
  

HAIRER'S RECONSTRUCTION THEOREM

WITHOUT REGULARITY STRUCTURES

FRANCESCO CARAVENNA

University of Milano Bicocca Italy

JOINT WITH LORENZO ZAMBONI

ONEWORLD PROBABILITY SEMINAR 21 JAN 2021



 

0 SUMMARY

Stochastic analysis the Sewing Lemma

Hairev's ReconstructionTheorem

elementary approach optimal assumptions

Examples and applications



 

1 THE SEWINGLEMMA

Fix two continuous but non smooth functions

X Y io e IR possibly random

n io
How to define the product fai Ntt Yao

il t il
Define its integral It faNoioso di

Keyproblem in stochasticanalysis Y Brownianmotion

Robust definition of II 1



 

Local description

filminidu X Yeti Yu todt si tifsmooth

Itti Iis Als.tt tollt.si 2

GERM

SewingLemma Gubinelli 04 Feyel de la Pradelle 06

Equation 2 has a solution unique if for some 870

Arst ANNI Aiuti e it si seu et

s u e Alo is called coherent germ



 

Basic germ Ais.tl tisi Yeti tisi

tanto Anni Anni INNI No Yeti Tn

Assume te l Yelp lu si it up f It slap
coherent

Il Il
Young1936 tale fottentidu canonical for otp 1

4 13 Brownian motion p Youngrequires a È

This rules out most interesting cases



 

SOE driven by Brownian motion sesmooth

Iei e onanisti

Expect Xe c'with a p la at per

Basic germ Arst tesi IH Bio not coherent

Enriched germ coherent Roughpaths

Arti tesi Bai Bni t Kiss ftp.brsdbnidv

sottoporsi Ita Stratanovich



 

2 DISTRIBUTIONS

d a
Functions ma Distributions

SewingLemma woo Reconstruction theorem

Itti Iis Arst odt.si a

Local approximation of Itti Ils is the germ Ars ti

Local approximation of fai IN is folti ftp.t

f ftp.t TE Iei tout si si

I distributions I



 

D 4 R IR te CI test functions

D f D R linear continuous distributions

I Keiracompact 7 rerkc.IN V'YeD supple eK

14,41 e nero iii nonna

Definition A GERM E end is a Familyof distributions

Problem Given a germ E end can we find a

distribution fed locally approximatedby E



 

What do we mean by locally wellapproximatedby E

Fix a test function led with foto

Rescaled test function

À ein fall IN

We can require the same as Csi e Io

8 te YI to 1 as ato

unif far incompactsets



 

We require slightly more ora ma Olà

Problem Given a germ E end find fed suchthat

Itf E si e I ri

For some TED and 0 unit seco s in compact

Uniqueness is for free Existence requires coherence

s u e tanti Anni Anti e t.si

x y y ta µ
ILE f e ftp.xit.tt



 

3 COHERENCE

Definition Fix se IR A germ E end is 8 coherent

if there is one test function led with Il o sit

KE Fa Ef E Ì ix alta
V kc.IR compact

un p for yak and he Oil

for some a ok e 0 such that e si

If are a HK then E end is called io sei coherent



 

Coherence Fx and F are close when andy are close

Example I fan old germ Arst e io is 8 coherent

lars ti Ais v Ant le it sito

the new germ E qars.tt sep is f 1,8 coherent

Example fix a function f e l'with see o d

The degreeLN Taylorpolynomial off is 0,8 coherent

Fai d fai terzo F ei le ix altro si
Kid

a



 

4 THE RECONSTRUCTION THEOREM

Theorem Let file ad be a 8 coherent TER

Then 2 has a solution there is fed st

their compact Vite DI Biasi

y e IN if 870 unit for

Kf E III f ok

stilogai if 8 0 seco si

where CIK.fi e Inner for a suitable r

If si o then f Rf is unique and linear



 

Coherence is necessary for the ReconstructionTheorem

For te o no uniqueness linearity Ok

For see the bound legal is optimal

Coherent germs forma vector space y no angri

Local homogeneity of a germ for suitable p pie

te YIN E I Unite for e K zelo 1

in I satisfies ro Max f dea Per



 

5 REGULARITY STRUCTURES

Considera singular stochasticPDE on È fraLorenzo

In RS the distributional solution ha of the PDE
is represented by a coherent germ ti Hq

t.xlteo.eeRd model he D modelled distribution

ma si coherentgerm H Ht hai zza end

IF 870 the Solution is he RH reconstruction ofH



 

The germs arising in RS have a graded structure

Eri cani tiri
a

finiteIet Io basis ofdistributions

This structure allows to define e g products

Another key ingredient of Rs is Schauderestimates

Coherence in RS

ke fa ridi e è ix sta e è lievitato
crea ad mina
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