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Discrete model
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1. Discrete pinning model
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Discrete model

1st ingredient: renewal process

N NN s

0:7'0 T1 T2 T3 T4 T5 T6

Discrete renewal process T={0=71p <711 <7m2 < ...} CNp

Gaps (7i+1 — 7i)i>0 are i.i.d. and finite (for simplicity)
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1st ingredient: renewal process

N NN s

0= T0 T1 T2 T3 T4 T5 T6
Discrete renewal process T={0=71p <711 <7m2 < ...} CNp
Gaps (7i+1 — 7i)i>0 are i.i.d. and finite (for simplicity)

Polynomial-tail distribution:

P(n:n)fv%, ck >0, a€(0,1)U(1,00)
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Discrete model

1st ingredient: renewal process

0= T0 T1 T2 T3 T4 T5 T6
Discrete renewal process T={0=71p <711 <7m2 < ...} CNp
Gaps (7i+1 — 7i)i>0 are i.i.d. and finite (for simplicity)

Polynomial-tail distribution:

P(n:n)fv%, ck >0, a€(0,1)U(1,00)

T={neNg: X, =0} zero level set of a Markov chain

(SRW on Z9, Bessel RWs on Np)
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Discrete model

2nd ingredient: disorder (or charges)

Disorder w = (wj)ien: i.i.d. real random variables with law P
A(B) :=logE[e”1] <00 Efw1] =0  Varfw] =1

Gaussian case:  w; ~N(0,1) A(B) = %52
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Discrete model

2nd ingredient: disorder (or charges)

Disorder w = (wj)ien: i.i.d. real random variables with law P
A(B) :=logE[e”1] <00 Efw1] =0  Varfw] =1

Gaussian case:  w; ~N(0,1) A(B) = %/82

Actually consider (Sw; + h)ieny with 3 > 0 (strength), h € R (bias)J
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Discrete model

2nd ingredient: disorder (or charges)

Disorder w = (wj)ien: i.i.d. real random variables with law P
A(B) :=logE[e”1] <00 Efw1] =0  Varfw] =1

Gaussian case:  w; ~N(0,1) A(B) = %/82

Actually consider (Sw; + h)ieny with 3 > 0 (strength), h € R (bias)J

Quenched disorder: (7,P) and (w,P) are independent J

Sample a typical w and use it as a “random environment” for 7
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Discrete model

The discrete pinning model

rewards w, > 0 penalties w, < 0
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Discrete model

The discrete pinning model

Free renewal rewards w, > 0 penalties w, < 0
0 N
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Discrete model

The discrete pinning model

Pinning model rewards w, > 0 penalties w, < 0
0 N
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Discrete model

The discrete pinning model

Pinning model rewards
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Discrete model

The discrete pinning model

Pinning model rewards

0 N

N € N (system size) /3 >0, h € R (disorder strength, bias) ]
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Discrete model

The discrete pinning model

Pinning model rewards penalti <0

0 N

N € N (system size) /3 >0, h € R (disorder strength, bias) |

The pinning model

Gibbs change of measure PF ; , of the renewal distribution P

dPugn, 1 o
P (7) = o (Hi ()
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Discrete model

The discrete pinning model

Pinning model rewards penalti <0

N

0
N € N (system size) /3 >0, h € R (disorder strength, bias)

)

The pinning model
Gibbs change of measure PF ; , of the renewal distribution P

dPy 1 I

— NGh D~ — Hamiltonian:

ap () eXp <) sum of
rewards/penalties

normalization constant (partition function) visited by 7

July 12, 2013
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The discrete pinning model

Pinning model rewards penalti <0

0 N

N € N (system size) /3 >0, h € R (disorder strength, bias)

)

The pinning model

Gibbs change of measure PY ; , of the renewal distribution P

dp 1 :
M(T) 1= ———exp Z (h + Bwn )1{"67}
dP N.5,h n=1
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The discrete pinning model

Pinning model rewards penalti <0

0 N

N € N (system size) /3 >0, h € R (disorder strength, bias)

)

The pinning model

Gibbs change of measure PY ; , of the renewal distribution P

dP% 5 s 1 !
(T) == €Xp Z (h + 5(,0,, - /\(/B))]'{HET}
dP N B.h o
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Discrete model

The discrete pinning model

Pinning model rewards penalti <0

0 N

N € N (system size) /3 >0, h € R (disorder strength, bias) |

The pinning model

Gibbs change of measure PY ; , of the renewal distribution P

WPhisn iy, L N h AB))L
dP (T) T 7w exp Z( +Bw”_ (/B)) {ner}

N.B.h n=1 *

reward /penalty to visit site n
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Discrete model

The discrete pinning model

Pinning model rewards penalti <0

0 N

N € N (system size) /3 >0, h € R (disorder strength, bias) |

The pinning model

Gibbs change of measure PY ; , of the renewal distribution P

dP N B.h

n=1

Pon, B Al
(7_) = = exXp Z (h + Bwn - A(/B))I{HET}

Hj .n(1) = sum of the rewards/penalties visited by 7
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Discrete model

The phase transition

How are the typical paths 7 of the pinning model P 5 ,? J

Contact number Cp := ‘7’ N (0, N]‘ = Z,’Y:l Linery
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Discrete model

The phase transition

How are the typical paths 7 of the pinning model P 5 ,? J

Contact number Cp := ‘7’ N (0, N]‘ = Z,’Yzl Linery

Theorem (phase transition)
3 continuous, non decreasing, deterministic critical curve hc(f3):

» Localized regime: for h > h.(5) one has Cy ~ N

» Deocalized regime: for h < hc(8) one has Cy = O(log N)
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The phase transition

How are the typical paths 7 of the pinning model P 5 ,? J

Contact number Cp := ‘7’ N (0, N]‘ = Z,’Yzl Linery

Theorem (phase transition)
3 continuous, non decreasing, deterministic critical curve hc(f3):

» Localized regime: for h > h.(5) one has Cy ~ N

w Cn
EI/,LIB’h > 0 . PN,ﬁ,h( W — [,L[-}’h

>e| —— 0, w-as.
N—oo

» Deocalized regime: for h < hc(8) one has Cy = O(log N)

C
Az, >0 Pm,ﬂyh<ﬁ > Aﬁ,,,> ———0, w-as
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Weak disorder

Outline

2. Weak disorder regime
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Weak disorder

The weak disorder regime

For 8 = 0 (homogeneous pinning, no disorder) one has h.(0) =0
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Weak disorder

The weak disorder regime

For 8 = 0 (homogeneous pinning, no disorder) one has h.(0) =0

What is the behavior of h(53) for 8 > 0 small ? |
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Weak disorder

The weak disorder regime

For 5 = 0 (homogeneous pinning, no disorder) one has h.(0) = 0

What is the behavior of h(53) for 8 > 0 small ? ]

Theorem (P(my = n) ~ &5
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Discrete model Weak disorder Continuum partition function roo Continuum model

The weak disorder regime

For 8 = 0 (homogeneous pinning, no disorder) one has h.(0) =0

What is the behavior of h(53) for 8 > 0 small ? ]

Theorem (P(my = n) ~ £5)

> (o < 1) disorder is irrelevant: he(8) =0 for 8 >0 small
[Alexander] [Toninelli] [Lacoin] [Cheliotis, den Hollander]
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The weak disorder regime

For 5 = 0 (homogeneous pinning, no disorder) one has h.(0) = 0

What is the behavior of h(53) for 8 > 0 small ? ]

Theorem (P(1y = n) ~ )

> (o < 1) disorder is irrelevant: he(8) =0 for 8 >0 small
[Alexander] [Toninelli] [Lacoin] [Cheliotis, den Hollander]

> (o > 1) disorder is relevant: hc(8) > 0 for all B >0
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The weak disorder regime

For 5 = 0 (homogeneous pinning, no disorder) one has h.(0) = 0

What is the behavior of h(53) for 8 > 0 small ? ]

Theorem (P(1y = n) ~ )

> (o < 1) disorder is irrelevant: he(8) =0 for 8 >0 small
[Alexander] [Toninelli] [Lacoin] [Cheliotis, den Hollander]

> (o > 1) disorder is relevant: hc(8) > 0 for all B >0

» (@ >1) h(B) ~ CB? with explicit C = ﬁaﬁ

[Berger, C., Poisat, Sun, Zygouras]
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The weak disorder regime

For 5 = 0 (homogeneous pinning, no disorder) one has h.(0) = 0

What is the behavior of h(53) for 8 > 0 small ? ]

Theorem (P(1y = n) ~ )
> (o < 1) disorder is irrelevant: he(8) =0 for 8 >0 small
[Alexander] [Toninelli] [Lacoin] [Cheliotis, den Hollander]
> (o > 1) disorder is relevant: hc(8) > 0 for all B >0

» (@ >1) h(B) ~ CB? with explicit C = ﬁaﬁ

[Berger, C., Poisat, Sun, Zygouras]

> (3<a<l) GB=T <h(B) < GpET

[Derrida, Giacomin, Lacoin, Toninelli] [Alexander, Zygouras]
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Discrete model Weak disorder Continuum partition function ’roo Continuum model

The weak disorder regime

For 5 = 0 (homogeneous pinning, no disorder) one has h.(0) = 0

What is the behavior of h(53) for 8 > 0 small ? ]

Theorem (P(1y = n) ~ )

> (o < 1) disorder is irrelevant: he(8) =0 for 8 >0 small
[Alexander] [Toninelli] [Lacoin] [Cheliotis, den Hollander]

> (o > 1) disorder is relevant: hc(8) > 0 for all B >0

» (@ >1) h(B) ~ CB? with explicit C = ﬁaﬁ

[Berger, C., Poisat, Sun, Zygouras]
2a _2a
» (3<a<l) G=T<h(B)< G

[Derrida, Giacomin, Lacoin, Toninelli] [Alexander, Zygouras]

[

— G _ 2
> (a = %) e 7 < hc(ﬂ) < e # [Giacomin, Lacoin, Toninelli]
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Weak disorder

The weak disorder regime

Henceforth we focus on a € (3,1) U (1, 00) J
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Weak disorder

The weak disorder regime

Henceforth we focus on a € (3,1) U (1, 00) J

Like for o > 1, it is natural to conjecture that for o € (%, 1)

lim hc(f)

ﬁ\l/o /8 2a

= C exists with universal C

Francesco Caravenna Universality for Random Pinning Models July 12, 2013



Weak disorder

The weak disorder regime

Henceforth we focus on a € (3,1) U (1, 00) J

Like for o > 1, it is natural to conjecture that for o € (%, 1)

h
lim C(f) = C exists with universal C
BL0 [Za—1
Weak disorder Universality
as f,h—0 s fine microscopic details
correlation length diverges should be irrelevant
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Weak disorder

The weak disorder regime

Henceforth we focus on a € (3,1) U (1, 00) J

Like for o > 1, it is natural to conjecture that for o € (%, 1)

h
lim C(f) = C exists with universal C
BL0 [Za—1
Weak disorder Universality
as f,h—0 s fine microscopic details
correlation length diverges should be irrelevant

Continuum model?
Scaling limit of Py 5, as 3, h — 07 (cf. BM and SRW)
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Weak disorder

The weak disorder regime

Henceforth we focus on a € (3,1) U (1, 00) J

Like for o > 1, it is natural to conjecture that for o € (%, 1)

h
lim C(f) = C exists with universal C
BL0 [Za—1
Weak disorder Universality
as f,h—0 s fine microscopic details
correlation length diverges should be irrelevant

Continuum model?
Scaling limit of Py 5, as 3, h — 07 (cf. BM and SRW)
YES, but the road is not straight. . .
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J

It is a random variable (w.r.t. w) which tells us everything (!)
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J

It is a random variable (w.r.t. w) which tells us everything (!)

> Free energy  F(B,h):= lim flogZy 3, >0 P(dw)-as.

N—oo
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J

It is a random variable (w.r.t. w) which tells us everything (!)
> Free energy  F(B,h):= lim flogZy 3, >0 P(dw)-as.
N—o00 .

Z5 5.n > E[™ 10 m—py
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J

It is a random variable (w.r.t. w) which tells us everything (!)
> Free energy  F(B,h):= lim flogZy 3, >0 P(dw)-as.
N—o00 .

Zypn = E efin(r) Lirno,n=01| = P(7 N (0, N] = 0)
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J

It is a random variable (w.r.t. w) which tells us everything (!)
> Free energy  F(B,h):= lim flogZy 3, >0 P(dw)-as.
N—o00 .

Zﬁ,,@,h 2 E eHN(T) ]]-{TO(O,N]ZQ} = P(T ﬂ (07 N] g @) ~ (a;\’;iit')
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Weak disorder

The partition function

As a first step, we look at the partition function

Z/U\j,ﬁ,h = E[eHN(T)] _ E[eZnN:1(h+f3Wn—/\(B))ﬂ{neT}] J

It is a random variable (w.r.t. w) which tells us everything (!)
> Free energy  F(B,h):= lim flogZy 3, >0 P(dw)-as.
N—o00 .
Zi g 2 [ Loy = P(r 01 (0, N] = 0) ~ (53

» Critical curve hc(B8) =sup{h e R: F(3,h) =0}
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Weak disorder

The partition function

As a first step, we look at the partition function

Zii on = E[eHN(T)] - E[ezﬁzl(h+ﬁwn—/\w))n{nm] J

It is a random variable (w.r.t. w) which tells us everything (!)
> Free energy  F(B,h) := A}@w% log Zy 5, >0 P(dw)-as.
Zii 5 > E[e™O 1 om0y | = P(r 0 (0, N] = 0) ~ {905t
» Critical curve hc(B8) =sup{h e R: F(3,h) =0}

Our first result

Taking N — oo and By, hy — 0 with appropriate rates, Zy Bu.hn
converges in distribution to a universal limit
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Continuum partition function

Outline

3. Continuum partition function
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Continuum partition function

Continuum partition function: preparation

Fix 3>0 heR (macroscopic coupling constants)
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Continuum partition function

Continuum partition function: preparation

Fix 3>0 heR (macroscopic coupling constants)

Rescaled parameters [y, hy
B
BN = o7
ifae(3,1): Ne=1/
i
N =
2
(w~ 557)
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Continuum partition function

Continuum partition function: preparation

Fix 3>0 heR (macroscopic coupling constants)

Rescaled parameters [y, hy

ﬂ[\/ = —B /BN = il\
if o€ (1,1) : ’\;7“_1/2 if o> 1 VN
hN = N hN = N
pre
(A~ By") (hn ~ B5)

Francesco Caravenna Universality for Random Pinning Models

July 12, 2013




Discrete model Weak disorder Continuum partition function Proof Continuum model

Continuum partition function: preparation

Fix 3>0 heR (macroscopic coupling constants)

Rescaled parameters [y, hy

Bn = b Bn = b
if o€ (1,1) : ’\;7“_1/2 if o> 1 VN
_ h _h
hy = Ne hn = N
pre
(hn ~ By ") (hn ~ B7)

Continuum disorder (replacing (Bwi + h);)
Take a standard Brownian motion (W;):>0 and set

WP = BW, + ht  (BM with drift)
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Discrete model V disorder Continuum partition function Proof Continuum model

Continuum partition function: main result

Theorem [C., Sun, Zygouras] — inspired by [Alberts, Khanin, Quastel (2012)]

e (Functional) convergence of discrete partition function

w L : . :
Z%N,,BN,hN m Q‘;B’;’ =: continuum partition function
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Discrete model Weak disorder Continuum partition function Proof Continuum model

Continuum partition function: main result

Theorem [C., Sun, Zygouras] — inspired by [Alberts, Khanin, Quastel (2012)]

e (Functional) convergence of discrete partition function

d W . Ot .
w a
Z%N,,BN,hN —>N %,B,E =: continuum partition function

o ZW _ is function of W through Wiener chaos expansion

%7187h
> a2 A A
h h
2N =1+ // Pty ) dWPawf
k=1

0<ty <<t <t

with explicit function ¢(¥) (scaling of renewal correlations)
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Discrete model Weak disorder Continuum partition function Proof Continuum model

Continuum partition function: main result

Theorem [C., Sun, Zygouras] — inspired by [Alberts, Khanin, Quastel (2012)]

e (Functional) convergence of discrete partition function

d W . Ot .
w a
Z%N,,BN,hN —>N %,B,E =: continuum partition function

o ZW _ is function of W through Wiener chaos expansion

%7187h
> a2 A A
h h
2N =1+ // Pty ) dWPawf
k=1

0<ty<---<t,<t
with explicit function ¢(¥) (scaling of renewal correlations)

1
EmlF
oW (e, 1) = ! (Cane)”

% (—t) = (bt 1) =

ifa>1
ifae(3,1)
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Continuum partition function

Continuum partition function: why?

» Universal “manageable” object (explicit for o > 1)
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Continuum partition function

Continuum partition function: why?

» Universal “manageable” object (explicit for o > 1)

» Gives properties of the discrete partition function Zy .h
for 5, h small and N large but finite (~~ correlation length)

E((Zipum) ] > EI(2%)
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Continuum partition function

Continuum partition function: why?

» Universal “manageable” object (explicit for o > 1)

» Gives properties of the discrete partition function Zy .h
for 5, h small and N large but finite (~~ correlation length)

E[(Zihsun)] o E[(2Y%,)"]

> Hints at universality for a € (3,1)

A~

Continuum critical curve he(f) = C B2a-1 (by scaling)
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Continuum partition function

Continuum partition function: why?

» Universal “manageable” object (explicit for o > 1)

> Gives properties of the discrete partition function Zﬁﬁ h
for 5, h small and N large but finite (~~ correlation length)

E[(Zihsun)] o E[(2Y%,)"]

> Hints at universality for a € (3,1)

~ 2a

Continuum critical curve he(f) = C B2a-1 (by scaling)

Conjecture: for any discrete pinning model (% <a<l)

he(5)
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Continuum partition function

Continuum partition function: why?

» Universal “manageable” object (explicit for o > 1)

> Gives properties of the discrete partition function Zﬁﬁ h
for 5, h small and N large but finite (~~ correlation length)

E[(Zihsun)] o E[(2Y%,)"]

> Hints at universality for a € (3,1)

~ 2a

Continuum critical curve he(f) = C B2a-1 (by scaling)

Conjecture: for any discrete pinning model (% <a<l)

he(5)

» Allows to define the continuum pinning model (cf. later)
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Outline

4. Sketch of the proof
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A direct approach?

Discrete partition function: Zy 5, :=E ezyzl(“ﬁ””*/\(ﬁ))ﬂ{"&}]
Replace >N ~ [Fds AB)~ 182 w,~7 717

Continuum analogues of disorder w and renewal process 7 ? J
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A direct approach?

Discrete partition function: Zy 5, :=E ezyzl(“ﬁ””*/\(ﬁ))ﬂ{"&}]
Replace >N ~ [Fds AB)~ 182 w,~7 717

Continuum analogues of disorder w and renewal process 7 ? J

» Continuum disorder: white noise (W, = 4% ) g
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A direct approach?

Discrete partition function: Zy 5, :=E ezyzl(“ﬁ””*/\(ﬁ))ﬂ{"&}]
Replace >N ~ [Fds AB)~ 182 w,~7 717

Continuum analogues of disorder w and renewal process 7 ? J

» Continuum disorder: white noise (W, = 4% ) g

» Continuum renewal process: random closed subset 7 C [0, c0)

7= scaling limit of  ={%, %,...} (N —= 00).
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A direct approach?

Discrete partition function: Zy 5, :=E ezyzl(“ﬁ””*/\(ﬁ))ﬂ{"&}]
Replace >N ~ [Fds AB)~ 182 w,~7 717

Continuum analogues of disorder w and renewal process 7 7 J

» Continuum disorder: white noise (W, = 4% ) g

» Continuum renewal process: random closed subset 7 C [0, c0)
7= scaling limit of § ={%, %....} (N — o0). Explicitly:

» (a>1) #=[0,00) “trivial” deterministic set
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A direct approach?

Discrete partition function: Zy 5, :=E ezyzl(“ﬁ””*/\(ﬁ))ﬂ{"&}]
Replace >N ~ [Fds AB)~ 182 w,~7 717

Continuum analogues of disorder w and renewal process 7 7 J

» Continuum disorder: white noise (W, = 4% ) g

» Continuum renewal process: random closed subset 7 C [0, c0)
7= scaling limit of § ={%, %....} (N — o0). Explicitly:
» (a>1) #=[0,00) “trivial” deterministic set

» (0 < @< 1) 7= a-stable regenerative set
= closure of the image of a-stable subordinator
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A direct approach?

Discrete partition function: Zy 5, :=E ezyzl(“ﬁ””*/\(ﬁ))ﬂ{"&}]
Replace >N ~ [Fds AB)~ 182 w,~7 717

Continuum analogues of disorder w and renewal process 7 7 J

» Continuum disorder: white noise (W, = 4% ) g

» Continuum renewal process: random closed subset 7 C [0, c0)

7= scaling limit of § ={%, %....} (N — o0). Explicitly:
» (a>1) #=[0,00) “trivial” deterministic set

» (0 < @< 1) 7= a-stable regenerative set
= closure of the image of a-stable subordinator

[Zero level set of Brownian Motion (o = 1) or Bessel process]

July 12, 2013

Universality for Random Pinning Models

Francesco Caravenna



A naive guess

Continuum partition function?
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A naive guess

Continuum partition function?

There are (serious) problems

» For a € (0,1) the random set 7 has zero Lebesgue measure

Meaning of fg Ws]l{5€7c}d5 ?
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A naive guess

Continuum partition function?

There are (serious) problems

» For a € (0,1) the random set 7 has zero Lebesgue measure

Meaning of fg Ws]l{se;}ds ?

» Case a > 1 seems easier: Lz &~ % (renewal theorem)

>

: w d
Guess: Q?,B,B_eXp h
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A naive guess

Continuum partition function?

There are (serious) problems

» For a € (0,1) the random set 7 has zero Lebesgue measure
Meaning of fg Ws]l{se;}ds ?

» Case a > 1 seems easier: Lz &~ % (renewal theorem)

t A R
+AW ;=35
E(T]_) 5 E(ql—'l)2 2/3 E(T]_)2

No! Some care is required.

>

: w d 7
Guess: Q?,B,B_eXp h

Francesco Caravenna Universality for Random Pinning Models July 12, 2013
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Sketch of the proof (1/3)

High temperature (cluster) expansion:

N
Zij 5. = E| [ e N1 0en

n=1
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N N
Zisn=E| 11 e“’“f“’"‘“‘ﬁ”“{"“] =E [ 11 (1+g(wn)ﬂ{n@})]

n=1 n=1

g(wn) = eMAhE) 1
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Sketch of the proof (1/3)

High temperature (cluster) expansion:

N N
Zisn=E| 11 e“’“f“’"‘“‘ﬁ”“{"“] =E [ 11 (1+g(wn)ﬂ{n@})]

n=1 n=1

N
:1+Z Z g(wnl)"‘g(wnk)P({nb'"7nk}QT)

k=1 1<m<..<m<N

Polynomial expansion in the variables g(wp)

g(wn) = eMAhE) 1
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Sketch of the proof (1/3)

High temperature (cluster) expansion:

N N
Zisn=E| 11 e“’“f“’"‘“‘ﬁ”“{"“] =E [ 11 (1+g(wn)ﬂ{n@})]

n=1 n=1

N
:1+Z Z g(wnl)"‘g(wnk)P({nb'"7nk}QT)

k=1 1<m<..<m<N

Polynomial expansion in the variables g(wp)

e/BWn
E[eBwn]

glwn) == ehtBun=NB) _ 1 — h
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Sketch of the proof (1/3)

High temperature (cluster) expansion:

N N
Zji o =FE [ 11 e“’“f“’"‘“‘ﬁ”“{"“] =E [ 11 (1+g(wn)ﬂ{n@})]

n=1 n=1

N
:1+Z Z g(wnl)"‘g(wnk)P({nb'"7nk}QT)

k=1 1<m<..<m<N
Polynomial expansion in the variables g(wp)
e/BWn
E[eBwn]
Elg(wn)] = h+o(h)  Var[g(wn)] = 5 + o(5?)

glwn) == ehtBun=NB) _ 1 — h
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Sketch of the proof (2/3)

Pretend that g(w,) ~ AN (h, 3) and look at the first term (k = 1)

N
> g(wa)P(neT)
n=1
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N N N
Zg(w,,) P(ner) ~ N(hz P(nerT), B Z P(ne T)2>
n=1 n=1 n=1
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Sketch of the proof (2/3)

Pretend that g(w,) ~ AN (h, 3) and look at the first term (k = 1)

N N N
Zg(w,,) P(ner) ~ N(hz P(nerT), B Z P(ne T)2>
n=1 n=1 n=1

E[l] if o >1

P(ner)~ gl (P(n=n)~ nffa)
i if o<1
n—a
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Sketch of the proof (2/3)

Pretend that g(w,) ~ AN (h, 3) and look at the first term (k = 1)
N N N
Zg(w,,) P(nert) ~ J\/(h P(ner), 5° Z P(n e T)2>
n=1 =1 n=1

n

» Mean and variance O(1) ~» Choice of 8 = By, h= hy

E[l] if o >1

P(ner)~ gl (P(n=n)~ nffa)
i if o<1
n—a
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Sketch of the proof (3/3)

Set now 3 = By, h = hy and conclude (3 < a < 1):

N
Zign=1+> > glwn) glwn)P{m.... .} C7)

k=11<m<...<ng<N
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Set now 3 = By, h = hy and conclude (3 < a < 1):

N
Zign=1+> > glwn) glwn)P{m.... .} C7)

k=11<m<...<ng<N
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Set now 3 = By, h = hy and conclude (3 < a < 1):

N
Zign=1+> > glwn) glwn)P{m.... .} C7)

k=11<m<...<ng<N

~1e) [ <
ti-—(l(t? _ tl)l*(x . (tk _ tkfl)]‘*a

k=1 octi<-<ty<l

P({nl,...,nk}gT)zP(nlET)P(ng—nlET)-~-P(nk—nk,1€T)
Ck

n (2 — ny)te e (g — ng_g)ioe
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Sketch of the proof (3/3)

Set now 3 = By, h = hy and conclude (3 < a < 1):

N
Zign=1+> > glwn) glwn)P{m.... .} C7)

k=11<m<...<ng<N

k qy/B-h B,h
1+Z C thl "'thk
1— (1 l—o . .. _ l—«
tl tl) (tk tkfl)

k=1 octi<-<ty<l

Recall: dW/ " = Bdw, + hdt

P({nl,...,nk}gT)zP(nlET)P(ng—nlET)-~-P(nk—nk,1€T)
Ck

n (2 — ny)te e (g — ng_g)ioe
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Proof

How to make this rigorous? Lindeberg's principle

> (1,(2,... independent rvs in L2: E(¢;) = p;, Var(() =1
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Proof

How to make this rigorous? Lindeberg's principle

> (1,(2,... independent rvs in L2: E(¢;) = p;, Var(() =1
» &1,&, ... independent Gaussians N (p;,1)
» Polynomial chaos (of fixed order k):

V(() = Z O(ny, oo mi) Coy e Gy

{n1,...,nc}
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How to make this rigorous? Lindeberg's principle

> (1,(2,... independent rvs in L2: E(¢;) = p;, Var(() =1
» &1,&, ... independent Gaussians N (p;,1)
» Polynomial chaos (of fixed order k):

V(() = Z O(ny, oo mi) Coy e Gy

{n1,...,nc}

Theorem (generalizing [Mossel, O'Donnel, Oleszkiewicz '10])
V(¢) and V(&) are close in distribution
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Proof

How to make this rigorous? Lindeberg's principle

> (1,(2,... independent rvs in L2: E(¢;) = p;, Var(() =1

» &1,&, ... independent Gaussians N (p;,1)

» Polynomial chaos (of fixed order k):

V(() = Z O(ny, oo mi) Coy e Gy

{n1,...,nc}

Theorem (generalizing [Mossel, O'Donnel, Oleszkiewicz '10])
W(¢) and W(&) are close in distribution provided

» .12 < oo and the family ¢2,¢3,...is U.l.
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Proof

How to make this rigorous? Lindeberg's principle

> (1,(2,... independent rvs in L2: E(¢;) = p;, Var(() =1
» &1,&, ... independent Gaussians N (p;,1)
» Polynomial chaos (of fixed order k):

V(() = Z O(ny, oo mi) Coy e Gy

{n1,...,nx}
Theorem (generalizing [Mossel, O'Donnel, Oleszkiewicz '10])
V(¢) and V(&) are close in distribution provided
» .12 < oo and the family ¢2,¢3,...is U.l.

> every variable (; has small influence on W:

Inf; (V) :=E[Var(W|G, i £ )] = D  o(n,...,m) <1

{n1,...,nk }3i

Francesco Caravenna Universality for Random Pinning Models July 12, 2013



Continuum model

Outline

5. Continuum pinning model
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Continuum model

How to define the continuum pinning model 7
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Continuum model

How to define the continuum pinning model 7

Qo = {closed subsets of R} is a compact Polish space
(Hausdorff distance ~~ Fell-Matheron topology)
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Continuum model

How to define the continuum pinning model 7

Qo = {closed subsets of R} is a compact Polish space
(Hausdorff distance ~~ Fell-Matheron topology)

» Renewal distribution P (law of 7): probability on Qg

» Discrete pinning model Py 5 ,: random probability on 29
absolutely continuous wrt P (Gibbs modification of P)

Continuum analogues?
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How to define the continuum pinning model 7

Qo := {closed subsets of R} is a compact Polish space

(Hausdorff distance ~~ Fell-Matheron topology)

» Renewal distribution P (law of 7): probability on Qg

» Discrete pinning model Py 5 ,: random probability on 29
absolutely continuous wrt P (Gibbs modification of P)

Continuum analogues?
» Regenerative distribution &7 (law of 7): probability on Qg

» Continuum pinning model ,@7”_/3 5 random probability on Q47

Wy

Francesco Caravenna Universality for Random Pinning Models July 12, 2013 24 / 30



Continuum model

How to define the continuum pinning model 7

Qo := {closed subsets of R} is a compact Polish space

(Hausdorff distance ~~ Fell-Matheron topology)

» Renewal distribution P (law of 7): probability on Qg

» Discrete pinning model Py 5 ,: random probability on 29
absolutely continuous wrt P (Gibbs modification of P)

Continuum analogues?
» Regenerative distribution &7 (law of 7): probability on Qg

» Continuum pinning model ,@7”_/3 5 random probability on Q47

Wy

No Hamiltonian ~+ No Gibbs measure wrt &
Alternative definition (using continuum partition function)
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Continuum model

Finite-dimensional distributions (f.d.d.)

Every closed A C R is identified by t+— g:(A), t— di(A) J

!
v
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Continuum model

Finite-dimensional distributions (f.d.d.)

Every closed A C R is identified by t+— g:(A), t— di(A) )

!
v

g(A) t di(A)

Finite-dimensional distributions (f.d.d.)

Random closed subsets of R (= probabilities on Qg) characterized
by joint distributions of (g, d,,- -, &8¢, dy,) for k €N, t; € R
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Continuum model

Finite-dimensional distributions (f.d.d.)

Every closed A C R is identified by t+— g:(A), t— di(A) )

!
v

g(A) t di(A)

Finite-dimensional distributions (f.d.d.)

Random closed subsets of R (= probabilities on Qg) characterized
by joint distributions of (g, d,,- -, &8¢, dy,) for k €N, t; € R

Continuum pinning model ‘@;VA/? will be defined by its f.d.d. J

i)
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Continuum model

Discrete pinning model: f.d.d.

Zy = E[efra(M] (free) 2?67)(] = E[e"9) 1, 1] (constr.)

|
(I) X t

<9
=

Discrete pinning model

PRonlet=x,d=y) =

Francesco Caravenna
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Continuum model

Discrete pinning model: f.d.d.

Zy = E[efra(M] (free) 2?67)(] = E[e"9) 1, 1] (constr.)

0 x t y N

Discrete pinning model

PRonlet=x,d=y) =
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Continuum model

Discrete pinning model: f.d.d.

Z‘[’;b] = E[er;’bl(T)] (free) AT(J),X] = E[erE,ﬂ(T) ]]'{XGT}:I (constr.)
0 x t y N

Discrete pinning model

7% Ky —x)
w 07
PRonlet=x,d=y) = A
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Continuum model

Discrete pinning model: f.d.d.

Z‘[’;b] = E[er;’bl(T)] (free) AT(J),X] = E[erE,ﬂ(T) ]]'{XGT}:I (constr.)
0 x t y N

Discrete pinning model

C 07 7N
PNﬂ,h(gi — X) dt — _y) - [ X] [y ]
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Z‘[’;b] = E[er;’bl(T)] (free) AT(J),X] = E[erE,ﬂ(T) ]]'{XGT}:I (constr.)
0 x t y N
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Continuum model

Discrete pinning model: f.d.d.

Zfayb] = E[er;vbl(T)] (free) AT(J),X] = E[erE,ﬂ(T) ]]'{XET}:I (constr.)
0 x t y N

Discrete pinning model

C 07 ,N
PNﬂ,h(gi — X) dt — _y) - [ X] [y ]

Zion]

F.d.d. expressed in terms of partition functions Z and Z
(that have continuum limits % and Z.. J)
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Continuum model

Continuum pinning model: definition

ae(3,1), T>0 W=(W)=0BM, 3>0 heR
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Continuum model

Continuum pinning model: definition

ae(3,1), T>0 W=(W)=0BM, 3>0 heR

Continuum pinning model
It is the random probability 3”7”-/ = ,@_’V‘_/B ;on Qo with f.d.d.
D@;W 1 _ W
DY (g € dx, dy € dy) = LA EIT T DT gy g,
.71
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Continuum model

Continuum pinning model: definition

ae(3,1), T>0 W=(W)=0BM, 3>0 heR

Continuum pinning model
It is the random probability 3”7'/‘-/ = 2" on Qg with f.d.d.

T,3,h
ﬁw(gt € dx, d; € dy) = [0,x] (;;X‘}/H by N
[0,T]

sz is a random “perturbation” of the regenerative set &|[y 7]

. 0 AdW, 2
More/less likely to visit t € [0, T] where 3¢5t +h =0
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Continuum model

Continuum pinning model: definition

a€(3,1), T>0 W=(We>

Continuum pinning model

It is the random probability 2% = @WA > on Qq with f.d.d.

7/3’
D&ZP\VVX —)} 1to QPW
ﬁw(gt edx, d; € dy) = [0 (i@ﬂ\/z/+ Ly, 7] dxdy
[0, 7]

L@W is a random “perturbation” of the regenerative set #|jo 1

More/less likely to visit t € [0, T| where Bth +h=zo0

Conj.: #2W — , pW = JW

disordered regenerative set”
T—o0

\%‘:ﬂ
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Continuum model

Continuum pinning model: main properties

Theorem (scaling limit)

For any discrete pinning model Py 5, . the law of the rescaled

discrete set 4,7 converges in distribution to @;VBﬁ (as N — o0)
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Continuum model

Continuum pinning model: main properties

Theorem (scaling limit)

For any discrete pinning model Py 5, . the law of the rescaled

discrete set 4,7 converges in distribution to @?VBE (as N — o0)

Theorem (a.s. properties)

Any given a.s. property of the regenerative set & is an a.s.
property of the continuum pinning model yg_v for P-a.e. W

ACQy, Z(A)=1 — PW(A) =1, P(dW)-as.
Example: A = {A C R : Hausdorff dim. of A= a}
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Discrete model W disorder Continuum partition function Proof Continuum model

Continuum pinning model: main properties

Theorem (scaling limit)

For any discrete pinning model P7y 5 1, . the law of the rescaled
SPNSIN
discrete set 4,7 converges in distribution to 9”;'/3 ; (as N — o0)

i)

Theorem (a.s. properties)

Any given a.s. property of the regenerative set & is an a.s.
property of the continuum pinning model @‘7/—'/ for P-a.e. W

ACQy, Z(A)=1 — PW(A) =1, P(dW)-as.
Example: A = {A C R : Hausdorff dim. of A= a}

Theorem (singularity)

For P-a.e. W, the continuum pinning model 2% and the
regenerative set & are mutually singular probabilities on Qg
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Continuum model

Conclusion

Discrete
pinning model

P50
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Continuum model

Conclusion
Discrete Discrete
pinning model partition function
Pﬁﬁ,h ZUK/,ﬁ,h
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Continuum model

Conclusion

Discrete Discrete
pinning model partition function

PN.6.h ZN.8.h

'

Continuum
partition function

w
LT sk
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Conclusion

Continuum model

Discrete
partition function

Discrete
pinning model

PN.6.h ZN.8.h
Continuum Continuum
pinning model partition function
w w
ey 215
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Continuum model
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partition function

Discrete
pinning model

PN.6.h ZN.8.h
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\
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Continuum model

Conclusion
Discrete Discrete
pinning model partition function
w w
N,B,h N.B,h
)
I l
v
Continuum Continuum
pinning model partition function
w w
P T ALy

Open problems

» Universality of the critical line he(3) at weak disorder
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Continuum model

Conclusion
Discrete Discrete
pinning model partition function
V,8.h Z.6.h
)
|
\l
Continuum Continuum
pinning model partition function
w w
P T ALy

Open problems

» Universality of the critical line he(3) at weak disorder

> Infinite-volume continuum model: w-lim1_ gﬁ/ﬁﬁ 7
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Continuum model

Conclusion
Discrete Discrete
pinning model partition function
V,8.h Z.6.h
)
|
\l
Continuum Continuum
pinning model partition function
w w
P T ALy

Open problems

» Universality of the critical line he(3) at weak disorder

> Infinite-volume continuum model: w-lim1_ gﬁ/ﬁﬁ 7

» Marginal case a = % (in progress)
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Continuum model

Thanks
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