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Overview

We consider disordered systems that are marginally relevant
» Directed Polymers in Random Environment with d =2
» Disordered Pinning Models with @ = 1/2 (tail exponent)

» Stochastic Heat Equation (SHE) with d = 2

» Directed Polymer with Cauchy tails with d =1 [P(S1 > £n) ~ €]

We present some results on the the scaling limits of these models
The key focus will be on partition functions J

For simplicity, we only give statements for Directed Polymer
(but switch to Pinning for proofs)
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Directed Polymer

Outline

1. Directed Polymer
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Directed Polymer

Directed Polymer in Random Environment

» Reference Model: random walk (S,)n>0 on Z¢

- . £
(zero mean, finite variance, law P™")

> Disorder: i.i.d. (Wnx)neny, xez¢

A(B) = log E[e#“n] <00 (B8 > 0 small)

(zero mean, unit variance, law P)

Directed polymer in random environment

9(S) = o eXia(Buns,—NB) pref(g)

Zy

RW paths in corridors of large w > 0 have high probability (energy gain)

... but such paths are few! (entropy loss) ~ Who wins?
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Directed Polymer

Disorder Relevance

> [d >3, 8> 0small % “similar” to P! (entropy wins)
SN under P —<— A/(0,1) P(dw)-a.s
\/N N N—oo ’ -

i.e. the same under P™f [Imbrie, Spencer 1988] [Bolthausen 1989]

> [d <2, any 8> 0] P, “different” from P! (energy wins)

max Py (Sy=x) > ¢ >0 P(dw)-a.s.
xezd
unlike Pref(SN =x)= O(ﬁ) =o(1) [Carmona, Hu 2002]
[Comets, Shiga, Yoshida 2003]
(Conj. super-diffusivity!) [Vargas 2007]

Disorder is “irrelevant” for d > 3, while it is “relevant” for d < 2 )
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Directed Polymer

Partition function

The normalizing constant Z5, is called partition function

7% = g ezntl(ﬁwn,sn—w»} — pref [eﬁ PO ws} e ABIN

Martingale argument

P(dw)-a.s. lim Zy =22,
N— oo

Note that for 5 = 0 (trivially) Z5 =1

>0 if B < B (weak disorder)

» [d >3] 3B >0 suchthat Z% _ .
=0 if 8> (¢ (strong disorder)

> [d<2] Z; =0 forall >0 (strong disorder), i.e. 5. =0
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Directed Polymer

Intermediate disorder regime

Case d < 2: any fixed disorder strength 8 > 0, no matter how small,
has dramatic effects in the large scale regime N — oo

Intermediate disorder regime?

Can we tune =y — 0 as N — oo and see interesting effects ?
Find the (vanishing) window for 3 in which “strong disorder emerges”

Cased =1 [Alberts, Khanin, Quastel '14]
B

_ w d w 9 _on O
If By = N/ then Z% o Z"  where the limit is random

ZW >0 forall §>0 lim 2" =1 lim 2% =0

B—0 B—00

4

Strong disorder emerges on the scale 3 oc N—1/4 (no “phase transition™)
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Main Results
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2. Main Results
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Main Results

Marginal relevance

(Marginal) relevance holds at the critical dimension d = 2

Logarithmic replica overlap

N N
R = Emflzl{sn—s;}
n=1

=Y Y P(Si=x)> ~ clogN

n=1 xe72

The same scaling Ry ~ clog N happens for:

» random walks on Z with Cauchy tails

> renewal processes with tail exponent 1/2 (~» Pinning Model)

The next result applies to any of these models
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Main Results

Theorem 1. [C., Sun, Zygouras '15]

Rescaling f := ———the partition function converges in distribution
vclogN
zs d 2w _ log-normal |f@ <1
N— oo 0 if ﬂ Z 1
For B < 1:
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Main Results

Some comments

» Universality across models. All marginally relevant Directed Polymer
and Pinning models exhibit the same limit in distribution for Z{,

The same also for the 2d Stochastic Heat Equation (see below)

N

B
vclog N

> Phase transition (weak to strong disorder) at scale 5§ =
with finite critical point BC =1

The same intermediate disorder scale appears in [Lacoin '10] and
[Berger, Lacoin '15] where they obtain free energy estimates

Be =1 (threshold for Z% — 0) corresponds to E[(Z%)?] — oo

(unlike Directed Polymer for d > 3 or Gaussian Multiplicative Chaos)

» Key challenge. Identify the limit for 3. =1 (work in progress)
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Main Results

Main result 2: different starting points

Let Z%(x) be the partition function for the RW starting at xv/N

Zjj(x) = B[O ( So=xVN]| (x € R?)
We look at Z{(x) as a random field on R?. Scaling limit? J
Henceforth we fix (= \/ﬁw with 3 <1 (“weak disorder’ regime)

Theorem 2a. [C., Sun, Zygouras '15]

Zy(x) and Z$(x") are asymptotically independent for x # x’

Corollary

(Z§,, ¢) ——— — (1, ¢) for every ¢ € Co(R?)
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Main Results

Main result 2: multi-scale correlations

Dependence in Z{{(x), Zy(x") at which scale of [x — x’| 7 All scales!

Introduce the shorthand :eY: = e

Y —1Var[Y]
Theorem 2b. [C., Sun, Zygouras '15]
Fix x = xy, x' = x), such that
x = x| < (VN) ¢e[o1]
Then

(Z3(x), Z5(x)) —>N:OO (ze¥:, Y )

where Y, Y’ are joint N(0,0’%) with

Cov [Y,Y'] =log 11 -
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Main Results

Main result 2: diffusivity

Similar results can be given for the point to point partition function
This yields result on the polymer endpoint distribution (always for B < 1)
Diffusivity

» Central Limit Theorem

P“,{,(% € ) ﬁ) N(0,1) in P(dw)-probability
» Local Limit Theorem with random corrections
e—Ix?/2

2w

\/NP%(SN: LX\/NJ) —< (:e":)

N—co
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Main Results

Main result 3: fluctuations

We have seen that Z%(x) NL> 1 (as a Schwartz distribution on R?)
—00

This can be viewed as a LLN. Here is the corresponding CLT.

Theorem 3. [C., Sun, Zygouras '15]

1
v/Iog N

where G(x) is a generalized Gaussian field on R? with

d
Zy(x) = 1 +

G (x) in S’

Cov [6(x), G(X)] ~ C log ——

[x = x|

More precisely

<\/IogN(Z°,(,— 1),¢> — % 5 (G,4) Voée G(RY)

N— oo
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Main Results

What about B =17

N

For B =1: Z3(x) = 0 in law Var[Z§(x)] = oo J

However, covariances are finite for x # x’: [Bertini, Cancrini '95]
Cov[Z{(x), ZH(X)] —— K(x,x') <
N—o0

where K(x,x") ~ C log ﬁ

It follows that Var[(Z, #)] = (¢, K¢) < o0 J

Conjecture

For 3 = 1 the partition function Z%(x) has a non-trivial limit in law
(in the space of Schwartz distributions on R?)
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Main Results

The 2d Stochastic Heat Equation

Oru(t,x) = %Axu(t, x)+p |/'V(t7 x) u(t, x)

0.)=1 (t,x) € [0,00) x R?

where W(dt,dx) is (space-time) white noise on [0, 00) x R?

Space mollification: Ws(dt, x) := /

y€ER?

5i(7F) w(dt,dy)

Generalized Feynman-Kac Formula [Bertini, Cancrini '95]

t

us(t,x) < E [eXP{/Oé (BWi(ds,Bs) — 3 2d5)}]

d _,
By “soft arguments” wus(t,x) = Zy for N = % (2d Directed Polymer)

Theorems 1, 2, 3 apply verbatim to us(t, x) )
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Sketch of the proof
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3. Sketch of the proof
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Sketch of the proof

Disordered pinning model

rewards w, > 0 penalties w, < 0

0 T1 T2 T3 T4 T5 To N
Renewal process T={0=7m <711 <72 <...} CNp

C

ref .
P (TH.]_-T,‘—”)NW,

C>0, ae(0,1)

Pf(ner)~ (heavy-tailed renewal theory)

nlfa

1
P‘;\Jl(dT) = F eziyv:l(ﬁwn_)‘(ﬂ) )]l{nE‘r} PrEf(dT) J
N

[Alexander, Berger, Derrida, Giacomin, Lacoin, Toninelli, Zygouras, .. .]
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Sketch of the proof

Partition function

Pinning model is disorder irrelevant if a < % disorder relevant if o > %
For o = 1 it is marginally relevant (analogous to 2d Directed Polymer)

Let us look at the partition function:

7y = Eref[ Sna(Bun— ))ﬂ{neﬂ]

N
N
ﬂwn_)\(ﬁ))ﬂ{HGT}:| = ™ [H (1+ X, ]l{neT})]

n=1

— Ercf

N
H (
N
Z P<i(ner)X, + Z Pi(ner, mer) Xy Xm + ...
=1 0<n<m<N

where X, = efwn=AB) _ 1

Z4 is multi-linear polynomial of X,'s! (decoupled 7 and w)J
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Sketch of the proof

Partition function

Xn = BY, with Y, ~N(0,1) P(ner) =~ n~(1-2) ]
w Yn 2 YnYm
Zy =1+ 0 Z nl—a + B Z nl—a (m _ n)l—a REREE

0<n<N 0<n<m<N

B Ye B\ Y. Y,
=1+ + _ ..
N1-—« Z tl—o N1-—« Z sl—a (t _ s)l—a

te(0,1]n% s<te(0,1]Nn%

Write Y, = N%(WH% — W) (stochastic Riemann sum) and rescale

B
”B*/v

_1
a—3

We now assume that & > % (so that 3 — 0) and we get:
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Sketch of the proof

Partition function

1
. N dWw o dWsdW
Zﬁ : 1+ ﬂ 1701;L + ﬁ2/ -« : ;L.fa
N—roo t o<s<t<1 51T (t —s)

_iék/ dWy, - dW,,

—o 0<t<...<tx<1 tll_a (ta — )= - (tk — te—1)t™@

where the series converges in L2, for any 3 € (0,00)

loc

What happens for o = %? Integrals ill-defined since \/LE ¢ L2 J
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Sketch of the proof

The marginal regime a =

1
2

Zi=1+8Y g 3 elm

0<n§N\/E o<n<m§/vﬁ m—=n
=1+8 X + B Y, +...

Goal: find the joint limit in distribution of all these sums

¥ is easy: by the CLT

1
Y1~ N(0,0°) where o> = Y —~plogh

0<n<N
We then rescale 8= 08N~ \/I57N Other terms converge?
og
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Sketch of the proof

The right time scale

_ W(dt)
pri = / / B(da) =
v|0g O<Z<N Vvn 1<t<N / t(log N) 0<a<1
Time change t=1f(a):=N? for 0<a<1
Widf(a)) g B(da) for another Brownian motion B
f'(a)
sy, - 1 S YnVe 1 / W (ds) W(dt)
? |°gN0<m<n<N\/ﬁv”_m logN Jicoctan VsVE—s
1 / W (ds) W(s + du)
~ log N 1<s<h Vs\u

a a b I
N / W(dn?) W(’Vb+d’\’) ~ / B(da) B, (db)
9<a<l V/Na(log N) /NP (log N) 0Sh<T
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Sketch of the proof

Decoupling of scales

B(da) o« W(dN?) B.(db) o< W(N? + dNP) J

» Case a < b. Then N? < N® hence W(N?+ dN®) ~ W(dNP)
This means that B,(db) =~ B(db) hence

(B -1

BPrs ~ / B(da) B(db) =
0<a<b<l 2

» Case a > b. Then N? > NP hence W(N?+ dNP) is approx.
independent of W(dNP). It follows that

e :/ B(da) B,(db) z/ [(da, db)
0<b<a<l 0<b<a<l

where [ is a two-dimensional white noise!
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Sketch of the proof

Wrapping up

We have shown that

d (B1)* -1
N— oo 2

+ N(O,

N|—=
~—

d
pry ——— B BT,
N—oo
For 33%3 there is a similar decomposition

Frs ~ /)<a<1 B(da) B.(db) B, 5(dc) (“correlated” BMs)
0

<b<1
0<c<1
The running maxima of (a, b, ¢) determine the limit of 3333 J
» Decompose (a1, ..., ax) in subsequences corresp. to running maxima
» Each subsequence (aj, ..., a;), of length d = j — 1+, gets an
independent d-dim. white noise I'4(da;, ..., da;)

» Integrate white noises and re-sum the series ~~ log-normal
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Sketch of the proof

Fourth moment theorem

4th Moment Theorem [de Jong 90] [Nualart, Peccati, Reinert 10]
Consider a multi-linear polynomial Yy = Z () H Y;
1= icl

which is homogeneous (of degree /)

> max; Pn(F) v 0 (in case ¢ =1) [Small influences!]
—00
> E[(Yn)?] —— 0
N— oo

» E[(Yn)] —— 30*
N—oo

Then Yy —L— N(0,02)
N—oo
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Sketch of the proof

Thanks
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