oct 2, 2015 4 /13



The marginally relevant regime

The 2d Stochastic Heat Equation

Oeu(t, x) = LA u(t,x) + B W(t, x) u(t,x)

u(0,x) =1 (t,x) € [0,00) x R?

where W(t,x) is (space-time) white noise on [0,00) x R?

Mollification in space: fix j € C§°(RY) and set js5(z) := ~1j(v/62)

Wit )= [ ix=y) Wie.y)dy

t
Then  uj(t,x) = Ex [exp{ﬁ / Wa(t—s,Bs)ds—;ﬁztljaﬁﬂ
0

d
By soft arguments us3 ~ ZJ 5 (partition function of 2d DPRE)
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The marginally relevant regime

Scaling limit of marginal partition function

Theorem 1. [C., Sun, Zygouras '15b]

Consider DPRE d=2 or Pinning a= % or 2d SHE
(or long-range DPRE with d = 1 and Cauchy tails)

: B ” : :
Rescaling f := —— (and h=0) the partition function converges in
vlog N

e d log-normal if B <1
law to an explicit limit: ~ Z§, v zZW = { & p
— 00

0 if3>1
1 1
ng AW — = z ith s = log ———
exp{aﬁ 1 20'6} Wi UB Ogl_B2
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The marginally relevant regime

The regime 3 =1 (in progress)

What happens for > 17 Z}/(t,x) =0 in law for fixed (t,x)

However, Z [/ (t, x) should have a non-zero limit if we look at it as a
space-time distribution (actually a measure) cf. [Bertini, Cancrini 95]

Although Var[Z[/(t,x)] = co covariances are bounded on diffusive
scale

o[z (6., ZW (e~ K((52) s (5 20))

N— oo

Then  Var[(Z[/, ¢)] — (¢, Kp) < oo  for every ¢ € Co([0,1] x R?)

@ d=gm L o(gon) 2

(t,x)eENXZ?
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The marginally relevant regime

Multi-scale correlations for 3 < 1

Theorem 2. [C., Sun, Zygouras '15b]
Consider DPRE with d =2 or 2d SHE (fix B < 1)

Fix space-time points X = (ty,xy) and X' = (ty,xy) with

IX = X|| := |ty — th] ++/|xn — x| ~ N ¢€(0,1)

w w d —1Var '—Lvar[y’

Then  (Z§(X), Z§(X)) —— (e~ ¥/—dvarlv)
o 2 , 1—¢p?
Y,Y’ joint N(O,oﬁ) with Cov [Y,Y'] =log —

1- /2
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The marginally relevant regime

Fluctuations for B <1

Theorem 3. [C., Sun, Zygouras '15b]

DPRE with d =2 or 2d SHE

1
Vlog N

Consider
ZY(t,x) =~ 1 +
where G(t,x)

Cov [G(X), G(X")] ~ C log

(%> )

is a Gaussian field on [0,1] x R? with

X = X|

(fix B < 1)

(in &)
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The marginally relevant regime

Proof of Theorem 1. for pinning

N

% = Z 5k Z Xn1Xn2"'Xm<
/e —ng - /nc— iy

k=0 o<m<...<n<N

A R 2
B X s XX
=1 —_—
* \/IogNOgéN\/ﬁ * («/IogN) Z vnn —n M

0<n<n’<N

Goal:  find the joint limit in distribution of all these sums J

~~ blackboard!
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The marginally relevant regime

Fourth moment theorem

4th Moment Theorem [de Jong 90] [Nualart, Peccati, Reinert 10]

Consider homogeneous (deg. £) polynomial chaos Yy = Z () HX,-
[1|=¢ iel

> max; Yy (F) VR 0 (in case £ =1) [Small influences!]
—00
» E[(Yn)?)] —— o2
N—oo

> E[(Yn)"] — 30°
N— oo

Then Yn L>/\[(Oa‘72)

N—oo
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The marginally relevant regime
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The marginally relevant regime
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