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Last time we discussed
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Today we romplete ourtreatment ofthe RDE discussing

EXISTENCE and CONTINUITY OFTHE SOLUTION MAP
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Wolla 11082ha co Then for any Te o o

and any gap then app a apian z p
of the RSE

We will prove it arrowning Tso small enough



We proceed similarly to the Young care dat ie

we construct a sequence Z ZE teth of approximate

solution defined on dyadic partition T of O T

then we extend Z linearly to o t we extract
a conveying subsequence 2 Z and weshow that

Z is indeed a solution of

However we enrich the Euler scheme used to construct
Z in the Young care using a MILSTEIN SCHEME
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With an almost identical proof as we did we obtain

a prior estimates
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Consider now In In i 912 n o T

Define for simplicity Z Ztu and extend it
to a T or a piecewise linear function Z ZE terat
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Since Zo to and 1182No 4 nelN the

sequence Z nein is equi bounded andegin continuous
in rat IRK hence by ArzelaAscoli we can extract
a converging subsequence 2 k Z e at IR

So we have Z Zt tefo T



let us rewrite 1162 3311 e4 or
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Since site In 2 Ta or k o we have
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Since ID is done in a T and vine Z is continuous

the same bound holds site for which means that
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CONTINUITY OF THE SOLUTION MAP

Assume now tha GE C with
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of solutions Z Zeleera t of for any
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If we fix k delN de b Te a co

then we can consider the SOLUTION MAP

I R x Ro d ed

Zo X to Z Et tert solutionof

where we devote by Ro d the spare of α ROUGHPATHS
We can show that this map is continuous in fact
LOCALLY LIPSCHITZ when we endow the space of RP

Ro d with the distance for X X x ̅ x ̅
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and consider startingpoints ZoZo wch that
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Then the corresponding solutions Z Z of satisfy
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4 STOCHASTIC DIFFERENTIAL EQUATIONS

We now connect the ROUGHDIFFERENCEEQUATIONS RDE

studied in the lastchapter with the STOCHASTIC DIFFERENTIA

EQUATIONS SDE drivenby Brownian Motion BM B
Indeed both RDE and SDEs are ways to give a

meaning to the ill defined differential equation
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Setting Fix dimension d KEIN timehorizon Te a co

Consider a probability space r ch IP on which is

defined a standard BrownianMotion BM in Rd
B Bt terat BÉ te fait i i nd

relative to a

filtration Ft terat We fix a version of BM with

continuous paths so B is a random element of CO
in fact of 9 For any de o t
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Given 6 IR L R R 1Rᵈ globallyLipschitz
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unique strong solution Y Yelteron of the SDE
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i e Yo yo dY or Yt dBe

where the integral is a Stochastic Ito INTEGRAL

We fix a continuous version of Y Yt te a T

In order to connect this solution to the RDE
we need to introduce the ITO ROUGHPATH IB IB 1132

arvociated to the BM B BuBs
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where It ItBu dB Ito integral and we fix a

version of I It te can with continuous paths
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We can now consider the RDE driven by IB

ROE Syst 0 Ys BE 02 Ys BE t s Yn yn

Them SDE RDE If G E C then a s any
solution Y Yeltero t of ROE is also a solution
of SDE

If moreover de C and or an oz are globally Lipschitz

then as both SDE and RDE have a unique

solution Y Ye te fait and these solutions coincide



Callry Assume GE 3 and 1100110 1082110Coo

Then ais the solution of SDE is theonly path
Y Yt tero T which values ROE Thus there
exists an event A with IP A I such that we A

there is a unique path Y Yelterans such thatf a an mm ay mm t.ee

unif forOrsetet

and ouch path Y Yews solves SDE

In general the solution Y of a SDE is only a

measurable function of the driving BM B
The gain we obtain from the theory of RDE is
to factorize such a measurablemap or a composition

of two maps
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The keytool is the following result

Theorem LOCALEXPANSION OFSTOCHASTIC INTEGRALS

Let B Bette for be a BM in Rd let IB B 1134
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